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PYRAMIDOVA METODA PRE ULOHU

OBCHODNEHO CESTUJUCEHO

THE PYRAMIDAL METHOD FOR TRAVELING SALESMAN PROBLEM

Najkratsi pyramidovy cyklus (SPT) je dobre riesitelny pripad
tlohy obchodného cestujiiceho (TSP), ked matica vzdialenosti je
Mongeho matica. Studuje sa heuristika pre maticu vzdialenosti bez
obmedzeni, ktord vychddza z opakovaného pouZitia metody pre SPT.
Nova procediira pre vypocet SPT je zaloZend na hladani najlacnejsej
cesty v sieti. Dobré vysledky stochastickej verzie demonstrovanej metody
sa prezentuju uz na rieSenych Euklidovskych instancidach TSP,

1 Uvod

V tomto prispevku budeme pouzivat terminologiu zavedenu
Burkadom a Deinkom [1]. Ulohu obchodného cetsujiiceho (TSP)
mozno formulovat jednoducho a presne takto: Je dana » X n matica
vzdialenosti C = (c;), hlada sa cyklickd permutacia 7 mnoZiny
N = {1, 2, ...} ng minimalizujica funkciu

o(m) =D ¢ 0. (1
i=1

Mnozinu celych Cisel budeme znacit Z a budeme predpokla-
dat, bez straty vSeobecnosti, Ze ¢; € Z. Budeme pouzivat zatvorky
<> na rozliSenie reprezentacie cyklickej permutacie v tvare 7 = <l,
(1), m(m(1)), > vzhladom na alternativnu reprezentaciu 7 =
= (m(1), m(2), ..., m(n)). Je zname, Ze uloha TSP je NP-taiky
problém. Viac informacii mozno najst v monografii Lawler,
Lenstra, Rinnooy Kan a Shomoys [2]. Niektoré $pecialne pripady
uloh TSP su riesiteIné v polynomialnom ¢ase vzhladom na Speci-
alnu kombinatoricku Strukturu matice vzdialenosti (kapitola 4
v [2]). Mezi nimi je uloha TSP s Mongeho maticou.

2 Mongeho matica

Matica C = (c;) typu n X n sa nazyva Mongeho matica, ak
spiiia nasledujiice podmienky pre vietky indexy i, j, k, [ € N také,
zeprei<kaj<l|

Gt eagu=cyte ;. 2

F. Supnik [3] ukazal, ze (1, 3, 5, ..., 6, 4, 2) je rieSenim lohy

TSP so symetrickou Mongeho maticou. Na charakteristiku opti-
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A shortest pyramidal tour (SPT) is a well-solved case of TSP when
a distance matrix is the Monge matrix. We study heuristic repeating
method for SPT with the distance matrix without restriction. A new
procedure for computing SPT is based on a shortest path in the
network. Good results for solved the Euclidean TSP instances with the
stochastic version of the demonstrated method are presented.

1 Introduction

In this paper we will use the terminology from Burkad and
Deinko [1]. The traveling salesman problem (TSP) can be stated
clearly and exactly in simple terms: Given an n X n distance matrix
C = (cy), find a cyclic permutation 7 of the set N = {1, 2, ...} ng
that minimize the function

o(m) = > cali). ¢))
i=1

We will note Z the set of integer numbers and presuppose
without loss of generality that ¢; € Z. We use brackets <> to distin-
guish the cyclic representation of a permutation in the form 7 =
= <1, (1), m(m(1)), > from the alternative representation 7 =
= (m(1), m(2), ..., m(n)). The TSP is known to be NP hard. For
more information refer to Lawler, Lenstra, Rinnooy Kan and
Shomoys [2]. Several special cases of the TSP are solvable in
polynomial time, due to special combinatorial structures of the
distance matrix, see the chapter 4 in [2]. Among them is TSP with
a Monge matrix.

2 Monge matrix

An n X n matrix C = (c;) is called a Monge matrix if it
satisfies the following conditions for all indices i, j, k, [ € N with
i<kandj<lI

Cij Tt =0yt Ch ) (2)

Supnik [3] showed that the TSP with a symmetric Monge
matrix is solved by the tour <1, 3,5, ...,6,4, 2). In order to cha-
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malneho rieSenia uloh TSP s asymetrickymi Mongeho maticami
potreboval koncepciu pyramidového cyklu, t. j. permutacie 7 v tvare

T =11, by eer by Mo fiysfas ove -y — 2} (3)
kdei, <i,<..<iaj, >j,>..>j, _,_,. Uloha TSP ziiZena
na triedu matic sa nazyva pyramidovo riesitelnd, ak pre [ubovolnu
maticu tejto triedy existuje optimalny pyramidovy cyklus. Zatial
¢o pocet pyramidovych cyklov s # mestami je exponencialny k #,
najkratsi pyramidovy cyklus mozno najst pomocou dynamického
programovania v ¢ase O(nz). Viaceri autori [2], [4] ukazali, Ze
ulohy TSP, ktoré su ziZené na asymetrické Mongeho matice, su
pyramidovo riesitelné.

Kombinatoricka Struktura matice vzdialenosti zavisi od ocis-
lovania jej riadkov a stipcov. Matica C = (c;) sa nazyva permuto-
vand Mongeho matica, ak existuje takd permutacia ¢ jej riadkov
a stipcov, Ze permutovana matica Cy = (Coyer) J€ Mongeho
matica. Permutovana Mongeho matica moze byt identifikovana
[4] v case O(n?).

R. E. Burkad a V. G. Deinko [1] zaviedli relaxaciu Mongeho
podmienky (2). Matica C = (c;) typu n X n sa nazyva relaxovand
Mongeho matica (RM-matica), ak splna nasledujuce podmienky pre
vsetky indexy i, i + 1,/,j+ 1,/ € Ntaké, Zeprei + 1 <j # [:

Cir1 T =yt ¢ 4
Crnit G =cp T Q)

Poznamenajme, Ze diagonalne prvky matice C nie si zahr-
nuté v definicii relaxovanej Mongeho matice a mozu ostat nadalej
ne$pecifikované. Autori ukazali, ze uloha TSP, zuZend na syme-
trické RM-matice, je pyramidovo rieSiteIna. Je ukazané, Ze systém
(4)-(5) je ekvivalentny so systémom s O(nz) nerovnostami, takze
uloha TSP s permutovanou RM-maticou je identifikovatelna a rie-
Sitelna v Case O(n?).

3 Najkratsi pyramidovy cyklus

Ukazeme, zZe najkratsi pyramidovy cyklus mozno hladat ako
najlacnejsiu cestu v $pecialne konstruovanej sieti v case O(n?).

Asymetricka uloha TSP sa v teérii grafov formuluje nasle-
dovne. Je dany ohodnoteny uplny digraf K = (X,,, ), hlada sa naj-

racterize optimal solution of the TSP with asymmetric Monge
matrices one needs the concept of pyramidal tour, i.e. permutation
7 with

T =10y, dyy eer by Iy fis s ove i — v — 2] 3)

where i} <i, < ...<i,and j, >j,>...>j, _,_,. The TSP
restricted to a class of matrices is called pyramidal solvable if for
every matrix in this class there is an optimal tour that is pyrami-
dal. Although the number of pyramidal tours on # cities is expo-
nential in » a minimum cost pyramidal tour can by determined in
0(n2) time by a dynamic programming approach. It was shown by
several authors in [2], [4] that the TSP restricted to asymmetric
Monge matrices is pyramidally solvable.

The combinatorial structure of distance matrix depended on
the numbering of rows and columns. A matrix C = (c;) is called
a permuted Monge matrix if there is a permutation ¢ of its rows
and columns such that the permuted matrix C, = (cyq()) I8
a Monge matrix. A permuted Monge matrix can be recognized in
O(n*) time [4].

Burkad and Deinko [1]introduced a relaxation of the Monge
condition (2). An n X n matrix C = (¢;) is called a relaxed Monge
matrix (RM-matrix) if it satisfies the following conditions for all
indices i, i + 1,/,j+ I, I €E Nwithi + 1 <j # L.

Cirt T =t ¢ 4)
Gt i TG =G T g (%)

Note that diagonal elements of C are not involved in the
definition of relaxed Monge matrices and thus may as well remain
unspecified. Authors showed that the TSP restricted to symmetric
RM-matrices is pyramidally solvable. It is shown that the system
(4)(5) is equivalent to the system of O(n?) inequalities, so the
TSP with a permuted RM-matrix can be recognized and solved in
0(n?) time.

3 Shortest pyramidal tour

We show that the shortest pyramidal tour can be recognized
as a minimal path in the special constructed network in O(n?)
time.

The asymmetric TSP is stated in the graph theory as follows.
Given weighted complete digraph K = (I?,,, ¢), find a Hamilto-

Obr. 1. Pyramidovy cyklus v K
Fig. 1. Pyramidal tour in K
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lacnej§i Hamiltonovsky cyklus C. = [#7(1), @(2), ..., @(n)].
V tomto prispevku budeme nazyvat Hamiltonov cyklus, t. j. a cyklus
obsahujuci vSetky vrcholy 0, cyklus. Priklad pyramidového cyklu
<1, 4,8,9,11,12,10,7,6,5, 3, 2)vl7uje na obr. 1.

Zdruzenym digrafom pre pyramidovy cyklus ¢ = <1, n,n— 1,
2> jesiet G¥ = ({s} U UU V' U {1}, 4, d), ktora ma 2n vrcho-
lov, jeden zdroj s a jedno ustie t, pricom

U = {uy,us, cou, )

Vo= [ .nv, 4]

A = ATUA;UAZ UAZ UATUAUATUA,
A7 = {ls.u] 1y, € U)

™
Il

, = lsyliyen
' {[u;, 1] 1 u; € U}
. [[v,t]:v, €V}

E NN
I~ +
([l

A; = {lug, vl 1w, € Uy, €V}
Ay = b ud tu, €Uy €11
AL = {lu, ) EUX U:i<j)
A~ = [yl €V XTV:ii<j]

Ohodnotenie hran d : A — Z sa definuje

-

0 ak h€E A4,
k
Cper T ch,j—l ak h=[s,u] EA’
i=2
"
Gt T 2615 ak h=[s,v] EA;
=2
dihy =1 i + /Z Gk b=l €4 (6)
Jj=k
Gt D Gory ak h=[v. 1 € AT
J=k+2
j—1
¢t Z Cr -1 ak h=[u,u] EAL
I=i+2
J—1
Gt Z Cr—1.1 ak h=[v,n]EA_
L 1=i+1

Specialny sled [1, 4, 3, 5, 4, 8, 7, 10, 9, 11, 10, 12], ktory je
jednoducho zdruzeny s pyramidovym cyklom 7 = <1, 4,8,9, 11,
12,10, 7,6, 5, 3, 2} v digrafe K s pyramidovym cyklom ¢ = <1, 12,
11. 2> je reprezentovany bodkovanymi Sipkami na obr. 2. Naj-
lacnejsi pyramidovy cyklus v K mozno najst ako najlacnejsi cyklus

—_— -
-
-
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nian cycle C,. = [m(1), m(2), ..., m(n)] of minimal cost. In this
paper we call a Hamiltonian cycle, i.e. a cycle containing all verti-
ces in l?n, a tour. Example of pyramidal tour <1, 4,8,9, 11, 12, 10,
7,6,5,3, 2> in 1?12 is shown in Figure 1.

The associated digraph for the pyramidal tour ¢ = < L,n,n—1,
2> is the network G¥ = ({s} U U U V U {1}, 4, d) having
2n vertices with one source s and one sink t where

U = {uyus cosu, ]

Vo= [, .nv, ]

ATUAUAZUAZ UAJUAUAUA,
A7 = (s ul:u, € U)

A, = {lsvl:v eV

b
Il

At+ = {lu, 11:u, € U}

A, = (v, tl:v,€EV]

A7 = {lup v u, EU v €V}
Ay = o cu, €Uy €V]
AL = {lu,u) EUX U:i<j)
A~ = [yl €VXV:ii<j]

The weight of arcs is d : A — Z with

-

0 if he4,
k
Clkrtt DG i h=[s,u] EAF
Jj=2
/k
Cortt T 261 0 k=[5, v,] € AT
Jj=2
A=t > G i h=[u.0E4T  (6)
J=RF
Gt D Gy i k=t EAT
Jay=s)
-1
¢+ Z -1 it h=[u,u] EAL
1=i+2
i—1
G 1;16/71,1 it h=[v, ] EAZ

The dotted arrows in Figure 2 represent a special walk [1, 4,
3,5,4,8,7,10,9, 11, 10, 12] which is a sample associated with
the pyramidal tour 7 = (1, 4, 8, 9, 11, 12, 10, 7, 6, 5, 3, 2) in the
digraph K with the pyramidal tour ¢ = <1, 12, 11 2>

~

o¥oYoRodoNoNoR0J0sCROR0

Obr. 2. Sled pre pyramidovy cykilus v K
Fig. 2. Walk for pyramidal tour in K

z cyklov indukovanych najlacnejSou s — ¢ cestou v zdruzene;j sieti
G*? a cyklu ¢. Ako moZeme vidiet na obr. 3 sled pre cyklus 7 je

The shortest pyramidal tour in K can be found as a minimal
tour from the tour inducted by the shortest s — ¢ path in the
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zobrazeny bodkovanymi Sipkami a indukovana cesta hrubymi
Sipkami.

associated network G¥ and the tour ¢. As we see in Figure 3
a walk by tour 7ris figured by dotted arrows and the inducted path
by bold arrows. The admissible walk in the graph K is the

Obr. 3. Cesta a sled pre pyramidovy cyklus v G?
Fig. 3. Path and walk for pyramidal tour in G*

Pripustny sled v digrafe K je len fiktivny sled v sieti G™. Naj-
lacnejsia s — ¢ cesta je jeden sposob ako vybrat nas Specialny naj-
lacnejsi sled, ktory je zdruzeny s pyramidovym cyklom. Pretoze siet
G* je acyklickd a |A| =2((n —2)+ (n 1) + ... + 1) = O(n®)
najlacnejsiu s — ¢ cestu mozno najst v éase O(n*) napr. Bellman-
Fordovou metédou [2].

4 Algoritmus

Pouzijeme prezentovany grafovy algoritmus na hladanie pyra-
midového cyklu v digrafe K ako zaklad pre dve heuristické algoritmy
na rieSenie asymetrickej ulohy TSP. Symetricky pripad Studujeme
ako Specialny pripad, ked ¢; = ¢;.

Nech € = (2, 3, ..., n, 1) a definujeme mnoZinu X(¢) = {i,
Ye, ..., e, (]t

X)) = {(. ¥ ..
W, s -

s — 1 s P s s s ),
o P s e s D)

Definujeme K, = (I_(),,, ¢,,) kde w € X() a cena hrany [, j] je
ColbJ] = Coppy w()* Deterministicka heuristicka metoda na hladanie
optimalneho rieSenia 77* v K je zapisana ako algoritmus v Pascale:

function 7 = PYRAMIDAL (X(w))
begin

,n.*

: =‘<a),, ®,, © " @y);

n — 1> e+
Q= (wl, Wy, W3, ..., wn>;
while 7 # ¢ do begin
for € X(¢) do begin
find shortest pyramidal tour 7in K ;

fictive walk in the network G only. The shortest s — 7 path is only
one way how to select our special shortest walk which is associated
with a pyramidal tour. Since the network G¥ is acyclic and |A | =
=2(n—2)+ 1)+ ...+ 1)= 0@ shortest s — ¢ path can
be found in time O(n?), e.g. by Bellman-Ford method [2].

4 Algorithm

We use the presented graph algorithm for searching the pyra-
midal path in digraph K as a base of two heuristic algorithms for
solving asymetric TSP. We can study the symmetric TSP as a special
case when ¢; = ¢;.

Let e = (2, 3, ..., n, 1) and define the set X(¢) = (¢, e, ...,
Ye, _ ], ie.

X)) = (P, ¥y, -
W, s -

o Py = ) (o, s, s iy, ),
o P P)s s s - 1))

We define K, = (I?,,, ¢,,) where w € X(i) and the weight of arc
[i, /] 1is ¢, li, /] = CoxDal) " The deterministic heuristic method for
searching the optimal solution 77* in K in a Pascal-like algorithm
is:

function 7* = PYRAMIDAL (X(w))
begin

= <a)1, W, W, _ |y ey w2>;
¢: =0, 0, 03, ..., w,);
while 7 # ¢ do begin

for w € X(¢) do begin

find shortest pyramidal tour 7in K ,;
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if c(7*) > c(r) then begin
o =m T =
end
end
end
end PYRAMIDAL (X(w)).

Algoritmus PYRAMIDAL(X) vracia rieSenie 7*, ktoré zavisi
od Startujucej mnoziny X(w). Napriklad mozeme poloZif w = €.
Tato vlastnost mdze byt potlacana nasledujucim stochastickym
algoritmom. Budeme pouzivat nahodny generator RANDOM
PERMUTATION(N) cyklickej permutacie mnoZiny N.

function 7* = RANDOM\PYRAMIDAL
begin
step . = 0;
7* : = RANDOM\PERMUTATION(N);
while step < n do begin
step . = step + 1;
{y : = RANDOMn PERMUTATION(N);
7 : = PYRAMIDAL(X(¥));
if c(7) > c(7r) then begin
m =, step: = 0
end
end RANDOM\PYRAMIDAL

Nie je jednoduché studovat ich zlozitost, pretoze while cyklus
kon¢i po n neuspesnych hladaniach. Pocitacové experimenty uka-
zuju, Ze¢ PYRAMIDAL metoda mé zloZitost O(n°) a RANDOM
PYRAMIDAL metoda zlozZitost 0(n4):

5 Vysledky
Pascalovsky program algoritmu RANDOM_PYRAMIDAL

sme pouZili na niektoré [6] publikované Euklidovské inStancie
uloh TSP s najlepSimi znamymi rieSeniami.
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if c(7*) > c( ) then begin
o =7 T =T
end
end
end
end PYRAMIDAL (X(w)) .

The algorithm PYRAMIDAL(X) returns the solution 77* which
depends on start set X(w). For example, we can set w = €. This
property can be suppressed by the following stochastic algorithm.
We will use a random generator RANDOM PERMUTATION(N)
of the cyclic permutation of the set N.

function 7* = RANDOM\PYRAMIDAL
begin
step : = 0;
7* : = RANDOM\PERMUTATION(N);
while step < n do begin
step : = step + 1;
iy : = RANDOMn PERMUTATION(N);
7 : = PYRAMIDAL(X(¥)));
if c(7*) > c(7r) then begin
™ =, step: = 0;
end
end RANDOM\PYRAMIDAL

It is not easy to study complexity of these algorithms because
while cycles terminate after n unsuccessful searchings. The com-
putation experiments show that PYRAMIDAL method has com-
plexity O(n*) and RANDOM PYRAMIDAL has complexity O(n*):

5 Results
Using the PASCAL program for the algorithm RANDOM _

PYRAMIDAL on an Euclidean TSP we have obtained the best
known solutions in almost selected instances [6].

Vysledky vybranych Euklidovskych instancii z TSPLIB Tab. 1 Results of selected Euclidean instances from TSPLIB Tab. 1
Instancia Rozmer  NajlepSie zname  Pyramidové  Pomer Instance Size Best known Pyramidal Ratio
n rieSenie rieSenie n solution solution

berlin52 52 57642 57642 1,0000 berlin52 52 57642 57642 1.0000
eil76 76 306 306 1,0000 eil76 76 306 306 1.0000
rd100 100 7910 7910 1,0000 rd100 100 7910 7910 1.0000
ch130 130 6110 6124 1,0023 ch130 130 6110 6124 1.0023
ch150 150 6528 6526 0,9997 ch150 150 6528 6526 0.9997
tsp225 225 3919 3919 1,0000 tsp225 225 3919 3919 1.0000
pcd442 442 50778 51353 1,0113 pcd442 442 50778 51353 1.0113

Zhrnutie vysledkov exporimentov mozno vidiet v tabulke 1.
Pre inStanciu ch150 sa podarilo najst lepsie rieSenie nez je publi-
kované. Stochasticka analyza oboch heuristik moze byt zaujimava

A summary of the results can be seen in Table 1. In instance
ch150 a better solution was found then the one all ready publish-
ed. The probabilistic analysis of both heuristics may be very inter-
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ako aj navrhnuty smer vyvoja aproximacného algoritmu pre ulohu
TSP. Mohli by byt zaujimavé tiez stadie pyramidovych vlastnosti-
dalsich NP-tazkych kombinatorickych optimalizacnych problé-
mov.
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