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Airspace domain may be represented by a time-space consisting of a three-dimensional Cartesian coordinate system and time as the fourth 
dimension. A coordinate system provides a scheme for locating points given its coordinates and vice versa. The choice of coordinate system is 
important, as it transforms data to geometric representation. Visualization of the three and more dimensional data on the two-dimensional 
drawing - computer monitor is usually done by projection, which often can restrict the amount of information presented at a time. Using the 
parallel coordinate system is one of possibilities to present multidimensional data. The aim of this article is to describe basics of parallel coor-
dinate system and to investigate lines and their characteristics in time-space. 
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4-dimensional space manifests itself as a connected set of points, 
one on each axis. Points lying on a common line or plane create 
readily perceived structures in the image.

Parallel coordinates is a widely used visualization technique 
for multidimensional objects and multivariate relations. The 
system was invented by Philbert Maurice d’Ocagne in 1885 
[2] and were independently re-discovered and popularized by 
Al Inselberg in 1959 and systematically has been developed as 
a coordinate system starting from 1977. The parallel coordinates 
methodology was used when the new air traffic control system in 
United States was formed around 1985 - US patent # 4,823,272, 
p. 100 [3]. Using of parallel coordinates for visualization of the 
high-dimensional data set is shown in [4-6]. The authors of [7] 
were concentrated on ordering and positioning of the coordinate 
axes. Authors of [8] compared scatterplots and parallel coordinate 
plots as visualization methods. A  method for mobility analysis 
based on the parallel coordinates is presented by [9]. Application 
of the parallel coordinates in geographic visualization is shown in 
[10]. Moreover, the parallel coordinates coupled with statistical 
analysis can be used for more effective knowledge discovery and 
confirmation in complex, environmental data sets [11]. 

2.	 Parallel coordinates in space-time

Many applications are using the space-time which regards 
space as consisting of three dimensions, and time asconsituting 
the fourth dimension. The parallel coordinates are based on 
projective geometry and duality of points and hyperplanes in the 
n-dimensional space.  Hyperplane in the projective space P4  is 
the three-dimensional space and a line is the intersection of three 
nonparallel hyperplanes [1]. Let a  space-time have coordinates 
, , , ;t x x x1 2 3  t is the time axis, , ,x x x1 2 3  axes assign three 

dimensional position of a point. 
 

1.	 Introduction

During the peak air travel times in the United States, there 
are about 5,000 airplanes in the sky every hour. This translates to 
approximately 50,000 aircraft operating every day. How are these 
aircraft kept from colliding with each other? How does air traffic 
move into and out of an airport? A  collision between aircrafts 
is one of the most sudden and catastrophic transportation 
accidents. Ensuring the highest level of passenger safety is a key 
goal for air traffic control (ATC) authorities. Air traffic controllers 
must coordinate all movements of thousands of aircrafts, keep 
them at safe distances from each other, direct them during the 
takeoff and landing aircrafts from and to airports, direct them 
around bad weather and ensure that traffic flows smoothly with 
minimal delays [1]. Many new conflict detection, resolution and 
visualization tools have been developed to support the needs of 
controllers. Data visualization tools portray the volume data in 
visual schemes that facilitate the human operator discovering 
the relationship that would not be apparent in tables and graphs. 
Visualization of the three and more dimensional data on the 
two-dimensional drawing - computer monitor is only possible by 
projection, which often can restrict the amount of information 
presented at a time. Using the parallel coordinates represents one 
of options to visualize the multidimensional data. 

Airspace domain constitutes time-space consisting of three-
dimensional Cartesian coordinate system and time as the fourth 
dimension. The x-axis represents altitude where the positive x 
direction is of the higher elevation and the negative x direction 
is of the lower elevation. The y-axis represents the east and west 
directions, the positive y direction points east and the negative 
y direction points west. The z-axis represents north and south 
with the positive z  direction pointing north and the negative 
z direction pointing south. In the parallel 4 coordinate plot, each 
dimension (variable) corresponds to an axis, and the 4 axes are 
organized as uniformly spaced vertical lines. A data element in the 
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Let there be two lines ,l ll  with Equations (3): 
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For many interpretations, let t denote the elapsed time and 
, ,x x x1 2 3^ h  the space coordinates of a  particle moving with 

constant velocity vv  and initial position P.  The line l is the 
trajectory of the particle 1 with velocity , ,v m m m1 2 3=v ^ h  and 
initial position , ,q q q1 2 3^ h  and the line ll  is the trajectory of 
the particle 2 with velocity , ,v m m m1 2 3= l l lv ^ h  and initial position 
, ,q q q1 2 3l l l^ h . Lines ,l ll  are represented in parallel coordinates by 

points , ,l l l, , ,t t t1 2 3  and , ,l l l, , ,t t t1 2 3l l l .
Lines ,l ll  have an intersection point R l l R+ =l^ h , if all 

lines l l, ,t i t il , i = 1, 2, 3, intersect t axis in the same point. This point 
corresponds to the t-coordinate of the intersection point R (Figure 
2). Numerically, let the lines have Equations (5), so one can easily 
see that the intersection point exists, if 
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Lines ,l ll  are parallel, if vectors , ,m m mm 1 2 3= ^ h , 
, ,m m m m1 2 3=l l l l^ h  are linearly dependent. The representation 

of parallel lines ,l ll  are points ,l l, ,t i t il , i  = 1, 2, 3 which have 
the same Cartesian coordinate x. Representation in parallel 
coordinates easily shows gaps on the , ,x x x1 2 3  axes at the same 
time tc  in Figure 3.

Let there be two lines ,l ll , which are represented in parallel 
coordinates by points , ,l l l, , ,t t t1 2 3  and , ,l l l, , ,t t t1 2 3l l l . Numerically, let 
the lines have Equations (5), then denote 
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If any ; , , ,t t i j 1 2 3i j! ! " ,  then lines are nonintersecting 
(Figure 4). The absolute value max mint ti i-  converges to 
zero as the minimum distance D between the lines converges to 
zero (when the two lines intersect, D = 0). 

2.1	Representation of a line in space-time 

One can say that the line l is the set of points (specified 
by 4-tuples , , ,t x x x1 2 3^ h ) satisfying a  set of the three linearly 
independent linear equations (at least one of coefficients 

, ,,a a a at 1 2 3 must be nonzero and so on):

:l

a t a x a x a x a

b t b x b x b x b

c t c x c x c x c

0

0

0

t

t

t

1 1 2 2 3 3 0

1 1 2 2 3 3 0

1 1 2 2 3 3 0

+ + + + =

+ + + + =

+ + + + =

	 (1)

and one wants to find a suitable representation of the line l. 
After some arrangements and using equivalent matrix 

operations, one obtains (with the exception of some special cases 
but here is being dealt with the general situation): 
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So, one can write the convenient form of the line 
representation: 
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Each hyperplane , ,l l l, , ,t t t1 2 3  is represented in the parallel 
coordinates by a point, so the line l is represented by three points, 
Figure 1. 

Generally, each equation is containing a  pair of adjacently 
indexed variables. In the ,x xi i1-  plane, the relation labeled ,li i1-  
is a line, and by point )  line duality it can be represented by the 
point ,li i1- . Many applications are using the t variable as a basic 
one, so it is more comfortable to use tuples , , , , ,t x t x t x1 2 3^ ^ ^h h h .

Geometrically: a line l is defined by two points , , ,A t x x xA A A A
1 2 3^ h , 

, , ,t x x xB B B B B
1 2 3^ h and one can obtain points l ,t i   as intersections 

of relevant line (line segments): l t x t x,t i
A
i
B B

i
A+= , , ,i 1 2 3=  

(Figure 1).
If the distance between each pair of adjacent parallel axes 

, , ,t x x x1 2 3  is taken as one unit and Cartesian plane coordinates 
x, y are defined (axis x is horizontal line and y = t axis), then the 
homogeneous coordinates of points l ,t i  are:

Figure 1 Representation of the line l=AB in parallel 
coordinates t, x
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Figure 2 Representation of intersecting lines l l R+ =l^ h  in parallel  
coordinates t, x
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If the time is not fixed, the Manhattan distance between points 
,P Pl  is:

, .L P P x x x xt t x x P P P PP P P P
1 2 2 3 31 1= - + - + - + -l l l l l^ h 	 (9)

Using expressions (7) for points on lines one can write:
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denote m m mi i iT- =l  and ti  are intercepts defined in Equation 
(6)

L t m t ti
i

i1
1

3 T= -
=

^ h / .	 (11)

The unique minimum value of L t1 ^ h  is attained at t ti=  
for at least one i = 1, 2, 3. The proof of this theorem one can find 
in [9] p. 93-96. 

2.3 Illustrative example

Let there be two moving particles. The line l is the trajectory 

of the particle 1 with velocity , ,v 2
1
2
1

2
1= a k  and initial position  

2.2 Minimum distance between the two lines  
in space-time 

It is an interesting question to visualize the minimum distance 
between the two lines and points on each line where the minimum 
occurs. In many problems what is required is to minimize the 
distance when one or more of the variables are constrained to the 
same value for both lines. An example is air traffic control and 
motion planning in general, where knowing time and position, 
when two aircrafts are the closest, is needed. Let there be a point 

, , , ,P t x x x P lP P P P
1 2 3 !^ h  and the point , , , ,P t x x x P lP P P P

1 2 3 !l l ll l l l^ h . 
Sometimes it is used Manhattan distance between points which 
is the sum of the lengths of the projections of the line segments 
between the points onto the coordinate axes [12]. The time is 
often constrained t tP P= l^ h  and one wants to find the minimum 
Manhattan distance between the points ,P Pl  at that time:

,L P P x xi
P

i
P

i
1

1

3= -
=

l l^ h / . 	  (8)

If lines ,l ll  are parallel, one can see the visualization of gaps 
on axis at time tc  in Figure 3. If lines ,l ll  are nonparallel and 
nonintersecting one can see in Figure 5 the gap on the x1  axis 
(altitude) at time tc . One may easily recognize (Figure 6) the gap 
on the t axis when the coordinate x1  is fixed to xc1  (altitude).

Figure 3 Representation of the parallel lines ,l ll in parallel  
coordinates t, x
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Figure 4 Representation of nonintersecting lines in parallel  
coordinates t, x
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Figure 5 Representation of nonintersecting lines in parallel  
coordinates  t, x

1
, x

2
, x

3

Figure 6 Representation of nonintersecting lines in parallel  
coordinates  t, x
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The line l is given by points , , , , , , ,0 1 1 0 2 0 2 1-^ ^h h . 
The line ll  is given by points , , , , , , ,0 4 2 4 2 0 0 2-^ ^h h . 
Lines are represented in the parallel coordinates by points 
, ,l l l, , ,t t t1 2 3  and , ,l l l, , ,t t t1 2 3l l l . Values of , ,t t t1 2 3 : ,t l l t, ,t t1 1 1+ =l  

,t l l t, ,t t2 2 2+ =l .t l l t, ,t t3 3 3+ =l  Coordinates of points ,P Pl  
(points of the minimal Manhattan distance) are obtained: 

,x x t l ,i
P

i i t i+= ll  , , ,i 1 2 3=  and , , , .x x t l i 1 2 3,i
p

i i t i+= =ll  The 
minimum Manhattan distance is the sum of lengths of particular 
line segments on axis , , .x x x1 2 3

3.	 Discussion and conclusion

The aim of this paper was to give the basic information on 
parallel coordinates and possibility of their using in air traffic 
control. Equations of lines are expressed in the time-space and 
stated conditions for their position illustrated by an example of 
finding the minimum distance between two nonintersecting lines.

, ,1 1 0-^ h  and the line ll  is the trajectory of the particle 2 with 
velocity , ,v 2 1 3= - - -^ h  and initial position , ,4 2 4^ h , see 
Equation (3), Figure 7: 
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The lines are nonparallel and according to Equation (6) one 

obtains , , .t t t2 3
2

7
8
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The Manhattan distances for t1  are:
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The minimum Manhattan distance 20/7 occurs at time 
/t 8 73 = .

Figure 7 Minimal distance between lines
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scholar on the 15th of December, 2012 [17]. While there is a large 
amount of papers about parallel coordinates, there are only a few 
notable software publicly available to convert databases into 
parallel coordinates graphics, e.g.  XDAT, XLSDAT. 
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Parallel coordinates may represent multidimensional data in 
wide range of applications: data mining (USA patent), computer 
vision (USA patent), as well as optimization, process control, 
clustering and classification problems and more recently in 
intrusion detection and elsewhere [3]. ParallAX is introduced 
as a  new user-friendly tool for visualization and analysis of 
multivariate data using the parallel coordinates methodology 
[13]. Other possibilities of visualization via parallel coordinates 
are discussed in [14-16]. The increasing popularity of the parallel 
coordinates may be illustrated by the number of publications with 
the term “parallel coordinates” present in their title: It has been 
rising steadily from 14 in the year 1991 to approximately 543 in 
2011, with a  total of 5620 publications as reported by Google 
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