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Djordje N. Dihovicni *

ANALYSIS OF PRACTICAL STABILITY FOR TIME DELAY
AND DISTRIBUTED PARAMETER SYSTEMS

This paper points to sufficient conditions for practical stability of linear systems with time delay in state. Particularly, in control system
engineering practice, despite the contribution to the contemporary control theory and system thinking, the problems of practical stability are
not developed in details. Taking into account that the system can be stable in a classic way, but it can also possess inappropriate quality of
dynamic behavior, and because of that, it is not applicable. For engineers it is crucial to take the system into consideration in relation to per-
mitted states in phase space which are defined for such a problem, Dihovicni et al. (2006). Although, there are some papers covering practi-
cal stability problems, the lack of exploring it by using fundamental matrix and matrix measure was observed. Our main idea is to present
definitions and conditions for practical stability, applying matrix measure approach. From a practical view point, it is crucial to find intervals
on which the system is stable, and to know the function of initial state, the “prehistory” of system motion. The practical stability for a class of
a distributed parameter system is also presented. The system is described in state space and a unique theory for such a problem is developed
where a fundamental matrix of system and matrix measure is used. Using an efficient approach based on matrix measure and system fun-
damental matrix, the theorems for practical stability of distributed parameter systems are developed, and superiority of our results is illus-
trated with a numerical example.
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1. Introduction 2. General Consideration

During the process of analysis and synthesis of control systems,
the fundamental problem is stability, Wang (1992). From strictly
engineering point of view it is very important to know the bound-
aries where a system trajectory comes during the motion in state
space. The most often case for consideration of control systems,
is behaving on an infinite interval which in real cases is only of
academic importance in spite of practical stability which has sig-
nificance in real life, Nedic ez al. (2006). The linear systems might

Consider the time delay system described by:
&= Ay x(1) +A-x(t— 1) (M
with an appropriate function of initial state:

x(t)= 9. (1)—t<1=<0 (2)

have delay in state, in control, or in both of them, but the most fre-
quent occurring delay is in state, Debeljkovic (1994). Considering
engineering practice needs, it is important to explore the time inter-
vals where the system is stable. Thus, the development of efficient
theory is essential for necessary and sufficient conditions for prac-
tical stability, Nedic e al. (2006). In Tissir ef al. (1996) are given
conditions for practical stability, making relation between the matrix
and its maximal and minimal singular values. Most authors focus on
solving practical stability for modified Ljapunov concepts, accord-
ing to Dihovicni et al. (2006). This paper contradicts the majority
of theories dealing with this topic by developing a unique theory in
state space using a fundamental matrix and matrix measure approach
combined with conditions of singular values of matrix 4, and 4,.
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where the system described by equation (1) is presented in a free
working state, x(¢) is the state vector, and 4, and 4, are constants
of the system matrix of appropriate dimension, and 7 is time
delay.

The system behavior described by equation (1) is defined on
time interval, J = {#,, t, + T}, Nenadic et al. (1997), and T can be
a positive real number.

3. Main Result

Theorem 1: Time delay system (1) with a function of initial
state (2), is stable on a finite time interval in relation with [a, f,
7, T1 if the following conditions are satisfied :
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O (Q |/2)
2 A <———5 (3)
Ouan (Q"P)

where P is a solution of matrix equation:
Ay-P+P-A,=—2-0 (4)

and o,,,,(4,) and 0,,;,(4,), are maximal and minimal singular
values of matrix 4, and holds:

O (QI/Z
faj< o=@ ®
O (Q7'"P)
b) e < ———— "B/a, v €[0,7] (6)
1+ 7)A|

Proof of conditions a): Consider the functional, presented in
Tissir et al. (1996):

v=xr(t)-P-x(t)+ 't/::y(s)Q -x(s)-ds (7
W(1) = 27(e) (A5 P+ P A+ Q) (1) + 2-21(1)-

PeACa(t— 1) —ar(t— 1) 0 x(r — 7)

xr(1)-(Ag- P+ P-Ay+2-0)-x(1)- Q- x(1) + (8)
+2x0(1) P-A-x(t = 7) —xi(t — 1)
Q- x(t—1)
From equation (4) and the inequality:
2-xr(1)-P-Ax(t— 1) =
=2-x(1)-P-A-Q" 0" x(t— 1) )
Sar(t) P-A-Q AT P () +xr(t— 1) Q-x(r — 1)
it is obtained:
b= —a(t) Qo x{t) + 2y Pt =) it =)0 aft =)
St Qex(t) +wr(e)-P-A- QAT Px1) (10)
Sw{1)- Q1= QA0 AP0 o)

where v(7) is negative definite if the following equation holds:

1 —ﬂmax(Q’”z-P-Al-Q"-A{'-P-Q’”Z)>0 (11)
which is satisfied if the following equation holds:
I = 00a(Q " PA-Q")>0 (12)

Using the properties, Amir-Moez (1956), condition (10) holds
if:

1= 00.(0"P)on.(A-0")>0 (13)
which is satisfied if:
lafoe ) "
0o (0")
and the proof is complete.
Using a similar approach, Nenadic et al. (1997):
’/a’bqo(x)dx’S[bko(x)“dx (15)
it is obtained:
y@%ﬁﬁ@WFW@MF£©WWM@wWMM)
<[yl [ ve0)as

and equation (16) can be written as:
xr(t)x(r) = $1(0) ©7(1)- @) 4,(0) + 2[4 (0)] |@7(1) -
[0 llp.6)] a0+ | ["b(e0)a6]

ar(t)a(r) = 47(0)- @'(r)- () ,(0) +2-
: fHo(zfaff)

If we use the well known relation:

v
0 (18)
.00} o+ [ Jote 8= .00 -a

m(t)<| Ot — 6 —7)|-|1.(0)| < M(r). ¥0 € [~ 7.0] (19)
then it yields:
m(t)-T<|®(t—0—1)||v.0)] < M(r) T (20)

It is possible to show that it yields:

fot— 0=, <IO(]L.0), < Ve o1

and:
[£.0)] < Va.[@7(r)] = () (22)
so the equation (18) can be shown as:
)2 < O 0.0)+ 2 [ O () | Ve
O f7e
and if we use the well-known inequality, it is given:
|o(r)| = Hexp[AO(z>]H < explu(A,) 1} (24)

where p is defined as:

72 ¢ COMMUNICATIONS 3/2011



u(A) = %A (A" + A) (25)
and if we use the following inequality:
¥1(0) ¥.(0) < (|41 (0)] = | 4.(0)| < V) (26)
then it yields:
xr(1) x(1) < ™ a +2- AT
(27)

_l_ 2 . €2/1(A(,)t

Alf-Ta= ez”“")’a/(l + 7)A, H)’

If we apply the theorem basic condition given by equation (5)
to the previous inequality, then it is obtained:

Bla
xr(1) x(1) < oAl

and thus the proof is complete.

)~a(1 +o]Alf<B @28

Theorem 2: Time delay system (1) with the function of initial
state (2) is stable on finite time interval in relation with [o.f, T, 7,
U,(4y) # 0], if the following conditions are satisfied:

a) Re[A[(A +A e T)j <0i=1E.,n
Bla
L (A A, (1 — e )

In Tissir et al. (1996) the proof of condition a is given.

(29)

) e Vvt e [O,T] (30)

Theorem 3: Time delay system (1) with the function of initial
state (2), is stable on finite time interval in relation with [a, B, T,
T], if condition a) of theorem 2 is satisfied, and if the following
condition is satisfied:

1+ 1A, <Bra, vi €[0,7] (31)

Proof: It yields from theorem 2 when u,(4,) = 0.
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Definition I: The distributed parameter system described by
equation (32) that satisfies the initial condition (33) is stable on
finite time interval in relation to [&(z,2), B, 7, Z] if and only if:

Vi(2) . (n2) < &(12)

(34)
Vi €[0,7] vz €[0.¢]
then it follows:
x1(t,2)) x(1.2) < B
(35)

Vi €[0,7] vz €[0.Z]

where &(1,z) is the scalar function with feature 0 < &(1z) = a,
0=t=1,0=z=({where ais areal number, f € Rand p > a.

Let us calculate the fundamental matrix for this class of system:
dd (s, o )

do (36)

=A,-(sI —A)-O(s,0)

where after double Laplace transformation and necessary approx-
imation it yields:

®(t,z) = exp(A-1-2) (37)
here A — I—A,-A
where = T

Theoremd: The distributed parameter system described by
equation (32) that satisfies the internal condition (33) is stable on
finite time interval in relation to [&(zz2), B, T, Z] if and only if the
following condition is satisfied:

B

e2u(/\) e

. (38)

Proof: The solution of equation (32) with the initial condition
(33) can be described as:

E(z,z) = CD(t,z) : ﬁ(0,0) (39)
4. Definitions and Conditions of Practical Stability Using the above equation it follows:
Let us consider the first order hyperbolic distributed parame- xr(t,2)-x7(t,2) = [ﬁ (0,0)- (D(t,z)]-
ter system which is decribed by the following state-space equation: (40)
ox(r.2) ax [47(0.0) O(r.2)]
S = A x(12) A (32)
f < Using the well-known ineqality:
with an appropriate function of initial state:
H(I)(t,z)H = Hexp[A-t-z]H < exp{u(A)- t-z} (41)
x,(62) = ¥.(12)
(33) | and taking into account that:
0<t<7,0<t<¢
¥7(0.0) 4,(0.0) < e
where x(7,z) is n-component real vector of system state, A is the (42)
matrix appropriate dimension, t is time and z is the space coordi- (Hﬂr (0, O)H = H #7(0,0) H < 0’)
nate.
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then it follows:

)_CT(t,z) . E(I’Z> < e g (43)

Applying the basic condition of theorem 1 by using equation
(38) to further inequality the following is obtained, Dihovicni et
al. [4]:

x1(t,2)-x(t,z) < (g) a<f (44)

Theorem 5: The distributed parameter system described by
equation (32) that satisfied the initial condition (33) is stable on
finite time interval in relation to [&(zz2), B, T, Z] if the following
condition is satisfied:

ey(A)rz < B/a,
1+ 7-gA|
v € [0,7], vz € [0,9]

(45)

The proof of this theorem is given in Dihovicni et al. [3].
Let | x| , be any vector norm and any matrix norm |- ||, which
originated from this vector. Following expresions are used:
x], = (or )" and ||, = A" 4)
where * and T are transpose-conjugate and transport matrixes.

It is important to define the matrix measure as:
1+ e-A|—1
=lim——

£(A) = lim - (46)
0, (4) = max(Re(akk) +y |a,-k|>

i=1itk
1 (A) = lmaxﬂ,.(AT + A) (47)

2
p.(4) = max(Re(a,,.) + ;‘““’)

Definition 2: The distributed parameter system described by
equation (32) that satisfies the initial condition (33) is stable on
finite time interval in relation to [&(zz), B, T, Z] if and only if,
Dihovicni et al. [3]:

V. (62)| < &(12) (48)
then it follows:
x(1)], < B (49)

where &(1,z) is scalar function with feature 0 < &(zz) = a,
0=t=10=z={) aisreal number,} € Rand > a.

Theorem 6: The distributed parameter system described by
equation (32) that satisfies the initial condition (33) is stable on

finite time interval in relation to [a, B, 7, Z] if and only if the fol-
lowing condition is satisfied:

VBla
1+u'.(A)
Vi €[0,7] vz €[0.Z]

eug(A) rz

(50

Proof: The solution of equation (1) with the initial condition
(2) can be described by the fundamental matrix as:
x(t,z) = O(t,2)- ¥.(0,0) (51

Using the norms of the left and right side of the equation (51)
it follows:

0r(1,2) 2(1,2) < €419 (52)
and using the well-known inequality:

[exp(a--2)|, < exp{u(a-t-2)} (53)

t=20, z=20
it follows:

(1), < e 00) &
and using equation (49) the following is obtained:

|x(2)], < @ er (55)
so finally the following is obtained:

x(t2)], < @ e {1 + 1 '(a)} (56)

Applying the basic condition of theorem 3 by using equation
(50) the following is obtained:

’)_c(t)‘z <B (57)

Vi €[0,7] vz €[0,Z] (58)

Theorem 7: The distributed parameter system described by
equation (32) that satisfies the initial condition (33) is stable on
finite time interval in relation to [a, B, 7, Z], if and only if the fol-
lowing condition is satisfied, Dihovicni et al. [3]:

B
« (59)
vi€[0,7] vz €[0.Z]

eu(Al:) <

Theorem 8: The distributed parameter system described by
equation (1) that satisfies the initial condition (2) is stable on finite
time interval in relation to [7,, J, a, B, Z], if and only if the fol-
lowing condition is satisfied:
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[1 +(t— 1) gmx]z AT g,

v €[0,J] vz €0.Z]

where o,
proof of this theorem is given in Dihovicni et al. [4].

5. Example

Consider the distributed parameter system:

ax(tz) 2 119x 1 0
Y _[—245 5 — 12

where

Loy, [2 1
A”_[Z—l]""_[—z 4]

and according to equation (47) it is obtained:

4= 0.548 0.904
0.1653 3.320

with the initial condition:
x(2) = p.() =0 1]
Let us assume the following values:
a =20, f=6022; k,=0.7s

where k = ¢ - z, and by using initial condition

HQHZ =1<2.01

Let us calculate the matrix measure p and the norm:

u(A) = 3.37
|A[ = 3.45
Combining this values into equation (7), it yields:
e’ <29.96
Vi €[0,7] z €[0,1]
with solution:
K. = 1.69s
Upon theorem 5 it yields:
e <1.23
vt €[0,T},z €[0,1]

with solution:

(60)

max fepresents the maximum singular value of matrix. The

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)
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Ko =0.207s (71

Using theorem 6 it follows:

e <23.31 (72)
whose solution is:

Ko = 3.14s (73)

Upon theorem 7 it yields:

e <29.96 (74)
and solution is:

Koy = 3.39s (75)

If we use theorem 5 then it is obtained:

[1 + 3.45t]2~e”"‘5” <29.96 (76)
with solution:

Ko = 0.06s 7

Analysing the values for estimation it is obvious that the best
result is obtained using theorem 5.

6. Conclusion

During the analyse the process systems from safety and optimal
cost perspective, it is important to recognize which systems are not
stable in real conditions. From engineering point of view we are
interested in such systems which are stable in finite periods of time.
Therefore, our first concern should be to maintain stable and safe
systems.

Taking into account the principle of practical stability, the fol-
lowing conditions must be satisfied:
e determine the set Sﬁ, find the borders for the system motion;
o determine the set S, _ find maximum amplitudes of possible dis-
turbance;
e determine the set S, of all initial state values.

In case that these conditions are regularly determined it is pos-
sible to analyse the system stability from a practical stability view
point.

The main conclusion from the result for distributed parame-
ter systems is that the estimated interval which is determined by
previously explained theorems and which represents the product
of tz for this class of distributed parameter systems is very near to
the real value. Therefore, the theory is applicable and has a wide-
spread use in determination where the system is stable.
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