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MOBILITY OF MULTIBODY SYSTEMS IN TERMS

OF THEIR INCORRECTNESS

The paper presents examples of incorrectness from the point of view of body and Multibody System (MBS) kinematics. This incorrectness
should be kept in mind when modeling Virtual Prototypes (VP) of MBS. During the analysis or synthesis of MBS it is necessary to correctly
determine the degree of freedom (DOF) of mechanisms in order to properly design the mechanism. The basic relation for the DOF computa-
tion does not include parameters such as special dimensions of links or their mutual configuration and geometric constraints. In many cases,

these issues require individual approach, i.e. by analyzing the properties of incorrect MBS to identify the causes of their incorrectness and apply

the computation method to the actual mobility. The paper contains samples to illustrate a particular topic.
Keywords: MBS, singularity, degrees of freedom, actual mobility, incorrect MBS, kinematics.

1. Introduction

The structure and modeling of MBS is a starting and highly
important component of theoretical fundamentals. It covers
ways of creating kinematic chains, their topology and depiction,
classification of geometric constraints and search for a number of
freedom (movability), etc.

The DOF of a mechanical system with holonomic geometric
constraints is a minimal number of necessary generalized
coordinates required to define the system configuration. The
DOF has practical use but it must be kept in mind that it has its
own limitations. For the modeling of a mechanical system it is
necessary to introduce simplifying hypotheses for its computation
within the framework of analysis [1]. These hypotheses may
cause a significant difference between the model and actual
behavior of the mechanism. There is, for instance, a large class
of mechanisms (referred to as overconstrained mechanisms)
whose mobility is the function of precise dimensions of their
parts, chosen geometric constraints or configuration [2, 3 and
4]. Moreover, under certain (singular) configurations, due to
a sudden DOF variation, numerical results of particular software
may be unreliable unless appropriate precautions are taken [5,
6 and 7]. The paper presents some chosen samples of MBS
focusing on the computation of incorrectness, which means that
DOF is computed according to the commonly used relation not
in compliance with the real situation.
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2. The basic concepts
2.1 Mobility

The mobility n of MBS is the number of prescribed position
coordinates of input driving links required to uniquely determine
the position of output driven links [8]. If the actual mobility 7
is identical to the theoretical mobility n, i.e. n=n, then we can
say that MBS is correct. In the correct MBS, each geometric
constraint of class 7 takes just ¢ degrees of freedom of movement.
Position and mobility of bodies in the correct MBS is determined
according to the Grubler criterion:

ny—1

n=nv(u—1)—2t.s,, (1)
t=1

which satisfies the condition:

n=n,, (2)

where u is a total number of links in the MBS, frame included, nv(u

nv—1
- 1) is the mobility of a group of free bodies, Z 1S are removed
t=1

degrees of freedom between pairs of links of the MBS.

The below mentioned relation provides correctness between
pairs of links of the MBS:

Vim

Dsa(v—1),

v=2

8§ = (3)
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where s, is a number of joints of klass 7 of all pairs linked in
the MBS, n (u - 1) is a number of joints of klass 7 connecting
number v of links, v is a number of bodies linked in s, bodies, v,
is a maximum number of bodies in joints of class ¢ in the MBS.

The MBS is considered incorrect if its actual mobility n
differs from the theoretical mobility » determined according to
equation 1; then it holds:

n, # n. 4

All the reasons which cause this condition in MBS are referred
to as singularities. Equation 1 does not reflect the real mobility in
its entirety for each MBS because it does not contain information
either about proportions (dimensions) or about mutual position
(configurations) of links and geometrical joints [8].

If n, is used to denote the number of unremoved DOF, the
incorrect MBS will have the actual mobility when DOF computed
in compliance with the Griibler criterion and the unremoved
DOF are summed up:

n,=n+n,. (3

Theoretical mobility » of an incorrect MBS may be zero. It
can indicate a configuration of links in the MBS or, in the case of
negative indication, it can point to an indefinite, unclear structure
which still might be real [8]. In spite of it the actual mobility can
be n >1. It is due to already mentioned configuration of links and
geometric constraints as well as special dimensions.

2.2 Locked MBS - four bar mechanism

From the point of view of mobility of bodies and MBS, jam
is a situation when the body has one degree of freedom and yet it
cannot move. It is caused by the geometry of the body, by mutual
configuration of links in the MBS and by force effects [9, 10 and
11]. If redundant constraints in the MBS become inconsistent
with other constraints (due to manufacturing differences in length
or links or deviation from geometric constraint position), the
MBS may jam [8]. There is a four-bar in Fig. 1.

Fig. 1 Kinematic scheme of a four-bar mechanism
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If we want the links of a four-bar mechanism in Fig. 1 to
perform a rotational motion of 360°, i.e. to function as a crank
mechanism, the following relation must hold:
lmin + lmax = l/ + l”; (6)
where / . and [ are lengths of the shortest and the longest link.
Then " and I” are lengths of the other links. Depending on which

of the links is fixed, a crank mechanism, crank-rocker mechanism
or rocker mechanism are formed.

2.3 Instantaneous and permanent singular state of MBS

* Instantaneous singular state occurs when the links of MBS
can displace with infinitely small values of position coordinates
(Fig. 2a).

* Permanent singular state occurs when the links of MBS can
displace with finite values of position coordinates (Fig. 2b).
Fig. 2a shows a MBS whose links are in a horizontal position

and loaded with forces. We get a matrix of system A from the

set of static analysis equations. The solvability of the linear
system of equation is based on the condition that the system has
only one solution if the determinant of the matrix system A is
different from zero. From the suggested solution it follows that
determinant of the system D=0. Then, in the case of configuration
of links in Fig. 2a the infinitely small displacement of point
A occurs in the horizontal direction. The intersection of the
tangents of trajectories of point A from individual links is in
infinity. This leads to the virtual displacement in the direction of
the tangent resulting into a singular state of MBS. It should be
noted that infinitely large forces theoretically arise in the links. In
fact, due to clearance in the pins the position of the links changes;
but even so, axial forces are very large [12 and 13].

kZ" A ka

t2=ts
Fig. 2 Three members MBS a) virtual displacement of point A,
b) final displacement of point A

The computation of the DOF according to Griibler: n=3.
(3-1)-2.3=0. But there is actually a virtual-rotation of links in the
system, i.e. n5=1.

COMMUNICATIONS 3A/2014 e 7



COMMVINICIONS

1 0 -1.0 0 0
01 0 1 00
p=0 0 0 L 0 0=1.(—1)2
0 0 1 0 —-10
0 0 0 -1 0 1
0 0 0 L 00
101 00
00 L 0 0 (1)3_018
o1 0 —10=1(—1)2.O Lo 1:1.(—1)".
00 -1 0 1 oL 0o
00 L 0 0 ’
L 00
l=101[=0
I, 00

In Fig. 2b, the links are so oriented that the trajectories of
their common point A are identical. In this case, there is a final-
rotation of links and the system behaves like a pendulum. The
solution of DOF and systems of linear equations is identical to
the system in Fig. 2a. In this case a singular mode also occurs
because.”nn # N,

3. Incorrect MBS with passive joints (Overconstrained
MBS)

The incorrect MBS is also such a system that contains
geometric constraints which do not affect its mobility. This means
that if we remove the elements of joints or the entire joint and
the mobility of the output link does not change, the joint is totally
or partially passive [4].

Total passivity - geometric constraint is from kinematic point
of view totally passive and then redundant when after its removal,
the actual mobility ; of MBS does not change. Then, it holds that
the number of unremoved DOF is equal to the class of constraints
n =t. Parameter t is the number of DOF which the constrain
removes. Then it holds:

n<0 and n, > 1. @)

Partial passivity - geometric constraint of a class 7 is partially
passive if it holds that the number of DOF removed by the MBS
is smaller than its class, i.e. n, <t [8].

An example of a totally passive bond is one rotational
constraint (from two) to attach casement 2 (Fig. 3). The task is
to analyze and compute the mobility of casement attached to the
frame with two spatial rotational joints (Fig. 3).

Fig. 3 Kinematic scheﬁe of link with excess joint
We count the DOF according to equation (1):
n=n,(u— 1)—E ts,=6.(2-1)—52=—4,
=1
where §, = 252(2 — 1) =2.

Spatial rotational constraint removes 5 DOF. Since, it is
excess (redundant), the number of unremoved DOF expresses
just the number of DOF which this constraint should remove and
itis: n =r=3.

The actual number of DOF of the casement is:

ns=n+n,=—4+5=1,

n#ns.

If we remove the redundant constraint of the body in this
example, then the calculation of mobility is according to (1):

n=nv(u—1)—”it.s,=6.(2— 1)-51=1.
=1

It should also be said that one rotational joint is totally
passive in terms of kinematic excess (redundancy). Its task is to
achieve favorable conditions for mutual loading of bodies. The
casement has always only one DOF regardless of the number
of joints attached to the rotating frame. Geometric constraint is
totally passive and in geometric terms redundant when, after its
removal, the actual mobility 5, does not change .

4. Incorrect MBS with redundant links

If a link or group of links can be removed and the mobility of
output link does not change, the link (group of links) is in excess
(redundant) in terms of kinematics, therefore, we remove it before
computing the mobility of MBS.

An example of MBS with redundant links is a five-bar
system whose links are two and two parallel attached with rotary
geometric constraints (Fig. 4).
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Fig. 4 Kinematic scheme of MBS with excess link

The computation of the DOF will be done as in the previous
examples. The number of DOF according to Grubler:

n—1
n=n(u—1)—> ts;=3(5-1)—26=0,
n=0%#n,=1.

After the removal of excess link 5 or 3, we obtain:

n=n,(u— 1)—m21.s,= 3.(4-1)—-24=1.
=1

It should also be said that the cause of system mobility is
configuration of its links, and the fact is that the links are two
plus two parallel links. It is sufficient that one of the links is not
parallel and the system will become shape determinate.

5. Redundant local mobility

Redundant local mobility is a passive redundant kinematic
input which has no influence on the total mobility of the output
link of the system.

(©)
Q

(0]

Fig. 5 Kinematic scheme of MBS with excess local mobility

n=n(u—1)=3 t5,=3.(4—1)=23-1.1=2

t=1

If link 4 becomes the frame, link 3 can rotate. From this
and also from the computation it follows that the MBS in Fig.
5 has two generalized coordinates. It should be noted that if we
investigate the trajectory of an arbitrary point of the working
member 2, it does not change even if the input acts on member 3,
i.e. the only driving member will be member 4.
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6. Freundenstein‘s criterion of MBS mobility

To solve MBS mobility which may be both correct and also
incorrect, it is possible to use Freundenstein‘s mobility criterion
of planar MBS with global coordinates of the position. It has the
form:

Mg = m — h,, (8)

Fig. 6 VMS with marked virtual rotations of links 2 and 3

where n, is an actual number of DOF of the MBS according
to Freundenstein, m is a total number of global coordinates, hm is
rank of the Jacobi matrix. Solution of mobility of a planar three-
bar system of links (Fig. 6) [2] is presented below.

From the kinematic solution we obtain a matrix velocity loop
equation for the given system:

—hZSin¢1z _h3Sin¢31 ¢12 _ [0] (9)
—hacos@;  hicos Qs ¢31 of
then Jacobi matrix:
'}/d,,, _ [_hzsinq)lz _I’Z3Sin¢31 . (10)
—h,cos@Q,  hscos P
For angles (01, and 03, following holds:
0 0
Q=@ =0 and @5, =0= Y :[_hz I,

with Y4, = O,and A, = 1,

then, mobility MBS according to (8):
nr=m-—nh,=2—-1=1.

Mutual position (lengths, angles) of links and constraint
elements allows to links 2 and 3 virtual rotation of & @ 1> and
S Q.

According to Griibler n=0 and according to Freundenstein
n=n_=1, a virtual displacement (rotation) occurs. If det p, =0,
then the MBS with incorrect mutual position is in the singular
state.

7. Location and mobility of MBS with rolling
constraints

From the point of view of reaction effects in rolling constraint
the following holds: if we do not consider passive resistance, this
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constraint is of class =2. Rolling constraint has both normal and

tangential component of the reaction. It can be said that we have

2 constraint conditions in the kinematic model:

1. Tangential point with the frame is also pole P of relative
mobility.

2. The relative velocity at point P is zero.

So, in terms of kinematics #=2.

Rolling constraints can be closed and opened in terms of
configuration and shape links. Links may be separated when
the constraint is opened. When it is closed, the links cannot be
separated.

7.1 Closed rolling constraint

Links have the analogue relative position as in the previous
solutions (planar three-bar system of bodies) in the constraint
with a rolling closed circular shape. They are in a permanent
singular mutual position. The constraint is partially passive and
has 1 unremoved DOF n =1 (Fig. 7).
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Fig. 7 MBS with rolling closed constraint

An example of the closed constraint is transmission gear. Fig.
8 presents a kinematic scheme of MBS for a switch point machine
designed to handle switch points, switch diamonds, and derailers
belonging to the equipment for railway operation.

Mo

Computation of DOF according to Grubler:

n=n(u—1)—

z 151 =
n(u—1)— Z S =3.(5-
MBS has 3 types of gear and each of them has one unremoved

DOF; then it follows that n”=3.
The actual DOF of MBS for switch point machines are:

1)—27=-2.

n=n+n,=—2+3=1.

7.2 Opened rolling constraint - Incorrectness in terms
of structural analysis.

The opened rolling constraint differs from the closed rolling
constraint - in the former, separation of contacting surfaces of
bodies may occur. The cause of incorrectness may be dimension
and shape of tangential links [11].

In Fig. 9, there is the MBS with open rolling constraint, i.e.
a cylinder in a plane. Link 3 is attached to the pin of cylinder
2. To clearly identify the position of the system it is necessary
to know the location of the cylinder p,, which is the function
of rotations of cylinder ¢,,, and ¢,, which is an independent
rotation of link 3 towards the frame. This system has 2 DOF.
The structural scheme shows that links 1 and 2 are in contact
through the rolling constraint, links 2 and 3 are in contact through
rotational constraint, and link 3 is not in a direct contact with
the frame. The structural scheme (topological model) of MBS
does not contain any information about dimensions and mutual
configuration of links.

A
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11

HRI NN

@

Fig. 8 MBS with mark virtual rotation of links 2 and 3
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Fig. 9 MBS with open rolling constraint

Computation according to Grubler shows the actual DOF,
but in this case it is incorrectness in terms of structural analysis:

n—1
> S, =3(3-1)-22=2,

ns=n+n,=2+0=2.

n=n(u—1)—

Parameter ¢ is the total number of local coordinates -
neighboring (dependent as well as independent) tangential to
bodies; i.e. coordinates indicating the relative position (velocity,
acceleration) between indicating the relative position (velocity,
acceleration) 1, 2 and 2, 3, then c=2. Parameter m is the total
number of global coordinates, i.e. coordinates between 1, 2 and
1, 3, then m=2.

We need to enter one more global coordinate in order to
determine unambiguously the position of the system. It follows
that we need 3 joint equations m =3, reflecting the fact that
a shape of tangential links is crucial for open roller joints.

Incorrectness in terms of structural analysis:

c=2,m=2+#m,=3,

z|\

— R3—
Z X _>3

>4

Structural scheme

b.)

Fig. 10 Closed rolling constraint compensated by inserting binary link
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n—1

n=n(u—1)— Zzsl—3 -1)
—2.(222(2—1)+ 123(3—1))2_ 1,
ns=n+n,=1+1=2.

Incorrectness of the open rolling constraint is compensated
as we insert a fictional link to the system, which will replace the
missing geometric constraint.

This particular incorrectness is compensated by inserting
binary link 4. The centers of osculating circles of links were
achieved. Thus the open rolling constraint is transformed to
closed, which is permanently partially passive and the structural
analysis will be correct (Fig. 10).

8. Conclusion

Practical importance of solution of the above mentioned
issues lies in the determination of the number of independent
degrees in the mechanism to determine a prescribed motion of
the output link. This type of analysis can be preliminarily carried
out by means of simple equations requiring only the knowledge
of the number of links, the number of constraints and nature of
their classes. However, they may fail during providing the correct
answer.

Here, it is important to realize that it is necessary to orient
oneself in basic knowledge which will allow us to:

* recognize and identify the critical configuration of

a mechanism,

* compute the DOF of an overconstrained mechanism,
» identify passive or redundant DOF,
* identify the numerical effects due to the DOF variation.

Finally, it can be stated that causes of MBS incorrectness are
identified based on analysis of properties of incorrect MBS and
computational methods for actual mobility can be applied.
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