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1.	 Introduction

Global navigation satellite system (GNSS) involves two 
observation techniques to measure the range (pseudorange) 
between satellite and receiver. Code pseudorange measurement, in 
short code ranging, is used to measure the time difference between 
the received code and generated replica code. Phase pseudorange 
measurement, phase ranging, is based on measurement of 
phase difference between the received and generated signal. The 
received carrier is Doppler shifted due to the mutual motion of 
satellite and receiver [1]. The accuracy of pseudorange obtained 
by the code or phase ranging depends on random and systematic 
influences. The whole system error involves the particular 
errors of determination of satellite time and position, signal 
transition errors caused by using the incorrect atmospheric 
model comprising the influence of ionospheric and stratospheric 
refraction and topography errors known as multipath effect. The 
great part of system error is generated by a receiver failure, which 
comprises a variation of phase centre and clock errors. The paper 
is devoted to a numerical analysis of code ranging especially to 
diagnose influence of systematic errors by applying the Gauss-
Jacobi algorithm [2, 3 and 4].

2.	 Numerical Approaches of Code Ranging

Gauss-Jacobi algorithm is often used to estimate unknown 
parameters in nonlinear models [5 and 6]. In geodesy, it is applied 

as an alternative method to nonlinear Gauss-Markov model, 
which uses Taylor series for linearization. Application of Gauss-
Jacobi combinatorial algorithm in diagnostics of systematic errors 
in code ranging assumes to arrange the vector of receiver position, 
which involves the differences between system time t and time 
delay ix  of a signal which originates from a satellite position as 
follows [7, 8 and 9]:

, , ...,r t r t r t r tT
i n n1 1 2 2x x x x- = - - -^ ^ ^ ^ ^h h h hh.	 (1)

Vector of measurements, which is represented by the 
pseudorange values d ti ^ h and observed in time t can be defined 
by the formula:

, , ...,y d t d t d t1T
n2= ^ ^ ^ ^h h hh.	 (2)

Providing t tuT ^ h is correction of the system time of 
a  receiver, t ti iT x-^ h is correction of the system time of 
a satellite and c is signal career, the basic formula for code ranging 
is as follows:

d t c c t t c t ti u i i$x xD D= + - -^ ^ ^h h h,	 (3)
 

where c D tix = ^ h represents the real range, c t t b tuD =^ ^h h 
is the unknown parameter because the system time varies 
in each satellite and correction of system time of a  receiver 
is an unknown value. The last quantity of an equation (3) 
c t b ti i i$ x xD - = -^ ^h h is corrected range, which involves 
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The proper identification of the systematic influence in 
the model consists in comparison of a  partial combinatorial 
positional norm estimated from the i-th model:

K x y zi
p

i i i
2 2 2= + + 	 (10)

 
with the median positional norm Kmed  in the case of robust 
estimation or with the “global” positional norm Kb  estimated 
average from the whole model.

4.	 Verification of Efficiency of Combinatorial 
Algorithm

The diagnostics of systematic effect on final pseudorange 
belongs to the fundamental approaches of each GNSS developer 
and, therefore, there are a lot of hardware and software solutions 
in engineering practice. Differential GNSS seems to be one of 
the best methods to avoid this effect by using it in the process of 
determining the precise receiver position in geodesy applications 
[1]. However, the actual ionospheric and tropospheric model, 
precise time delay and satellite ephemerids are always important 
to know. The efficiency of the Gauss-Jacobi combinatorial 
algorithm was verified on real raw data arranged in “rinex” 
format, which were obtained by the static GNSS method. Inter 
alia, the “rinex” data file contains the number of visible satellites 
(G4, G31, G29,…) and the appropriate carrier phases (L1, L2), 
pseudo ranges (P1, P2) and Doppler frequency, as can be seen 
in Fig. 1.

The precise satellite’s position needed for pseudorange 
calculations is defined by Cartesian coordinates in Global 
Reference Frame IGS08 and is accessible as a  product of 
NASA and ESA in “sp3” format. For n = 13 satellites and u = 4 
unknown parameters (x, y z, bias), we calculated the minimal 
number of satellite combinations C 715,mink = .The unknown 
parameters of the partial models were estimated according to the 
equation (7) to calculate the partial positional norms according 
to the equation (10):

r rK t ti
p
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ix x= - -^ ^h h .	 (11)

The significant difference between the positional norm in 
model average

r rK t tTx x= - -b b b^ ^h h 	 (12)
 

and the positional norm in median:

r rK t tmed med
T
medx x= - -^ ^h h 	 (13)

the time correction of satellites acquired from almanac. Then, the 
function of code pseudorange can be rewritten into a  common 
formula:

d t d t b t D t b tix= + - = +^ ^ ^ ^ ^h h h h h.	 (4)

3.	 Gauss-Jacobi Combinatorial Algorithm

In conformity with the previously described observation model 
(4), the mathematical model of code ranging is demonstrated 
according to formulas [3 and 4] as follows:
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where the vector of receiver position r(t), vector of clock 
corrections b(t) and vector of residuals e belong to the unknown 
parameters of model, which are estimated by Gauss-Jacobi 
combinatorial algorithm. It is a  very useful method to ensure 
both procedures, to estimate the appropriate pseudorange and 
to identify the possible systematic influence on mathematical 
model (5). The principle of this method is in creating the minimal 
number of partial combinations of the model, which satisfies the 
combinatorial number:
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The rank of the particular matrices of the p-models depends 
on the number of unknown parameters u. The solution of the 
combinatorial algorithm consists in estimating the introductory 
positional parameters i

pb  from the i-th equation of p-model as 
follows

A yi
p

p

p

p
u

i
p

i
p

1

2 1

h
b

b
b

b

= =
-

J

L

K
K
K
KK

N

P

O
O
O
OO

	 (7)

 
and in defining the partial matrices:
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which have to be positive definite and regular because of their 
inversion. The unknown parameters of the mathematical model 
(5) are represented by the weighted averages which are estimated 
from the equation:
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The differences of the partial norms from the global positional 
norm in median can also be illustrated in Fig. 2.

Fig. 2 Comparison of partial positional norm with the global  
one in median

5.	 Conclusion

The primary purpose of using Gauss-Jacobi combinatorial 
algorithm was to amend the endless iterative methods of 
parameter estimation with the creation of the minimal number 
of mathematical combinations of observed data. The practical 
application of this method demonstrates its strength to estimate 
unknown parameters in nonlinear mathematical models with 
current diagnostics of observation errors with systematic effect. 
Comparing the global positional norm with a  partial one 
estimated in i-th partial model refers to code ranging error 
existence probably caused by multipath effect. Gauss-Jacobi 
combinatorial algorithm enables us to identify improper satellite 
position in a given system time.
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Fig. 1 Demonstration of raw GNSS data in “rinex” format
 

gives the view of error influence on observation data. The receiver 
position calculated from the code ranging obtained from satellites 
R11 and R19 seems to be influenced by observation error, as we 
can see from the positional norm differences displayed in Table 1. 
In practice, the differences from the positional norm demonstrate 
the pseudorange error, which can be caused by the multipath 
influence or improper satellite geometry. While, the first reason 
is easy to eliminate by an appropriate software, the second one is 
registered as PDOD value in a receiver.

Differences between partial and global positional norms     Table 1
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