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NELINEARNA METODA NAJMENSICH STVORCOV

NONLINEAR LEAST SQUARES METHOD

Prispevok sa zaoberd porovnanim linedrnej a nelinedrnej verzie
metody najmensich stvorcov. Jeho cielom je ukdzat, Ze transformdcie
nelinedrnych vztahov na linedrne neddvajii vidy dostatocne presné
vysledky. Preto jedinou moznostou dobrej aproximdcie nelinedrnych
funkcii je vyuZitie niektorej z nelinedrnych metod najmensich Stvor-
cov, z ktorych najefektivnejSou sa javi Levenberg - Marquardtov kom-
promis.

1. Uvod

Experiment a jeho vyhodnotenie je stale zakladom a motorom
rozvoja vedy, dnes uz nielen v oblasti vied prirodnych a technic-
kych, ale aj v dalSich oblastiach. Preto ovladnutie zakladnych
metod vyhodnocovania experimentov by malo patrit k zakladnej
teoretickej vybave vyskumnika - experimentatora.

Medzi zakladné metody aproximacie experimentalnych zavis-
losti stale patri Gaussova metoda najmensich Stvorcov.
NajcastejSie sa vyuZiva jej linearna verzia urena pre polynomicku
aproximaciu zavislosti jednej premennej alebo pre linearne zavis-
losti viac premennych. V literature [2, 3, 4] sa uvadza a v praxi sa
Casto vyuziva i transformacia niektorych jednoduchych nelinear-
nych zavislosti na linearny tvar s naslednym vyuZzitim linearnej
metody najmensSich Stvorcov.

Cielom ¢lanku je upriamit pozornost na menej znamy neline-
arny variant metody najmensSich Stvorcov a ukazat, Ze jeho vyuzi-
tim je mozné dosiahnut kvalitativne lepsie vysledky aproximacie
i tych nelinearnych zavislosti, ktoré sa zvyknu transformovat na
linearne.

2. Linearna metoda najmensich Stvorcov

Linearna metdda najmenSich §tvorcov, presnejSie metdda
najmensich Stvorcov aproximacie experimentalnych tudajov poly-
nomickymi alebo linearnymi funkciami je zaloZena na tom, Ze
suboru nameranych (pozorovanych) hodnot

Y=Ly ym]T,
u ktorych sa predpoklada zavislost od jednej alebo viacerych
nezavisle premennych je mozné priradif model v tvare
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The paper deals with a comparison of linear and nonlinear least
squares approximation. Its aim is to show that the well known
transformations of nonlinear dependencies on linear dependencies do
not always give exact results. Therefore, the only right possibility of
approximation of nonlinear functions is to use one of nonlinear least
squares procedures. The Levenberg - Marquardt compromise seems to
be by far the best one.

1. Introduction

Experimentation and its evaluation is still a basis of scientific
development not only in the area natural and technical sciences
but in also many others. Therefore, mastering the basic methods
of planning and evaluation of experiments should belong to the
principal knowledge of any researcher - experimentator.

The Gaussian method of the least squares is still the principal
method of experimental data approximation. Its linear version is
most frequently used, which determines a polynomial approxi-
mation of one variable function or linear functions of more
independent variables. References [2, 3, 4] show and practice uses
the transformation of some simple nonlinear functions into the
linear ones which can be solved by using linear least squares
procedure.

The aim of this paper is to call attention to a lesser known
nonlinear method of the least squares and to show that by using it
better, qualitative results of approximation can also be reached by
these nonlinear dependencies, which are used to transform to
linear ones.

2. Linear least squares procedure

A linear least squares method (more exactly a method of least
squares to approximy experimental data using polynomial or
linear functions) is based on a set of measured (observed) values

Y=1[py .. ym]T,

by which dependency is supposed on one or more independent
variables. This can be modelled as

Faculty of Special Engineering, University of Zilina, SK-010 26 Zilina, Slovakia

52 e KOMUNIKACIE / COMMUNICATIONS 2/99



Y=X.A+E )
kde Y a E su stipcové vektory pozorovani a odchylok, X je matica
funkcii nezavislej premennej pripadne premennych a A je vektor
hladanych parametrov zvoleného tvaru zavislosti. Sucet §tvorcov

odchylok S(A4) je kvadratickou funkciou parametrov A.

Hodnoty parametrov A4, ktoré ho minimalizuju, dostaneme, ak
polozime derivaciu S(4) podla 4 rovnu nule, ¢o vedie na vyraz

A=X". 0" X.y=8"'.T, (2)
tzn. na rieSenie sustavy n algebraickych linearnych rovnic pre
n hladanych parametrov zvolenej zavislosti.
3. Transformacie nelinearnych funkcii na linearne
BeZzne sa uvadzaju (a vyuZivaju) transformacie exponencial-

nych, polytropickych a lomenych funkcii na linearne vyrazy. Napr.
exponencialny vyraz

yx)=A.e~

logaritmovanim upravime na vyraz

Iny=InA+b.x
¢o po substitucii ¥ = In y, ay = In 4, a; = b vedie na linearny tvar

Y=ay+a,.x,
ktorého konstanty ziskame jednoducho aplikaciou linearnej
metddy najmensich Stvorcov. Podobne je mozné ziskat i para-
metre zloZitejSich vyrazov napr. Fourierov rozvoj vo v§eobecnom
tvare (diskrétne hodnoty x)
y(x)=ay+a;.cosx +a,.cos2.x + ... +a,.cosnx +
by .sinx + b,.sin 2.x + ...... +b,.sinn.x
je mozné transformaciou
X, =cosx,X, =cos2x, ... , X, =cos nx,
X, 1 =sinx, X, ,=sin2x, ... , X5, = cos n.x

n

upravif na linearny vyraz

yx)=ayg+a . X, +a,. X, + ... +a,. X, +
by X1+ by Xph + b,. X5, ,
ktorého (2n + 1) parametrov ay, aj, ........ , Ay by, by, b, je

mozné uréif zo sustavy (2n + 1) algebraickych linearnych rovnic,
pretoze ku zvolenym hodnotam nezavisle premennej x je mozné

KOMNIKCCe

C O MMUNICATION:S

Y=X.A+FE (D

where Y and E are column vectors of observations and errors
respectively, X is the matrix of functions of an independent variable
or variables and 4 is column vector of the chosen form of
dependence parameters. The sum of squares of linear model S(4)
is a quadratic function of parameters 4.

The values of parameters A that minimise the sum of squares
of (it’s S(4), can be obtained by setting the derivative of S(4) with
respect to 4 to zero. This leads to the expression as

A=X". 0" X .y=s"'.T, )

which is a set of n linear equations for n unknown parameters
of dependence.

3. Transformation of nonlinear functions

into linear ones

It is well known (and often used) that exponential, polytropial
and rational functions could be transformed easily into a linear
one. For example, the expression

Yx)=A.e*
can be logaritmized into form

Iny=InAd+5b.x

which, after an elementary substitution as Y =In y, a, = In 4,
a, = b, leads to the linear expression

Y=ay+a, .x,
whose constants a, and al can be obtained by application of the
linear least squares method. Similarly, it is possible to get parame-
ters of more complicated functions, too. For example, the well
known Fourier expansion in the form (for discrete values of x)
y(x)=ay+a .cosx+a,.cos2x+ ... +a,.cosnx+

by.sinx + b,.sin2x + ...... + b, .sin n.x

can be transformed to

X, =cosx,X,=cos2x, ... , X, =cosnx,
X, 1 =sinx,X, ., =sin2x, ... , X,, = cos n.x

and converted to the linear expression as
x)=ayta . X, ta. X+ ta, X, +

by X,y +by. X

n

iy F by Xy,
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uvedené goniometrické funkcie potrebné pre zostrojenie matice
funkcii X doratat.

4. Nelinearna metoda najmensich Stvorcov

Uvedeny postup vsak nie je mozné pouzit tam, kde u neline-
arnych funkcii (goniometrickych, transcendentnych) st hladané
parametre zavislosti v argumentoch funkcii. Napr. najjednoduch-
Siu rovnica tlmenych kmitov jednej hmoty v tvare

x(t)=A.e—bt.coswt

nie je mozné Ziadnou transformaciou upravit na linearny tvar
a preto je potrebné k urCeniu jej parametrov 4, b, @ vyuzit neline-
arnu metddu najmensich Stvorcov, presnejSie metodu najmensich
Stvorcov pre nelinearne vyrazy. Znamych je viacej variantov, my
uvedieme tri najvyznamnejsie - Gaussovu metodu linearizacie,
metodu ,najstrmSieho zostupu® (Steepest Descent) a Levenberg -
Marquardtov kompromis.

4.1 Gaussov algoritmus

Gaussov algoritmus je mozné popisat ako postupnost linear-
nych krokov metody najmenSich Stvorcov. Zvolena funkcia je
najskor linearizovana s vyuzitim Taylorovho rozvoja okolo zacia-
toéného odhadu parametrov A©). Ak napiseme pre kazdy fubovol-
ny bod

Vi :ﬁ(o) +(a; — ‘11(0)) . 7, + (a, - az(o)) . 7
oa, da,
+ ¥ (a, —a, ). 4 +g (3)
da

kde

_ 0 © 0
1) = fix ', a,”, ... a, )

oznacime

9,

— 0 — O -, _ s
=y = f s A =a—a(0) az; = oa | 4 =4®
j

dostaneme vzfah (3) v tvare
vi=A .z Ay ozt +A,.z

i

¢o je pre vSetky v, mozZné napisat v maticovom tvare

z Coho hladany vektor zmien parametrov A dostaneme rieSe-
nim sustavy linearnych rovnic

whose (2n+1) parameters g, g, ........ , a4y by, by, . b, can be
determined from the set of (2n+1) algebraic linear equations,
because to each of the selected values of x it is possible to
compute the introduced goniometric functions needed for con-
struction of the matrix of functions X.

4. Nonlinear least square method

The above mentioned procedure of transformation cannot be
used where nonlinear functions (goniometric, transcendent) of the
searched parameters of dependencies are in disagreement with the
functions. For example, the simplest equation of one mass damped
vibrations in the form

x(t)=A.e—b.t.coswt

cannot be in any way transformed into a linear form. Therefore, it is
necessary to get their parameters 4, b, @ by using nonlinear least
squares, more exactly the least square procedure for nonlinear
expressions. More variants are known. We will show just three of the
most important: Gaussian algorithm of linearization, the steepest
descent method and the Levenberg - Marquardt compromise.

4.1 The Gaussian Algorithm

This algorithm may be described as a sequence of linear least
squares procedures. The model is first linearized by
Taylor’s expansion about the initial guesses of 4”. We can write
for each point of function

Vi :fi(o) + (a; — al(O)) . 9, + (a, — az(o)) . ﬁ
oa, da,
+ o+ (a,—a,?). & + g 3)

n
where
— 0 0 0
£00) = f(x,, a,?, 0,9, ... a, ).

If we determine

i

da; 1 4 =49

=y =7 A =a,—a(0) az;=

we can get the formula (3) in the form as

from which the searched vector of changes of parameters A
can be found by solving the set of linear equations as

5 e KOMUNIKACIE / COMMUNICATIONS 2/99



A=AV -AO=Z". " . Z" v 4)

Rozdiel oproti linearnej metode najmensich stvorcov je v tom,
Ze maticu sustavy a vektor pravej strany tentoraz nedostaneme
pomocou matice funkcii, ale pomocou matice parcialnych deriva-
cii zvolenej funkcie podla jej parametrov vo vSetkych bodoch
(matica Z)V. V naznaGenom iteraénom postupe sa pokracuje,
pokial ziskana zmena parametrov nie je mensia ako poZadovana
presnost rieSenia.

4.2 Metoda ,,najstrmsieho zostupu“ (Steepest Descent)
Uvedena metdda patri medzi metddy gradientné. Rata sa pri
nej sklon povrchu suétu Stvorcov odchylok pri pociatocnom
odhade parametrov 4> a pokracuje sa v smere jeho najstrmsieho
spadu k novému odhadu parametrov A", Postup sa opakuje az do
dosiahnutia hodndt parametrov, ktoré minimalizuju sucet Stvor-
cov odchylok.
Ked'ze
Vi =X, A) + &
je sucet Stvorcov odchylok ur€eny ako

S(4) = Ely; = [X. DI

Potom

aS(A4) B
da; 1 4=49

— 2.2l — fiX, A, /N
da

j

Ak oznacime (v sulade s predchadzajucim)

v.=ypy.—f. a ! =Z;,
=V = (9(1, ii
potom bude
0S(A)
_ _ 4(0)
ol DA 23 .y, z,l4=4
J
alebo
0S(4
L) =-2.Z.V.
oA

Potom vektor zmeny parametrov bude
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A=AV -AC=Z". " . 2"V 4

The main difference in comparison with the linear method is
that the matrix of the set is not obtained by using the matrix of
functions but by using the matrix of partial derivatives of the
chosen function with respect to its parameters in each point of
discretization (matrix Z)V. This iterative procedure continues
until a change of parameters less than the wanted accuracy of
solution is obtained.

4.2 The Steepest Descent Method

This method belongs to a group of gradient methods. In this
method the slope of the sum of squares surface at initial guesses
A is computed and proceeds a certain distance along the
direction of the steepest descent to obtain new parameter guesses
A This procedure is repeated till the parameter values that
minimise the sum of squares are obtained.

Since,
v =HX, 4A) + &
the sum of squares function is given by

S4) = Zly; = [X. AP

Hence,
as(4) i
= — 23y, — f(X, AP]. == .
% | 4= a0 b — /X, 471 %,

Let (with accordance with chapter 4.1)

i

v, =y, —f a =Zy,
=V aaj i
then
as(4)
= —23.y,.2,]4 =4
da; | 4=49 Vi oy
or
as
B _ 5 7y
oA

Then the vector of parameter changes will be

D Aby bol algoritmus vyuzitelny vieobecne, je vyhodné urcovat naznadené parcialne derivacie numericky.
For the algorithm to be generally usable it is advantageous to determine the shown partial derivative numerically.
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AV =40 - gO =9 2 7T V. (5)

Problémom je volba konStanty A, ktoru je mozné zvolif
pevne, alebo ju pri kazdom kroku rieSenia optimalizovat.

4.3 Levenberg - Marquardtov kompromis

Pre viacSinu nelinearnych modelov, skutocny sucet Stvorcov
odchylok blizko riesenia je mozné dobre aproximovat kvadratic-
kym povrchom, zatial o daleko od riesenia nie je kvadraticka
aproximacia vhodna. Preto blizko rieSenia pracuje dobre Gaussov
algoritmus, zatial ¢o dalej od rieSenia je vhodné vyuzif metdédu
Lnajstrmsieho zostupu®.

Pontika sa preto myslienka, Ze najvhodnejSia by bola metoda,
ktora by pracovala v zaciatonych fazach rieSenia ako metoda
»najstrmsieho zostupu® a postupne - ako sa iteracie blizia ku
konec¢nému rieSeniu - by sa menila na metédu Gaussovu. Metoda
zaloZzena na takomto principe bola vyvinuta Levenbergom
a Marquardtom a vola sa Levenberg -Marquardtov kompromis.

Vseobecny iteraény postup zostava zachovany ako v pred-
chadzajucich pripadoch s tym rozdielom, ze vektor zmeny para-
metrov je dany vztahom

AW = gD — g O = (7" 72+ A DH-1.Z".V (6)

- 1
kde A =— zrovnice (5).
22
Posledne uvedena metoda je v sucasnosti najpouzivanejsia
predovsetkym preto, Ze je velmi malo citliva na vol'bu po¢iato¢nej
aproximacie hladanych parametrov.

5. Priklad aproximacie zvoleného suboru udajov

Na demonsStraciu uvedenych metod pre aproximaciu nelinear-
nych vyrazov bol nahodne zvoleny subor udajov uvedeny v tab. 1.

Subor experimentalnych udajov pre aproximaciu Tab. 1.

AV =4 - O =9 3 7T 7. (%)

The only problem is to choose the value of A properly. It can
be determined as a constant or can be computed and optimized at
each step of solution.

4.3 The Levenberg - Marquardt Compromise

For most nonlinear models, the true sum of squares surface
near the solution is well approximated by a quadratic surface, but
far from the solution, the quadratic approximation is poor. Hence,
near the solution, the Gaussian algorithm works well; however, far
from the solution the steepest descent is more suitable.

This offers an idea that the most suitable method could be the
one behaving like the steepest descent in early stages of iteration
and gradually changes to Gaussian algorithm as the iteration
proceeds to the final solution. This method was developed by
Levenberg and Marquardt and is called the Levenberg - Marquardt
compromise.

The general iterative procedure remains the same as in former
cases except for an expression of the vector of parameter changes
A which is given by

AR = gED g O = (Z" 72+ X DH-1.Z2". (6)
= 1
where A = ﬁ from formula (5).

The latest method is the most used at present as it is not very
sensitive to the initial parameters guess.

5. An example of approximation of a set of data

To demonstrate the above mentioned method, a set of data
according to Tab.1 was chosen.

A set of data for approximation Tab. 1

i 1 2 3 4 5 6 7 8

i 1 2 3 4 5 6 7 8
X 1 2 3 4 5 6 7 8

X; 1 2 3 4 5 6 7 8

Yi 0.1 1.5 0.9 1.5 1.4 1.2 2.6 2.5

7 0.1 L5 0.9 L5 1.4 1.2 2.6 2.5

Uvedeny subor experimentalnych tudajov bol aproximovany
prostrednictvom troch zvolenych jednoduchych funkcii: (a) para-
bolou, (b) exponencialou, (c¢) polytropou.

Aproximacie exponencialou a polytropou boli vykonané najskor
vSeobecne pouZzivanou transformaciou na linearne vztahy (logarit-
movanim) a potom i s vyuzitim nelinearnej metdédy najmensich
Stvorcov. Ziskané vysledky po aproximacii transformaciou na line-
arne vzfahy a prostrednictvom nelinearnej metddy najmensich Stvor-
cov su uvedené v tab. 2.

Z uvedeného prehladu ziskanych vysledkov je zrejmé, Ze
pokial by sme pouzili iba linearnu metédu najmensSich Stvorcov

This set of data was approximated by three simple functions:
(a) parabolic, (b) exponential, (c) polytropial.

That approximation by exponential and polytropial functions
was made for the first time using a generally accepted logarithmic
transformation and for the second time using a non-linear least
square procedure. The results can be seen in Tab. 2.

These results show that if we only use the linear least squares
method and try to judge the most suitable function form after its
results, we would obviously choose a parabolic function (nearly
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Zhrnutie vysledkov aproximacie Tab.2
Krivka Parabola Exponenciala Polytropa
Tvar funkcie y(x)=ag+a,.X+a,.x y(x) = A ®* y(x)=B.x"

a,=0.359
transformacia na linedrny var - 0.195 A=0273 B=0.212
. ansformdcia na linedrny tva a,; =0. b = 0,310 o= 1244
Koeficienty a, = 0.009
nelinedrna metoda najmensich Stvorcov A=0569 B =0.569
b=0.190 n=1209
Stcet transformdcia na linedrny tvar S. = 1.429 S.=2.370 S. = 1.880
odchylok
stvorcov nelinedrna metdda najmensich stvorcov S. = 1.435 S. = 1.435
Index transformdcia na linedrny tvar I, =0.831 I, =0.698 L, =0.770
korelacie nelinedrna metéda najmensich stvorcov I, =0.830 I, =0.830

Results of approximation Tab. 2
Curve Parabola Exponent Polytropic
Form of function y(x)=ay+a;.x+a,. X2 y(x)=A % y(x) =B .x"

=0.359
transformation to linear form ZO =0.195 A=0273 B=0212
| ansjorma o 1 b=0.310 n= 1244
Coefficients a, = 0.009
non-linear least square procedure A=0569 B =0.569
b=0.190 n=1.209
The sum transformation to linear form S. = 1.429 S.=2.370 S. = 1.880
of squares non-linear least square procedure S, = 1435 S. = 1.435
Index of transformation to linear form I, =0.831 Iy =0.698 Iy, =0.770
correlation non-linear least square procedure L, =0.830 I, =0.830

a posudzovali podla jej vysledkov najvhodnejsiu funkciu k aproxi-
macii uvedeného suboru hodnét, zrejme by sme zvolili parabolu
(prakticky priamku), zatial ¢o polytropa i exponencidla davaju
vysledky o poznanie horSie.

Po aplikacii nelinearnej metody najmensich Stvorcov je vsak
mozZné zistit, Ze vSetky tri zvolené tvary aproximacnych funkcii
davaju prakticky rovnaké vysledky a vol'ba typu aproximacie bude
zrejme zavisief od podstaty skimaného problému. Markantny
rozdiel je najma u aproximacie exponencialou, kedy rozdiel stctov
Stvorcov odchylok ziskanych obidvoma postupmi je rozhodne sta-
tisticky vyznamny.

Zrejmé je to i z grafického znazornenia (obr. 1), kde krivka
K2 urCena nelinearnou metdédou najmenSich Stvorcov dava
viditel'ne lep§iu aproximaciu experimentalnych hodnét, ako krivka
K1, ziskana transformaciou na linearny tvar.

Na skutocnost, ze transformacia exponencialneho vztahu na
linearny logaritmovanim urCuje iba minimalny sucet Stvorcov
odchylok logaritmov funkénych hodndt upozornuje v literattre iba
Linczényi [ 3], praktické dosledky sme vsak objavili az nahodou pri
priprave zadani na cvienia a testovani spracovanych programov
aproximacie experimentalnych udajov. Pokial je vSak experimen-
talna zavislost takmer funkCna (index korelacie sa blizi 1),

linear) because the results of exponential and polytropial function
are a little bit worse.

On the other hand, after using the non-linear least squares
procedure we can see that almost all three dependencies give
nearly the same results and the judgement as to which type of
approximation to use should depend on the basic principles of the
examined problem. A striking difference can be seen namely in
the exponential approximation when the difference of the sum of
squares of both methods is evidently statistically significant.

We can see it from the graphs in Fig.1 too, where the curve
K2 determined by the non-linear least squares method evidently
gives better approximation of the experimental data than the
curve K1 determined by transformation into a linear form.

Only Linczényi mentioned in his work [3] that by
transformation of an exponential form into a linear one, only
a minimum sum of squares of logarithm can be obtained.
Practical consequences were found accidentally by testing some
programs of approximation of the experimental data. As a matter
of fact, if an experimental dependence is nearly functional (index
of correlation equals nearly one) the results determined by both
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- Y
i Yy Yo, 3,5
1 0.372 0.687 K1 /<>
2 0.508 0.831 3 /
3 0.693 1.005
2,5 &8
4 0.945 1.215 Mz
5 1.289 1.468 5
6 1759 1.775
7 2.400 2.146 1,5 . .
8 3.270 2.595 H/Dé'/g °
1
v} 2.371 1.435 D/f;f/
0,5 —
O ? T T T T T T T T 1 X
0 1 2 3 4 5 6 7 8 9 1

Obr. 1. Porovnanie aproximdcie exponencidlou
Obr.1. Comparison of approximations by exponential functions

vysledky ziskané oboma spdsobmi su prakticky rovnaké. Rozdiely
sa zvaCSuju so zniZujucou sa korelaciou zavislosti.

6. Zaver

Cielom prispevku bolo predovsetkym ukazat, Ze vSeobecne po-
uzivané transformacie i jednoduchych nelinearnych vyrazov na line-
arne s naslednym pouzitim aproximécie experimentalnych hodnot
metodou najmensich §tvorcov mozu dat pri nizSich indexoch kore-
lacie i zasadne chybné vysledky, a Ze teda jedinym spravnym postu-
pom aproximacie experimentalnych hodnot nelinearnymi funkciami
je vyuzitie niektorej z nelinearnych metod najmensich Stvorcov, pre
ktorych uplatnenie sucasny rozvoj vypoctovej techniky vytvara
vhodné podmienky.
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methods are practically identical. The differences grow with
a sinking correlation of dependence.

6. Conclusion

The aim of this paper was to show that the generally used
transformations of simple non-linear functions into the linear
ones (followed by approximation of experimental data by the least
squares method) may also sometimes give the dependencies with
lower correlation principally wrong results. The only correct way
to approximate experimental data by non-linear function is to use
non-linear least squares procedures (from which the best one is
Levenberg - Marquardt compromise), for which the present state
of computing equipment creates the best conditions.
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