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OSCILLATORY PROPERTIES OF THE SOLUTIONS OF FIRST
ORDER LINEAR NEUTRAL DIFFERENTIAL EQUATIONS

WITH “MAXIMA”™

In this paper we consider a neutral differential equation with "maxima"” of the form

[x(t) +p(t)x<o‘(t)>] + q(t)maxx(s) =0

[t—au]

We obtained sufficient conditions for oscillation of all the solutions when t — o,
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1. Introduction

We consider a first order linear neutral functional differential
equation of the form

[x(t) +p(t)x<o‘(t)>] + q(t){l}a)%x@) =0,t=1¢t ()
Let the following conditions regarding functions p, g, g be
always assumed to hold:

[ —> ®©

D [tp, ©) = R is continuous 2)
0 [y, ©) = R is continuous and stricly increasing,

limo(t) = oo, €ER, >0 3)

[

q: [y, ©) = (0, ) is continuous,
q(1)#0, f:q(t)dt =0 4)

Differential equations with maxima are special type of differen-
tial equations that contain the maximum. Though differential equa-
tions with maxima are often met in applications, the qualitative
theory of these equations is relatively little developed. The exis-
tence of periodic solutions of these equations is considered in [1].
Our aim is to obtain new sufficient conditions for the oscillation
of all the solutions of equation (1). By the solution of equation (1)
we mean a continuous function x : [z, ©) — R such that x(¢) +
+ p(t)x(o(1)) is continuously differentiable and x(7) satisfies equa-
tion (1) for all sufficiently large ¢ = ¢,. The vanishing solutions of
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all large 7 will be excluded from our consideration. The solution of
(1) is called oscillatory if it has arbitrarily large zeros in [z, )
and it is called nonoscillatory otherwise. The nonoscillating solu-
tions of (1) are characterized as being eventually positive or even-
tually negative. Let us define the function

2(1) = x(1) + p()x(1 — 1), (%)
where ¢t — 7 = ¢(t). Then, from equation (1) we get

Z'(t) + g(t)maxx(s) = 0. 6)

[t—a.]

The following lemmas will be useful in the proof of the main
results. Lemmas can be found in [2, 3].

Lemma 1.1 We consider equation
X' =pOx(t—1)=0,1=1,

In addition to (2) let us suppose that p(t) > 0, 7> 0, (o(¢) <1)
and

. ‘ 1
lim [ p(r)dr> 5

oo Jp—7

Then the following statements are true: the inequality

a)

X' () + px(t—1)=0
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has no eventually positive solution,
b)

x'(t) + p(Hx(t — 1) =0

has no eventually negative solution, or inequality

c)
x'(t) = p(Hx(t —1)=0

has no eventually positive solution,
d)

xX'(t) = pHx(t—1)=0

has no eventually negative solution, and
e)

the following equation
x'(t) = p(Hx(t — 1) =0
has only oscillatory solutions.

Lemma 1.2 Let the conditions (2) - (4) hold. Then the follow-
ing statements are true:

a)lf p(r) = —1 and

(i) x(¢) is an eventually positive solution of (1), then the func-
tion z(¢) is an eventually decreasing function and z(z) < 0 eventu-
ally,

(ii) x(7) is an eventually negative solution of (1), then the func-
tion z(¢) is an eventually increasing function and z(7) > 0 eventu-
ally.

b)If —1 =< p(r) = 0 and

(i) x(¢) is an eventually positive solution of (1), then the func-
tion z(7) is an eventually increasing function and z(7) > 0 eventu-
ally,

(ii) x(¢) is an eventually negative solution of (1), then the func-
tion z(¢) is an eventually decreasing function and z(z) < 0 eventu-
ally.

2. Main results

Theorem 2.1 Let conditions (2) - (4) hold and p(t) = 0. Then
all the solutions of equation (1) are oscillatory.

Theorem 2.2 Let conditions (2) - (4) hold, p(t) = —1 and v >
a. Next, let the following condition hold

o q(s)
liminf _
e Jrethe mgyx {—p(u + T)}

u€ls —a.s)

1
ds>z. (7

Then all the solutions of equation (1) are oscillatory.

Proof. Let us suppose that equation (1) has a nonoscillatory
solution x(7). Let x(7) < 0. From Lemma (1.2) we have that z(7) >
> 0. Then, from (5) we get the inequality

2(0) < p(Ox(t — 1)

from which we have
z(t+ T
(<20
p(t+7)
and, finally
z(s + T)
maxx(s) < max———. (8)
[ el p(s + 1)
Next, from Lemma (1.2) we know that z(7) is an eventually

increasing function, then for sufficiently large  we have

zZt+tr—a)=z(s+71), SE[t—al]

Then
(t+7—a) z(s + 7
max——————— 2 max——————
[—ad p(s + T) [r—ad] p(s + T)
and
—z(tt+t7t—a) z(s + 1)

max > max
lr—a] —p(s + T) = p(s + T)
From the last inequality and (8) we can deduce that

—z(t+7t—a)
max{—p(s + T)} ‘

[t—a.]

maxx(s <
[t—au]

)

Then from (6) and from (9) it follows that only the positive
function z(¢) satisfies the inequality

(- —2

max {— p(s + T)}

[t—au]

Z(t+Tt—a)=0 (10)

But from (7) and from Lemma (1.1) it follows that the last
inequality (10) has no positive solutions. The contradiction obtained
shows that equation (1) has no negative solutions, which is a con-
tradiction.

Let x(7) > 0 From Lemma (1.2) it follows that z(7) < 0 As
above, we obtain the estimate

—z(t+7—a)

> 7 11
max *p(s + T)} (o

Then from (6) and from (11) it follows that only the negative
function satisfies the inequality

, q(1)

: (t) - max *p(s + T)}

[t—au]

(t+r—a)<0 (12)

But from (7) and from Lemma (1.1) it follows that the last
inequality (12) has no negative solutions. Hence equation (1) has
no positive solutions, which was a contradiction.
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Then all the solutions of equation (1) are oscillatory.

Theorem 2.3 Let conditions (2) - (4) hold, —1 = p(t) = 0 and
a = 1. Next, let the following condition hold

liminf [ ¢(s) max ]{— p(u)hds > é (13)

1—o t—1 u€ls —a.s|

Then all the solutions of equation (1) are oscillatory.

Proof. Let us suppose that equation (1) has a nonoscillatory
solution .

1) Let x(r) > 0 From Lemma (1.2) we have that z(7) is
a decreasing function and z(¢) > 0. Then z(¢) < x(¢) and

maxz(s) < maxx(s).

[r—ad] [r—ai]

With regard to (6) from the last inequality we get

Z'(¢) + g(t)maxz(s)< 0.

[~
Since z(1) is a decreasing function, then we obtain
Enazc}z(s) = z(t - af).
Therefore, the positive function z(¢) satisfies the inequality
Z/(t)+ q(t)z(t —a)< 0 (14)

In view of
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maxy—plu)r <1

[zfa,r]{ p< )}

then from (13) and from Lemma (1.1) it follows that inequality
(14) has no positive solutions. The contradiction obtained shows
that equation (1) has no positive solutions.

2) Let x(t) < 0 From Lemma (1.2) we have that z(7) is an
increasing function and z(¢) < 0. From the definition of z(¢) the
inequalities follow

x(t) < *p([)x(l‘ — a/) < *p(t)z(t — a’).

maxx(s) < max{—p(s)x(s - a')} < max{—p(s)z(t - a/)}.

[t—ad [t—a] [t—a]

With regard to (6) from the last inequality we get

2'(t) + q(t)max{—p(s)z(t — a)} > 0. (15)

[t—ed]
From (13) and from Lemma (1.1) it follows that inequality
(15) has no negative solutions, which was a contradiction.
Then all the solutions of equation (1) are oscillatory.
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