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1. Introduction

Fibre-based composite materials (CM), often noted as fibre
reinforced plastic (FRP), and their implementation in building
industry are gaining on their popularity. 

Low weight, flexibility, corrosion, magnetic and chemical resis-
tance of the FRP materials are so much convincing that they are
frequently used as an additional external reinforcement (e.g. lamella,
sheet) or for strengthening of the RC beams, columns, slabs, walls,
tunnels and soils, and in prestressed concrete. On the other hand,
their cost is higher than the cost of common building materials.

Theoretical part is focused on mechanics of the uni-directional
composite, on derivation of equations for further calculation of
uni-directional composite properties in the fibre direction as well
as in the transverse direction to fibres. The calculated values were
used as material properties of CM to the numerical model. The
ATENA-2D program based on FEM analyses, was used for numer-
ical non-linear analysis.

Since the original work covers extended experiments, this paper
presents only comparisons made on numerical and calculated values
of the RC beams of one series. Additionally, a practical RC beam
design approach with externally bonded carbon sheet will be intro-
duced.

2 Experimental program

During experimental part, two different A and B series of three
RC beams were prepared and tested (i.e., 3 beams of A series and
3 beams of B series) with 100 � 300 � 2700 mm. 

The A series has an internal shear reinforcement (stirrups).
RC beams of the first A series were loaded to 70% of shear resis-
tance of the RC beam. Then, the corrupted beams were repaired
(closing shear cracks) and strengthened by added external shear
reinforcement. 

The B series (Fig. 1) had no internal shear reinforcement since
the traditional shear reinforcement was replaced by external bonding
of the MBT-MBrace CF 640 (old designation S&P C Sheet 640)
type. The main longitudinal reinforcement is of 2 � 16 BST 500s.
Four 700 mm carbon sheets of 150 mm width at the 250 mm axial
distance were bonded in the shear area of the RC beams. The
A4/B4 two-component epoxy resin was used for the bonding of
carbon strips on concrete surface. 

The epoxy resin has the following properties: compressive
strength fm,c � 85 MPa; tensile strength fm,t � 35 MPa; modulus
of elasticity Emk � 9 000 MPa; Poisson’s ratio � � 0.37; ultimate
elongation �mu � 0.0037.

Properties of the MBT-MBrace CF 640 sheet are following:
modulus of elasticity Ef,k � 640 GPa; Poisson’s ratio � � 0.2; tensile
strength ffy � 2 650 MPa; ultimate elongation �fu � 0.004; theo-
retical thickness tf � 0.190 mm.

For design, the maximum strain of carbon fibers shall not
exceed 0.2 	 0.3 %. Partial safety factor �sf was considered �sf �
� 1.2 for wet lay-up installation technique [1].

For concrete strength verification, 12 cubes with dimensions
150 � 150 � 150 mm were made. Compressive strength after 28
days was determined on 3 cubes. On 9 remaining cubes after fol-
lowing 213 days compression strength was determined.
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According to the compressive test, properties of the concrete
are: fck � 46.652 MPa; fcd � 46.652/1.5 � 24.881 MPa; Ecm �
� 33 870.79 MPa; fctk,0.05 � 2.345 MPa. 

3. Theoretical analysis

Uni-directional composite laminate or sheet consists of two
components: carbon fibres and epoxy resin create an anisotropic
material with different stress-strain law in the fiber direction and
in the transverse direction to fibers (Fig. 2).

Typical properties of the composite laminate or sheet:
– tensile strength in x1, – compressive strength in x2,
– compressive strength in x1, – shear strength in x12.
– tensile strength in x2 ,

Unitary volume of composite laminate or sheet Vc is given by
the sum of fibre volume Vf and matrix volume Vm , Eq. (1):

Vc � Vf � Vm � 1 (1)

Uni-direcftional composite laminate has two possible arrange-
ments of fibers: square array of fibers or hexagonal array of fibers
(Fig. 3).

The assumption that axial x1 strain is the same for laminate,
carbon fiber and matrix is used for determination of longitudinal

modulus of elasticity E1 of CM and Poisson’s ratio �12 and then
the rule of mixtures:

E1 � Ec � Ef Vf � Em(1 � Vf) (2)

�12 � �f Vf � �m(1 � Vf) (3)

Providing that the transverse strain in laminate is the same as
in matrix and fibres, so-called the rule of reciprocity can be used
for determination of E2:
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The assumption that shear stress is the same for laminate,
carbon fiber and matrix is used for determination of G12:
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Simple assumptions that arrangement of fibers in composite
is ideal are is for derivation of formulas (4) and (5). Since the real
composite laminate or sheet has not ideal arrangement of fibers,
it is more appropriate to use a more precise one for determination
of transverse properties of uni-directional CM according to [2]:
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Ultimate tensile strength F1,t in the x1 direction is determined
from the ultimate elongations of fibers and used epoxy matrix, as
shown in fig. 4.

Fig. 1 RC beams – B Series

Fig. 2 Uni-directional composite laminate or sheet 
– stress in the fibre direction

Fig. 3 Square and hexagonal array of fibres in a cross section of the
composite laminate or sheet
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F1,t � Ef �u
ft Vf � Em�u

ft(1 � Vf) if �u
ft � �u

mt (10)

F1,t � Ef �u
mt Vf � Em�u

mt(1 � Vf) if �u
ft � �u

mt (11)

Material properties of uni-directional composite sheets con-
sisting of two components (MBT-MBrace CF 640 and epoxy resin
A4/B4), obtained from Eq. (2), (3), (6)–(9) and (11), are pre-
sented in table 1.

Properties of uni-directional composite sheets Table 1

4 Design shear equation

The nominal shear strength VR,Rd is expressed as the sum of
three contributions given by the concrete (Vc,Rd), the shear steel
reinforcement (Vs,Rd) and the FRP reinforcement (VKM,Rd):

VR,Rd � Vc,Rd � Vs,Rd � VKM,Rd (12)

The first two terms of Eq. (12) according to Eurocode 2 [3]
may be rewritten:

Vc,Rd � VRd1 � [��Rdk(1,2 � 40�1) �

� 0,15(Nsd/AC)]bwd (13)

Vs,Rd � Vwd � �sw fywd bw (0,9d) (14)

The design approach based on fracture of the FRP sheet is quite
similar to the approach used to compute the contribution of steel
shear reinforcement. Triantafillou [4] has presented an equation
expressing FRP sheet contribution based on the stress concentra-
tions in the sheet:

Vf � �f Ef �fe bw 0.9d(1 � cot �)sin � . (15)

In our case, Eq. (15) may be rewritten:

VKM,Rd � �f E1,ef �KM,ef bw 0.9d(1 � cot �)sin � . (16)

where: �f � (2tf wf)/(sf bw) – is FRP shear reinforcement ratio,
� is the angle between the principal fiber orientation and 

longitudinal axis of the beam,
tf is the thickness of the FRP sheet on one side of the 

beam,
wf is width of the FRP strip,
bw is width of the beam cross section,
sf is spacing of the FRP strips,
�KM,ef is effective strain considered value 0.002 [1]
�sf is partial safety factor considered �sf � 1.2 of accord-

ing to [1] for wet lay-up installation technique, 
E1,ef je E1/1.2 � 420279 MPa.

5 Numerical analysis 

Numerical analysis for non-linear FEM calculations of the RC
corrupted constructions has been solved by means of the program
ATENA-2D. For this analysis, making a half beam model with
a sustained symmetry is sufficient (Fig. 6).

A material model of concrete “Concrete-Sbeta Material”
derived from CEB-FIP MC 90 and other sources [5] was assigned
to the 2D macro-elements of thickness 0.1 m. The main longitudi-
nal reinforcement (2 � 16 BST 500s) was modelled as uni-direc-
tional reinforcement element.

Fig. 4 Stress-strain diagram of CM for determining ultimate tensile strength F1,t depending on �u
ft and �u

mt .

Fiber array in cross section E1 E2 �12 F1,t

[MPa] [MPa] [MPa]

Square        (Vf � 0.785) 504 335 91229.93 0.236 1916.473

Hexagonal (Vf � 0.907) 581 317 189393.98 0.216 2029.005

Fig. 5 Calculation of VKM,Rd
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In a good agreement with experiment, the model of compos-
ite sheet consists of two layers of smeared reinforcement in con-
crete arranged in defined strips (more densified net is depicted in
Fig. 6). The first layer covers transverse properties of CM and the
second layer the CM longitudinal properties of CM.

The CM material constants are presented in table 1. The
volumes share of Vf � 0.785 (square arrangement) was used in this
case. Stress-strain diagrams of concrete and CM, used in numeri-
cal analysis are shown in Fig. 8.

Non-linear calculation was run until the CM fibre rupture, i.e.
until reaching the F/2 � 64.25 kN value (Fig. 9). The maximum
shear crack on achievement of the fibre strain limit state was
wmax � 0.3198 mm, which is higher than the limit crack width
(wlim � 0.3 mm) according to EC2.

6 Result comparison

From the non-linear FEM analysis it is clear that the most
important for the ultimate shear capacity of the strengthened RC
beam is the second ultimate state – the ultimate crack width. In
table 2 there is a review of FEM calculated shear capacity values
of strengthened and un-strengthened RC beams before achieve-
ment of the critical width of the shear crack wlim � 0.3 mm. 

Contribution of the CM sheets from the equation (16) is higher
when compared to the experiment. It follows that there is a strong
need to correct the equation (16) in order to take into account
the CM strain and the CM transverse load in a laminated part of
the cross section. This will be a focus of further study.

Of course, there are more different ways of the CFRP sheet
calculation based on mechanics of failure by the CM delamina-

a) b)

Fig. 6 Numerical model of the beam B series – ATENA-2D

Fig. 8 Stress-strain diagrams used in ATENA-2D analysis: a) concrete, b) composite sheet in fibres direction 

 

 

Fig. 9 Principal stress in composite sheets and development of shear and bending cracks obtained by the ATENA -2D
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tion from the concrete surface or by a combined effect of the CM
delamination and rupture. These calculations give different VKM,Rd

values from the values presented in this paper. A detailed com-
parison is offered in [6]. 

Fig. 10a shows a development of shear crack width No. 6
obtained by the ATENA-2D program and measured values from
the B2 and B3 beams. No similar crack occurred in the B1 beam.
Fig. 10b shows development of the bending crack width No. 4
obtained by the ATENA-2D and measured values from the B2
and B3 beams. Since the B1 beam was used only for testing pur-
poses, its crack widths are not considered.

7 Conclusions

Conclusively, the externally bonded carbon sheet of the MBT-
MBrace CF 640 type is suitable as additional reinforcement for
shear strengthening of RC beams. 

The RC beams used in the experiment were damaged by shear,
i.e. by delamination of CM sheet from the concrete surface and
consequent development of a critical shear crack. Only in one case
of the B3 beam damage of the carbon sheet was a result of rupture.

Differences in obtained ultimate shear loads of the beams of
the same series were caused by the quality of sheet bonding.

The most important shear load criterion of the introduced 2D
FEM model is excess of the limit width of the critical shear crack
that appeared before the composite material rupture.

The experiments clearly show that adhesion between com-
posite material and concrete surface has a significant effect on
shear capacity of the strengthened RC beam.

In future we will focus on improvement of calculating the CM
contribution to shear capacity of RC beams taking into account

The review of the results from the test and numerical calculation Tab. 2

Relationships between measured and calculated contributions of the used CFRP sheet Tab. 3

VRd1 Vwd VKM,Ed VR,Rd VAT,1 VAT,2 VAT,3 VAT,4 VAT,5 Vexp

(13) (14) (16) (12) no CFRP no CFRP with CFRP with CFRP with CFRP
w � 0.184 mm w � 0.298 mm � � 3.29.10�3 m

[kN] [kN] [kN] [kN] [kN] [kN] [kN] [kN] [kN] [kN]

B1 45.00

B2 38.614 — 47.770 86.384 59.250 42.000 64.420 54.320 64.250 61.75

B3 80.75

Vexp/VR,Rd Vexp/VAT,1 Vexp/VAT,2 Vf,exp/VAT,3 Vf,exp/VAT,4 Vf,exp /VAT,5

B1 0.52 0.76 1.07 0.70 0.83 0.70

B2 0.71 1.04 1.47 0.96 1.14 0.96

B3 0.93 1.36 1.92 1.25 1.49 1.26

a)

Fig. 10 Comparison of computed and measured widths of shear and bending cracks
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an effect of adhesion between composite material and concrete
surface.
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