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STRESS SENSITIVITY ANALYSIS OF THE BEAM

AND SHELL FINITE ELEMENTS

The stress sensitivity analysis in conjunction with finite elements method represents an important tool for the influence analysis of the
structural parameters. This analysis plays a significant role in the decision process of the formulation of the structural optimizing or proba-
bility analysis. The goal of the paper is to present theoretic and numerical aspects of the beam and shell element stress sensitivity analysis with
the respect to the cross section parameters (cross section area, thickness, etc.). The whole computational procedure was inbuilt into Matlab’s

software module MATFEM.
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1. Introduction

Nowadays the sensitivity analysis is a significant tool helping
to realize a structural parameters influence analysis. This analysis
is usually very computer time consuming but the results are very
innovative. This process is often applied to a structural analysis,
i.e. in stress and strain analysis, modal and spectral or buckling
analysis, stochastic analysis and so on [3, 6].

Application of the sensitivity analysis is not associated only
with the structural optimizing but also with the analysis of the
mechanical systems with uncertain parameters, mainly in the usage
of so-called perturbation methods based on differentiation of the
response with respect to the uncertain system parameters (stiffness,
mass, damping, etc.). Implementation of this computational process
into the finite element method characterized mainly the era of devel-
opment of structural optimizing techniques in the eighties.

2. Stress sensitivity analysis for beam finite element

We will consider classic linear two-nodes beam element with
a constant cross section (There is more information in [1, 5].).

Let’s consider only a well-known linear distribution of the
normal stress, i.e.

N, M, +M,), |
0. = 7 yt——z (1

y
where N, is the internal axial force, M,, and M, are bending
moments, 4 is the element cross-section area, J, and J, are
moments of inertia [2, 5, 7, 8].
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Fig. 1 Stress distribution in beam

If the bending moment is [1, 6]

M) = [(1 = %)% : Aj‘j] 2

than the normal stress function is following
y X
7=
X
l)} (3)
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In agreement with points in Fig. 1 it is possible to write the
relationship between normal stress in these marginal points of the
cross-section and internal elements forces and moments, i.e.
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The stress sensitivity centre is the derivative (5) with respect
to a design variable X, i.e.
96, dCy of,

— f/+ J. .
dX, X, " Ci X,

(6)

Using the well-known finite element theory, the internal forces
vector f; in the local coordinate system is given by

f; = Ki-uj = Ki Tj, T} K, £, (1)

where K is the global stiffness matrix (in the global coordinate
system), f;; is the external nodal forces vector (in the global coor-
dinate system), T} ; is a transformation matrix between the local
and global coordinate systems, Tél is a Boolean matrix, i.e. the
localization matrix determining the element position in the global
stiffness matrix, it means

ui; = T(j;l'u(;' (8)

Let’s now realize the derivation of the internal nodal forces
vector (7) with respect to X;:

of, _oKj ., 0w _9Ki . Ko
ox  ox M ™Mox T oax T tw

Ju )
TN
G L aX,'

Applying the derivation on the well-known “FEA” equation
K - u; = f; we can write

aKG.u +K %:% (10)
ax. ¢ U ax X’
where
K, oo 9K
ax ~ LT T G T (an

i

and 7, is a number of all the elements containing X;. Further, the
gradient of a global vector of the nodal displacements can be fol-
lowing

du, o, (o, K, )-K" of,
ox = K¢ ox ox Ug| = RKg ox
; . dKj} ~
Z( Ti" 5x Tie Tal)-uc =K (1Y
- T(j)lT TIL(T LG TOI Kgl'ul; .
aX
Relationship between ), and ug; will be given by
ou; dul, ou, »
X = Tis- X = TiG‘Tél‘ aX = T/LG'T(j)l'KG :
8£ | oK/ 13
8X - Z(T(I]IT TiGT aXL‘ LG'Tél)‘Kol'fcl

Substituting (13) into (9), we can obtain the derivation of the
f/, with respect to X; as follows

ot  oK; K o
8X, 8X TIIJ T(Jn G 'fz; + KJL'TJLG'T(IM'KG :

(14)
af 8KJ

j=1 i

Finally, after the substituting (14) into (6) we give the gradi-
ent of the jth element stress vector

901 _9CL ) Ty K f R
SX - 3X LG 01 8X

_ y _ et
'Ti(;'T(]n'KG 'fG+K]L'TJLU'T'(,n'KG : X - (15)

- Z(T(Jnr : TI,‘GT ’ W T T(’)l)' KGI ’ fc]}
=1 i

It should be noted that the derivation of the matrix C; with

respect to X;, depends on the used cross-section. To realize the
a0, . L oK

means to find the following derivations B—X

i d

derivation

aC; of;
and —— . The last derivation usually equals to zero or is

9X, 9X,

not significant for the sensitivity analysis.

Let the cross-section area be variable X; then other cross-section
characteristics will be expressed as follows
Jo=a- X\ L=b-X\J,=a" X, (16)
where parameters a, b, ¢ and exponents p, ¢, r will be obtained
exactly (a simple cross-section) or numerically (a more compli-

cated cross section), using the least squares method. The values of
these parameters are presented in Tab. 1.
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Parameters a, b, ¢ and exponents p, g, Tab. 1
for chosen cross sections
Crosssection | J,=a-X] | J.=b-X] | J,=a-X]
Circle
XY a=0.0796 b=0.0796 ¢ =0.1592
1 z
3
p=2 q=2 r=2
Square
. a =0.0833 b =0.0833 c=0.14
I
a = 14389 b =0.7947 ¢ = 0.0094
p = 2.0401 q = 17588 r=2.0276
Box
o, a=11.8364 b= 13.8364 c=27273
. Vla?‘: p = 1.6047 q = 16217 r= 13592
.
The derivation can be given by
9K, O, v
= —|K/(X)+ pKila X))+
ox X [ 1( x) p 2(“ :) (17

+q-Ki(b-X) + r-Kilc X)),

where 9, is Kronecker delta and matrices K| , 5 4 are sub-matrices
of the stiffness matrix corresponding axial, bending (about axes y
and z) and torsion stiffness of the used cross section (More infor-
mation about stiffness parameters is in [1, 5, 6]).

J
L

. The transformations

Let’s now focus on the derivation

matrix C/ depends on coordinates of the marginal points 1, 2, 3, 4,
which have to be expressed by the variable X;. Considering these
conditions we can express matrix C for circular section as follows

COMMINICIONS

0000 "= 0 %ooo 0 0
x”X, !
4-vn 1
0000 O ~000 O 0
vx; X
0000 4’f 0 %000 0 0
VX i
0000 0 J&”f%ooo 0 0
Ci= V’X‘l 4
0000 0O 0 —000——25 0 (18)
X vX;
0000 0 o Looo o 4/
X /X
0000 0O o Looo 4-Vn 0
X, /x; _
0000 0 0 %000 o —dum
d Vv X;

0000 &Y —%000 0 0
Jx :
0000 o -9 _Lioo o 0
yxiX
0000-2YT o —Lyggo o 0
5 X
o Joooo o & _Lligoo o 0
ac, /XX
ax 1 61 -(19)
" Joooo o 0 ——000 0
X; %
1 6-vm
0000 0 0 ——000 0 -
X: JX:
0000 0 0 —Looo-&™
X VX
o
0000 O o -Looo o &I
X; Jxe

It is possible to get exactly the previous matrices but, for
example, Ci of the I-section has to be analyzed numerically [6].

Example 1

Let us consider the structural sensitivity analysis of normal
stresses of the beam element from Fig. 2. Given: E = 2.1e5 MPa
F, = 800 N, F, = 6000 N, 4, = 200 mm?, 4, = 35 mm?
Li=1mL,=05m.

H F2 " H /
3 {{_ _____ _,_2______4i___§
" element 1

element 2

L, L,

Fig. 2 Simple beam structure with 2 cross section
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Applying previous relationships we can obtain the following
derivations of matrices C} and C?

00 0 —2.5¢—50 0
00—18¢—5—25¢—50 0
00 0 —2.5¢—50 0
aC, |00 —1.8¢—5 —25¢—50 0
ax, oo 0 —25¢—50 0 ’
00 0 —25¢—50—18—5
00 0 —2.5¢—50 0
00 0 —25¢—50—18—35
00 —39—6 —8.16e—6 0 0
00 —39¢e—6 —8.16e—6 0 0
00 —39¢e—6 —8.16e—6 0 0
3C |00 —3.9¢—6 —8.16e—6 0 0
X, |00 0 —8.16e—6 0 —3.9¢e—6
00 0 —8.16e—6 0 —3.9¢e—6
00 0 —8.16e—6 0 —3.9¢— 6
00 0 —8.16e—6 0 —3.9¢ — 6

and finally stress gradients in marginal points of the used cross-
sections are the following

(—0,0222 —0,0222
—0,8077 —0,8077
—0,0222 —0,0222
90, 0,7632 90," 0,7632
oA 1-0.0222( ™ B4 T - 0.0222 [MPa/mun’].
—1,1897 —1,1897
—0,0222 —0,0222
1,1452 1,1452

The graphic presentation of the stress gradients is in Fig. 3.
The presented stress gradient analysis was confronted with a “clas-
sical” numerical computational approach (Agj /AX;) and it’s pos-
sible to observe the absolute consensus.

3. Stress sensitivity analysis for a thin shell finite
element

The finite element modeling of box, shell or thin-walled struc-
tures are usually realized using thin shell finite elements (Kirch-
hoff’s or Mindlin’s formulation) [ 1, 4, 9]. The stiffness parameters
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Fig. 3 Values of the stress gradient in the first and second element

depend on material constants and element geometry, mainly on its
thickness. Therefore, the thickness #; will be the variable in the fol-
lowing theoretical and numerical stress sensitivity analysis of the
shell finite element; the fundamental information about this analy-
sis can be found in [1, 4, 9].

At first we have to prepare the stress calculation process. This
process is based on the expression of the jth element membrane

forces and bending moments (without shear forces) [4, 6], i.e.

[F. F, Bl =F, = fs E, €,dS; =

(20)
= E,{,»fBé,dS]-uL = t,-‘D,'I,L-u{
s
and

(M. M, MJ =M= [E]-elds, =

r} (21)

j j i J .

= i [ BidS, = 4y DL

The auxiliary matrices I, and I, can be calculated only using
the numerical approach. Further details about E,, E,, D, B,,, B,,
u,, and ¢ are presented in [6]. The extreme stress values can be
expected at the top or at the bottom surface. Generally, it means
or in compliance with the previous beam element (eq. 5)

O rrop]’ 1/, 0 0 6/t5 0 O F,

O\yron 0 1/t 0 0 6/ 0 F,
G mpl"_ Oww| _ )0 0 15, 0 0 6/ |F, :[A,,,,,p]j' {Fm} )
o | bor O etor 1/t 0 0 6/ 0 0 [ |M[ [A.] IM]”

Gy 0 1/t 0 0 6/ 0| |m,

O yior 0 0 1/y 0 0 6/ M,
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O = Ciij (23)
Let’s build new material and auxiliary matrices
t-L 0 )
E,6 = r {D} =D, D,, I, = L. (24)
'mb 03 i . I3 D ; t mb9 -mb III, l

where the matrix I; is the classical unit matrix. Then (22) can be
written as follows
=A,. E,L,u =A

top 1,t0p

o

J_mb wop D Dy Ly u;,(25a)

O

oo = Ao By L, u] = A, DD, L, -uj (25b)

Generally, the top or bottom von Mises stresses may be cal-
culated from relations

Gf,ekv op 0-_7,"117 1op T, O | iop
or
qukv bor GJT;mb bot 'Tmh‘ Gj,mb bot (26)
where
1 —050
T,=|-05 1 0 27
0 0 3
Using (25) and (27) in (26) we obtain
2 _ AT _
O-j,ekv wp Gj,mb top ‘Tmb‘G_/;mb op
= llILT : I;I;xb : Dﬂb : D;r ’ A;l,vlop T, Az,mp‘ D-D, L, ll{ = (28a)
=u/ I, D, D, I,u]
and
Giekv bot G:I;;,nb bot 'Tmb‘G_,,mb bot
=u/ - I,-D,, DA}, T, A, DD, L, u; =(28b)
=u/ I, D, D, L,uj
where
1 —0.5 0
—0.5 1 0
0 0 3
L., =
0.5-4, —02514 0
—0.25-4, 054 0
0 0 1.5-
and
1 —0.5 0
—0.5 1 0
77l;ul = 0 0 3
=05 025, 0
0254 —0.54 0
0 0 —1.5¢

COMMINICIONS

Assuming a relation between the local element displacements
w, and the global displacement vector u,

ui = TLG ) TOI “Ug, (30)
then (28a,b) may be rewritten as
Giekr top = u(T; : Tgl : T;G ) IrTnb : DrTnb . Tt,mp ) Dmh :
(31a)
L, T To - ug,
and
Giekr bot — u(T; : Tgl . T:G ) I:xb : Dﬁb : Tt,lm/ ) Dmb .
(31b)
'Imh : TLG : TUI ‘Ug

where T; is a classical transformation matrix between the local
and the global coordinate systems, T, is again a Boolean matrix,
i.e. the localization matrix determining the element position in the
global stiffness matrix.

The stress sensitivity analysis means the finding of von Mises
stress derivative with respect to a chosen structural parameter, in
our case the element thickness 7. Let’s analyze the differentiation
of von Mises stress of j-th element with respect to the i-th element
thickness 7;. Applying (31a, b) we can obtain

66? o | ou’
kv lop oW T T T T
EY - EY) : Tj,ol ) TjJ.G . If,mb ) Dj,mu -T j_titop

T T T T
'D/,mh' I,‘,mh‘ TvLG ) T]J)I -u + u 'Tj,m ) TLLG ) I,‘,mh'

8T/‘ tiop
'D?_mh . 8;]' a; D/'_mb . I/‘_ml) . T]_LG . T]_m ‘u+ (32a)
+u’ Tj,m : T,T;u; : I/T'an : D?,mb : Tj,r,mp : Dj,mh : Ij,mb'
Ju
'T,J_G : T,,m 'a_l‘,’
0.5-¢ —0.25 4 0
—0.25¢ 0.5 0
0 0 1.5-¢
0.25-# —0.125-2 0 (299)
*0.1251? 0.25-¢ 0
0 0 0.75't§
—0.5¢ 0.25 -1, 0
0.25-¢ —0.5¢ 0
0 0 —1.5¢
0.25't§ *0.125'1‘3 0 (299)
*0.125'1‘3 0.25'1/‘5 0
0 0 0.75- ¢
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adz',ekv bot auT
IT = ? ’ Tj,ﬂl : T,T;LG : I,T;m;, . DJT-J,‘;, . Tj,r,hm .
'DJ,mb : Ijan' T, T,,m ‘ut+u” TJT;Ul . T/T;Lo . I,T,m;, .
r )
D0y =D L Tiae Tt (32b)
+ uT ' Tj;O‘ ’ TZLLG : I:I/’;rnb : D:I/;rnb : T.Lz,bm . D/an . I.Lmb .
Ju
T T '871,»’
where
0 0
0 0
aTijmp - 8 ' O 0
a1, 105 —0.25
—0.25 0.5
0 0
and
0 0
0 0
BT,'J_bm _ 8 ) 0 0
or, "1-0,5 0,25
0,25 —0,5
0 0o —

The derivative u with respect to ti may be expressed as

au, _, [of 9K,
S~ Ko -(a = u) (34)
or, in more detail,
du, _ . of o - r
8[, - KG at, <j§::lTi’U] TLLG
(35)

oK, +K,+K,.)
at,

: T,'J_G : T/'Ul) “Ug

The relation ? is often zero and the derivative of the all the
element components of the stiffness matrix can be realized as
follows [6]

(K,

+K,,+K,)
a1,

0,
tf (K., +3-K,, +K,.,).(36)

The particular membrane, bending and shear matrices are
presented in [1, 7].

Finally, the derivative of the von Mises stress (at the top and
at the bottom surfaces) with respect to the element thickness ¢, is
the following

aoiek\r top 1 aoiekv top
= : and
a1, 26 0w Ok
86,';“ bor 1 adiekv bot (37)
at’ 20/,K»kv bot at’

All the presented approaches have been implemented into
Matlab’s FE software MATFEM developed by the authors.

Example 2
Determine the element stress derivative (eqgs. 32a, 32b) with
respect to the thickness ¢, and ¢, of the shell structure in Fig. 4.

0 05 —025 0
0 —025 05 0
0 0 0 1.5
0 0514 —02514 0 (332)
0 —0254 054 0
»5 0 0 1.5¢

~05 025 0

025 —05 0

0 0 —15

0,54 —0,2514 0 (332)
—0,25, 0,54 0
500 0 15

Let’s consider the following input parameters: elasticity modulus
E = 3.106 MPa, Poisson’s ratio p = 0.3, thicknesses 7, = 3 mm
and t, = 2 mm and force F, = 2500 N concentrated into each
node of the top curved surface.

Stress gradient values for the chosen elements Tab. 2
- analytical vs. numerical calculation

Stress gradient with Stress gradient with
Nr. of respect 7 Nr. of respect 7,
element element
Analytically | Numerically Analytically | Numerically
4 180.6925 | 180.8217 81 72.1432 72.1356
15 178.1929 | 178.3464 66 56.8617 56.8841
12 1727673 | 172.9401 65 56.5136 56.5514
7 172.2105 | 172.3427 92 54.8065 54.8449
53 170.2041 | 170.4455 80 52.5394 52.5649

The chosen calculated values of the stress gradients are written
in Table 2. The presented analytic stress gradient calculation was
confronted with the classical numerical computational approach
(Ao; /At;). A graphic presentation of the stress gradients distribu-
tion in each of the elements is in Figs. 5 and 6.
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The results document the influence of both parameters on the
stresses and the major signification of thickness ¢,. This informa-
tion may be used for the next optimizing process.

Fig. 4 Half model of the analysed shell structure in MATFEM
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Fig. 5 Stress sensitivity with respect to t,
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4. Conclusion

The presented work deals with the theoretical aspects and
numerical realization of the stress sensitivity analysis of the beam
and shell finite elements focused on its cross section parameters
(the area in the case of the beam element and the thickness in the
case of the thin shell element). The whole computational procedure
was inbuilt into Matlab’s software module MATFEM. Testing exam-
ples support the authors’ considerations about effectiveness of the

proposed method.
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