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Robert Tenzer *

APLIKACIA METODY MINIMALIZACIE, MAXIMALNE]J CHYBY
V TRANSFORMACII POLYNOMICKOU APROXIMACIOU

APPLICATION OF THE MINIMALIZATION OF MAXIMAL ERROR METHOD
IN A TRANSFORMATION BY POLYNOMIAL APPROXIMATION

Metoda najmensich Stvorcov je spravidla pouZivand na odhad
koeficientov polynomickej transformdcie. Cldnok popisuje racionali-
zdciu polynomickej aproximdcie metodou minimalizdcie maximdlinej
chyby (Cebysevova aproximdcia).

1. Uvod - metéda minimalizacie maximalnej chyby

Pri transformacii medzi dvoma suradnicovymi systémami
v geodézii sa na odhad transformaénych koeficientov (napr. poly-
nomickej transformacie) spravidla pouzZiva metoda najmenSich
Stvorcov, ktora spociva v minimalizacii sumy oprav na diskrétnej
mnozine tzv. identickych bodov, ktorych poloha je definovana
v oboch suradnicovych systémoch. Dalsou moznosfou je metoda
minimalizacie maximalnej chyby, ktora vyhovuje podmienke

agll,géb |f(x)_Rmk(x)| :min, (1)
kde
pw 2%
R =0 %, %! )

je Cebysevova racionalna aproximacia [1] vSeobecnej funkcie
f(x) definovanej v tomto pripade diskrétnou mnoZinou identic-
kych bodov na intervale <a, b).

2. Prakticka aplikacia

Pre 78 identickych bodov (n = 78) na uzemi Slovenska,
ktorych poloha v systémoch S-1942/83 a ETRS-89 je dana geode-
tickymi zemepisnymi stradnicami B', L' a B, L, su urcené koefi-
cienty agg, a9, .. ..., bp, polynomickej
aproximacie

o do2; bogs Do,

The least square method is generally used for an estimation of the
coefficients of polynomial transformation. The paper describes the
rationalization of polynomial approximation by the minimization of
maximal error model (Chebyshew approximation).

1. Introduction - the minimization of maximal error
method

To estimate the coefficients of transformation (e.g. the polyno-
mial transformation) in the transformation between two coordi-
nate systems in geodesy the least square method is generally used.
This method resides in the minimization of the sum of corrections
on a discrete set, which contains the identical points, whose posi-
tion is defined in both coordinate systems. Another possibility is
the minimization of maximal error method, which corresponds
with the condition

, max | f(x) = R, (x)| = min, (D
where s )
e 2%

Ry, (x) = Q( )= " s dy=1 (2)
AX a’jxj

=0

is the rational Chebyshew approximation [1] of the common func-
tion f{x) defined in this case by the discrete set of identical points
on the interval (a, b).

2. Practical application

For 78 identical points (n = 78) in the territory of Slovakia,
whose position in the systems S-1942/3 and ETRS-89 is given by
geodetic coordinates B', L' and B, L, the coefficients ay , a, ¢, ...,

55 bog» by s ---» Do, Of polynomial approximation are estimated

2 k
dB,= > >a,_, ABSAL = ag + a,oAB; + ag AL, + ay AB,AL, + ayoAB} + ay,AL},
k=0 [=0
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dL,

k=0 I=

kdeAB,=B,—n "> B, AL, =L, —n "> L,.dB,= (B;— B)M,
i=1 =1

dL; = (L, — L;)N;cosB,,

M je meridianovy polomer krivosti a N je prie¢ny polomer krivosti,
odhadom podla metody najmensich Stvorcov v systéme rovnic

) _ — (0
Aypxap = lyp = Vap »

Ex%) = (A;BP asAas)” ! A;BP aBlaps

> a1 ABSTALL = by + by gAB, + by AL, + ay,AB, AL, + by o AB} + by, AL,
0
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where AB,=B,—n '> B, AL,=L —n'> L, dB =
i=1

= (B; — B)M,, dL, = (L; — L,)N;cosB;,

M is meridian radius of curvature and N is prime vertical radius of

curvature, using the least square method in the system of equations

(0

0) _ — )
Ay Oy = Ly, = var »

5X51(? = (AgLP arAar)” ' A;LP arlars

1 AB, AL, ABAL, AB* AL

1 AB, AL, AB,AL, AB? AL?
AdB=AdL=| . .= . . o

1 AB, AL, AB,AL, AB> AL’

(83D = (abo atp ab) af a%y abh). (8x@) = (453 b9 b)Y BYY b5 b5, 4)
dB, (B, — B)M, dL, (L, = L)N;cosB,
dB, (B, — B,)M, dL, (L, — Ly)N,cosB,

lg={ : |= ; Aa = - ; ’
dB, (B, — B)M, dL, (L, = L,)N,cosB,
P, 0 0 Py, 0 0
0 P dB, 0 0 P dL, 0
Py = : : . Py = : >
0 O . P dB, 0 O . P dL,

za podmienky minimalizacie sumy oprav na diskrétnej mnoZine
bodovi=1,2,...,n,

n

(0) ) — (OT ©0) — s
ZVdB,PdB,.VdB,_ Vag Papvap = min.,
i=1

na intervale <—1, 1>. Vahy su funkciou strednych suradnicovych
chyb na identickych bodoch

under the condition of minimization of sum of corrections on the
discrete set of points i = 1, 2, ..., n,

n

(0) (0) — (0T ) _ -
ZvdL,de,-vdL,_ Var, ParVai = min. (5)
i=1

on the interval (—1, 1). The weights are function of the mean
coordinate errors on the identical points

Pyg, = Rimgp, Map) . Par, = Rimgp,, Myr,).

Na obr. 1 a obr. 2 si znazornené vektory oprav v a velkost

zloziek v, v} vektorov oprav polynomickej transformacie.

Podla druhého Remesovho algoritmu je mozné urcit koefi-
cienty Cebysevovej aproximacie rieSenim systému rovnic postup-
nymi iteraciami [2]
ch(xi)j

f06) = Ry (%) = fix) = L7——
> dx)y
j=0

i=0,1,...,s+t+1,[=0,1,...,pret # 0,

Figures 1 and 2 show the vectors of corrections v and the
value of the correction vector components 53, v5) in the polyno-

mial transformation.

According to the second Remes’ algorithms it is possible to
determine the coefficients of Chebyshew approximation by solving
the system of equations using iterative operations consecutively [2]

= (= 1) max|m]| :iq,-(xi)i = [fx) — (=1 max|m®|1> d(x) = fix) = (=1) max|m"P],
j=0 j=1

(6)

~
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Obr. 1. Vektory oprav v polynémickej aproximdcie
Fig. 1. Vectors of corrections v of polynomial transformation
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Obr. 2. Velkost zloZiek oprdv vﬁ,‘;{ vf,oL) polynémickej aproximdcie
Fig. 2. Value of correction vector components VZOB), vgz) of polynomial transformation
a pre t = 0 je systém linearnych rovnic v tvare and for r = 0 a linear system of equations has a form
fx) = > e(x) = (=1)m. ) fx) = > ey = (=1)m. @
Jj=0 Jj=0

Pri rieSeni systému linearnych rovnic (7) pre pripad koefici-

entov polynomickej transformacie plati

In solving the linear system of equations (7), for the coeffici-
ents of polynomial transformation applies
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Jap(xy) (B — BYM,
Jap(x2) (B, — B,)M.
fdB(x) — 8, max |V} | = : — & max |V} | = Ly — 8 max |V} | = U — 8, max |V} |,
Ja(x,) (B, = B)M,
Jar(x1) (L} — Ly)N,cosB,
Jar(x2) . (L5 — L,)N,cosB,
JdL(x) — §; max|vg’L) = : =6 max|v(dL)| =I;—6 max|v(0)| = . = & max|vQ], (8)
Jar(x) (L), — L,)N,cosB,
1 AB, AL, ABAL, AB} AL? §,
1 AB, AL, AB,AL, AB3 AL} 3§,
AdB = AdL = . . . . . .

1 AB, AL, ABAL, AB* AL? §
6,=1pre v,=0a 6=—-1 pre v,>0,

I LM
11 920 902 maxlv

)

INT 1 1 1
(BT = (@l o o)

INT — (D) p(D) (1) p(D) p(D) (1
(8xu)" = (b b0 bod b4 bhg by max|v

dL

kde max| v(dl G

cie,[=0,1, ..

| su maximélne zlozky oprav iej itera- | where max|vy3|, max|v};| are the maximal components of cor-

rection FLiteration, / = 0, , ...

Koeficienty Cebysevovho aproximaéného polynomu boli The coefficients of Chebyshew approximation polynomial are
uréené podla rovnic determined using following equations

sxyB) (AdBP dBAdB)_ AdBP ap ap(x) — 6; max | V(O) |] = (AdBP dBAdB)_ AdBP a5 Llag — 6; max | V(O) | 1.

9
SXEQ = (A;BPdBAdB)ilAgBPdB [far(x) — ; max | V(0)| 1= (AZLPdLAdL)ilA;‘LPdL g =& max|v(0)| I,
a pre vektory oprav plati | and for correction vectors applies:
A — p(x) — §, max|v(0) |1 = A — [l — 8 max|v(0) |1 =y,
(10)
AdLade V() = §; max|v(0)| 1= AdLade

[l — & max|v(0)|]—v
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Obr. 3. Zlozky oprdv vdm, vgf Cebysevovej aproximdcie a zlozky oprdv vfg;, v(doL) polynomickej aproximdcie

Fig.3 Correction components of Chebyshew approximation v‘;l’;) VZ) and the correction components of polynomial approximation vf,”g, vg;)

Pri t = 0 prva iteracia postacuje. For ¢t = 0, the first iteration is sufficient.

Figures 3 and 4 show a comparison between the value of the

correction components of Chebyshew approximation v,gl) , vf,? and

polynomial approximation v(f}, v(fL) Figure 5 shows the correction

vectors v” of Chebyshew approximation.

Na obr. 3 a obr. 4 su porovnané velkosti zloziek oprav Ceby-
sevovej v'9, viP a polynomickej aproximacie vy, v a na obr. 5

st vektory oprav v‘? Cebysevovej aproximacie.
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Obr. 4. Rozdiely zloziek oprav Cebysevovej a polynémickej aproximdcie
Fig. 4, Differences between the correction components of Chebyshew and polynomial approximation
Koeficienty polynomickej a Cebysevovej aproximacie Tab. 1 Coefficients of polynomial and Chebyshew approximation — Tab. 1
Koeficienty polynomickej Koeficienty Cebysevovej Coefficients of polynomial | Coefficients of Chebyshew
aproximacie aproximacie approximation approximation

a0 -37,918 -37,920 a0 -37.918 -37.920

a 82,708 82,480 ay 82.708 82.480

ag, 95,605 95,680 g, 95.605 95.680

ap, 159,467 143,090 ap, 159.467 143.090
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Koeficienty polynomickej Koeficienty Cebysevovej Coefficients of polynomial | Coefficients of Chebyshew
aproximacie aproximacie approximation approximation
asg 161,477 203,250 a 161.477 203.250
a4, 34,594 35,100 a5 34.594 35.100
max | V3| - 0,12 [m] max |v$9]| - -0.12 [m]
boo -124,851 -124,845 boo -124.851 -124.845
by 2,281 2,836 b -2.281 -2.836
by, 23,059 23,203 bg, 23.059 23.203
by, -32,703 -6,1319 by, -32.703 -6.1319
byo -142,091 250,014 bag -142.091 -250.014
by 18,453 10,609 by 18.453 10.609
max | Vi) - 0,1516 [m] max | V| - 0.1516 [m]
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Jednotkové stredné chyby polynomicke;j
a Cebysevovej aproximacie

Obr. 5. Vektory opriv v Cebysevovej aproximdcie

Fig. 5. Correction vectors v

Tab. 2

)

of Chebyshew approximation

Unit mean errors of polynomial and
Chebyshew approximation

Tab. 2

Jednotkové stredné chyby
polynomickej aproximacie

Jednotkové stredné chyby
Cebysevovej aproximacie

Unit mean errors of
polynomial approximation

Unit mean errors of
Chebyshew approximation

My 4z +49cm +3,0cm Mo 4p *49cm +3.0cm
mo,ar. *51cm *5lcm Mo g, +51cm *5lcm
3. Zaver 3. Conclusion

Z porovnania vektorov polynomickej a Cebysevovej aproxi-
macie vyplyva skuto¢nost, Ze okrem samotného zniZenia maxi-
malnej chyby aproximacie (v nasom pripade maximalnej opravy
v stibore identickych bodov) pri pouZiti aproximacie Cebysevo-
vym polynémom dochadza aj k znizovaniu vel’kosti oprav na prak-

The comparison between vectors of the polynomial approxi-
mation and Chebyshew approximation results in fact that not only
the maximal error of approximation is reduced (in our case, the
maximal correction on the set of identical points), but using app-
roximation by Chebyshew polynomial reduction of the value of
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ticky celej mnozine identickych bodov a tym aj k zniZovaniu jed- | corrections relates to whole set of identical points and also to
notkovej strednej chyby aproximacie: Cebysevova aproximdcia raci- | reduction of unit mean error of approximation: Transformation
onalizuje transformacny polynom. polynomial is rationalised by Chebyshew approximation.
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