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Resume
Computer simulation seems to be one of the cheapest and relatively fast 
methods of investigating vehicle motion. Thereby, it may be important in the 
case of calculations for the reconstruction of traffic incidents. In particular, 
that may be important to answer the following question: How wheels' normal 
reaction forces differ during the cornering of a vehicle? 
In this article, the authors presented how the normal reaction forces vary 
in the case of roll motion of a vehicle body. Suitable mathematical equations 
are presented. Furthermore, the measurements of the height of the centre of 
gravity were performed, which was necessary to obtain the normal reaction 
forces while vehicle body rolls. The authors decided to apply dimensionless 
coefficients, which represented the properties of a front and rear suspension. 
Additionally, dimensionless parameters were applied to consider the impact 
of asymmetrical distribution of vehicle load on normal reaction forces of 
wheels on a road surface.
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a  rollover road incident. The rollover accident is more 
probable for automobiles with high centre of mass. It 
was very interestingly discussed in work [7], where 
the special pressure was put on steering and braking 
system to prevent the rollover. Application of the normal 
forces prediction for the planar model of a vehicle was 
discussed in [8]. The normal forces have the influence 
both on longitudinal and lateral forces between the tyre 
and a road, according to proposed tyres characteristics. 
Of course, it is possible to measure the normal reaction 
forces during the road tests. To perform it, special force 
sensors mounted on a  special tyre rim are applied as 
presented in paper [9].

2	 Methodology applied in the research

2.1	 Position of the centre of mass relative to the 
vehicle’s axis and relative to the longitudinal 
plane 

In general case, position of the vehicle’s centre of 
mass describes its distance from the front and rear 
axles, distance from longitudinal median plane (x0z) and 
height above the ground - Figure 1. Symbol S.M. means 
the centre of mass.

The dimensionless values L1, L2 and H, describing 
the mass distribution in the vehicle were introduced for 
the analyses. It allowed for comparison of suspension’s 
properties of vehicles with different dimensions:

1	 Introduction

Automotive safety depends on many factors related 
to a vehicle, driver and space surrounding them. If one 
discusses problems connected with vehicles, one can 
apply different mathematical apparatus to describe 
vehicle’s motion, for example the Lozia’s model [1]. 
Considering surrounding, one usually has different 
weather conditions or different road surfaces being in 
contact with tyres [2]. Considering a driver, one can see 
the analysis of a driver’s behaviour [3].

Knowledge of estimation of the changeability of 
wheels’ normal reaction forces on the road surface 
cannot be skipped in some circumstances. It takes place, 
if one wants to simulate vehicle’s curvilinear motion 
more precisely. Very often it cannot be skipped even 
for the steady-state conditions. To be able to observe 
this issue, one must know some basic parameters of 
a  vehicle, for example mass of a  vehicle, location of 
the centre of mass, including the height of the centre 
of gravity above road surface. One of traffic incidents, 
for which the changeability of normal reaction forces is 
necessary, is rollover of automobile.

As for the use of vertical response modelling, this 
can be found for example in [4] and [5]. The double-track 
vehicle model is used there, including the roll motion of 
a vehicle’s body, thus influencing normal reaction forces. 
Those forces also depend on suspension properties such 
as stiffness and damping. Next paper [6] shows similar 
approach, but with considering the risk analysis of 
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where: 
indices: F, R - front and rear axle, R, L - right and left 
wheels, respectively,
m [kg] - mass of a vehicle,
Z [N] - vertical forces between the wheels and pavement,
B [-] -wheels track normalized to the wheelbase:

B
l
b
12

= .	 (8)

BL, BR (optionally) - position of the vehicle’s centre 
of mass relative to the axle normalized to the wheels’ 
track:

,B
b
b
B

b
b

L
L

R
R= = .	 (9)

If a vehicle moves on a plane, then the relationship 
between deflections (ζ) of a  suspension of individual 
wheels (assuming the same wheels track b) of the front 
and rear axle) is satisfied:

FR FL RR RLg g g g- = - ,	 (10)

where:
,FR FLg g  [m] - deflection of the front axle suspension of 

respectively right and left wheel,
,RR RLg g  [m] - deflection of the rear axle suspension of 

respectively right and left wheel.
Normal reaction forces of individual wheels on the 

surface are associated with suspension deflections and 
torsion of both front and rear anti-roll bar (if a vehicle is 
equipped with them):
•	 respectively front right, front left normal reaction 

force:

Z k
b
M2

, ,FR FL F FR FL
sF$ "

$
g= ,	 (11)

•	 respectively rear right, rear left normal reaction 
force:

•	 L1, L2 [-] - position of the vehicle’s centre of mass 
relative to the axle normalized to the wheelbase:

,L
l
l
L

l
l

1
12

1

12
2

2= = ,	 (1)

where: 
l1, l2 - distances of the centre of mass from the front 
and rear axle of the vehicle, measured in longitudinal 
direction, l12 - wheelbase,
- H [-] - location of the vehicle’s centre of mass above the 
ground, normalized to the wheelbase:

H
l
h
12

= ,	 (2)

where: 
h - height, at which the centre of mass is located.

The condition of the vehicle is described by the 
acceleration values in the longitudinal (ax) and lateral 
(ay) directions. Later in the text, they are replaced by 
dimensionless coefficients:
•	 -braking intensity:

g
a

x
xc = ,	 (3)

where: 
g
s
m
29 C  - gravitational acceleration,

•	 steer intensity:

g
a

y
y

c = .	 (4)

Static equations are presented below:

Z Z Z Z m gFR FL RR RL $+ + + = ,	 (5)

Z Z m g L HFR FL x2$ $ $ c+ = +^ h ,	 (6)

Z Z m g B B
H

FR RR L y$ $ $ c+ = +b l ,	 (7)

Figure 1 Location of the centre of mass ZFR, ZFL [N] - front axle vertical reaction forces, respectively under right, left wheel, 
ZRR, ZRL [N] - rear axle vertical reaction forces, respectively under right, left wheel, Q [N] - weight of a vehicle, S.M. - centre 

of mass of a vehicle, bL [m] - distance between the left wheel and centre of mass in the y axis direction, bR [m] - distance 
between the right wheel and centre of mass in the y axis direction, l12 [m] - wheelbase, l1, l2 [m] - distances of the centre of 

mass respectively from the front and rear axle of a vehicle, measured in the direction of x axis, h [m] - height, at which the 
centre of mass is located (in relation to ground), b [m] - wheels track, wheels track b was assumed as equal for the front 

and rear axle
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of individual wheels on the surface.
In the static state, when the vehicle is positioned 

on a horizontal plane, expressions describing the wheel 
loads are as follows:

Z m g
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x F
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2

$
$

$
c

c=
+ +

+c m ,	 (21)
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where: 
RF,R [-] - parameters describing the suspension:

R K K
K

B
H

,
,

F R
F R

F R
$= + ,	 (25)

TF,R [-] - parameters describing a vehicle’s asymmetrical 
load distribution:

.T K K
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L

$
$= + -^ h .	 (26)

If one assumes that γx = 0 and γy = 0, Equations (21) 
- (24) are simplified to the form presented below:

Z m g
L T
2FR

F2$=
+b l ,	 (27)
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or equivalent matrix form:
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The object of research was Hyundai Veloster 
(2010). In the expressions describing the wheels loads, 
parameters describing the suspension (RF, RR) and 
parameters describing the load distribution of the 
vehicle (L1, L2, H, TF, TR) appear. The trial measurements 
were carried out in the Institute of Vehicles of Warsaw 
University of Technology to determine these parameters 
for selected vehicle. The position of the centre of mass 
was determined by well-known method - by measuring 
the wheels’ normal loads of a vehicle standing on a plane 
and then once again measuring them after lifting one of 
the axles - Figure 2.

Z k
b
M2

, ,R L R L
s

R R R R R
R$ "

$
g= ,	 (12)

where:

k m
N

F 9 C  - coefficient of vertical stiffness of the left-hand 
or the right-hand side of front suspension,

k m
N

R 9 C  - coefficient of vertical stiffness of the left-hand 
or the right-hand side of rear suspension,
MsF [Nm] - torsional torque of the front axle antiroll bar,
MsR [Nm] - torsional torque of the rear axle antiroll bar.

It can be assumed that the torques resulting from 
functioning of the anti-roll bars (MsF, MsR), which 
increase the angular stiffness of the suspension, are 
proportional to the roll angle φ of the lateral inclination 
of vehicle body, associated with asymmetrical deflection 
of the suspension:
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-
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where: 
ksF, ksR - proportionality constants.

Considering the above relationships from Equations 
(11) and (12), the suspension deflections can be 
determined as:
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where: 
SF,R - supporting variables:

S
b
k2

,
,

F R
sF sR
2

$
= .	 (17)

After substituting Equations (15) and (16) into 
Equation (10), the following equation is obtained:

,Z K Z K Z K Z K 0FR R FL R RR F RL F$ $ $ $- - + = 	 (18)

where: 
KF,R - supporting variables:
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Together with Equations (5)-(7), the system of 
equations is created:
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whose solution are the values of normal reaction forces 



B320 	 F U N D O W I C Z  e t  a l .

C O M M U N I C A T I O N S    4 / 2 0 2 1 	 V O L U M E  2 3

Next, the height of the centre of mass of the vehicle 
was obtained. It was performed in two different ways, 
firstly lifting the front and rear axle.

2.3	 Height of the centre of mass relative to the 
pavement 

The location of the centre of mass above the road 
surface (height of the centre of mass) was determined 
by the well-known method [10] through lifting one of the 
vehicle’s axles to a known height and measuring the axle 
load on the surface - see Figure 2.

When the rear axle of the vehicle is raised, the front 
axle is weighed. The location of the centre of mass is 
described by the following formula (applied based on 
[10]):

h
Q tg

Z l Q L
R

1 12 2

$
$ $

a=
-

+ ,	 (32)

As a result of measurements for the unloaded vehicle 
(Hyundai Veloster (2010)), the following properties were 
obtained:

2.2	 Vehicle positioned horizontally

If the normal reaction forces are estimated or 
measured separately for each wheel of a vehicle and if 
one also knows the vehicle’s wheelbase l12 = 2.650 m and 
vehicle’s width B = 1.560 m, from the above equation 
the following parameters can be determined: L1, L2 - 
describing the distance of the vehicle’s centre of mass 
and its axle and TF, TR - describing the distance of 
the centre of mass from the vehicle’s symmetry plane 
(asymmetrical load).

For measured normal reaction forces:
ZFR = 3408 N, ZFL = 3817 N, ZRR = 2570 N, ZRL = 2482 N
it was calculated:
L1 = 0.411, L2 = 0.588, TF = -33.3·10-3, TR = 7.2·10-3.

a) 

           
b)                                                                                                   c)

Figure 2 Method of measuring the position of the centre of mass above the pavement plane: a - measurement scheme, b - 
measurement of the front axle loads when raised to a height of about 0.9 m, c - measurement of the rear axle loads when 

raised to a height of about 0.6 m
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lifting of the front axle, below are presented the results 
of calculations of the height of the centre of gravity for 
the rear axle lifted.
•	 lifted rear axle of the vehicle:
w = 0.47 m,	 Z1 = 7467 N,	 h = 0.60 m,
w = 0.53 m,	 Z1 = 7493 N,	 h = 0.59 m,
w = 0.57 m,	 Z1 = 7510 N,	 h = 0.59 m,
w = 0.60 m,	 Z1 = 7513 N,	 h = 0.57 m.

The result of measurements is the average of the 
upper presented values and equals as depicted below:
h = 0.58 m.

2.4 Parameters describing the effect of stabilizers 
on wheels’ loads 
The force Fy (see Figure 4) acting on the vehicle 

in the transverse direction, applied at the height Hy, 
creates a torque that corresponds to the lateral inertial 
(centrifugal) force:

F F
h
H

b y
y

$= ,	 (35)

h [m] - the height at which the vehicle’s centre of mass 
is located.

Subsequent measurements were aimed at 
determining the values of parameters RF and RR. For 
this purpose, the vehicle was loaded with lateral force 
applied at known height and wheels’ normal reaction 
forces were measured - Figure 4.

This force, in turn, corresponds to the lateral 
acceleration of the vehicle:

a m
F

Q
F
gy

b b $= = ,	 (36)

or dimensionless indicator:

g
a

Q
F

h
H

y
y y y

$c = = ,	 (37)

During the measurements, force was applied near 
the connection of the “B” pillar with the roof of the 
vehicle and equalled:
Fy = 245 N,

at the height of its roof:
Hy = 1.4 m.

where: 
Z1 [N] - the sum of the front axle normal reaction forces 
on left and right wheel,
Q [N] - weight of a vehicle,
α [rad] - angle by which the vehicle was lifted:

sin
l
w
12

a= ,	 (33)

l12 = 2.650 m - vehicle’s wheelbase,
R = 0.3 m - vehicle tyre’s radius during tests.

When lifting the front axle of the vehicle, the 
rear axle is weighed and the centre of mass position 
is described by the formula, which is analogous to 
Equation (32):

tan
h

Q
Z l Q l

R
2 12 1

$
$ $

a=
-

+ ,	 (34)

where:
Z2 [N] - the sum of the rear axle normal reaction forces 
on left and right wheel.

Due to the relatively large front ground clearance 
(approach angle α = 17°) in relation to the rear (departure 
angle β = 24°), the height of the rear part of the vehicle 
was limited by the possibility of collision of the front 
bumper with the road surface - see Figure 3.

The results obtained during the tests:
•	 lifted front axle of the vehicle:

For the height w = 0.70 m, the rear axle normal 
reaction force was measured: 
Z2 = 5393 N.

Angle between the pavement and a vehicle was:

.
. .arcsin arcsin

l
w

m
m

2 650
0 70 0 267

12
a= = = rad.

From obtained values of Z2 and α  height of the 
centre of gravity of a vehicle was calculated below.

.
. . . . .

tan

tan

h
Q

Z l Q l
R

N
N m N m m m12277 0 267

5393 2 650 12277 1 09 0 30 0 57

2 12 1

$
$ $

$
$ $

a=
-

+ =

- + =

For other values of height w, the following results 
were obtained:
w = 0.80 m,	 Z2 = 5468 N,	 h = 0.58 m,
w = 0.90 m,	 Z2 = 5507 N,	 h = 0.57 m.

In analogy to the calculations accompanying the 

Figure 3 Approach angle and departure angle of researched vehicle
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the vehicle’s body, while during the laboratory tests - 
a  concentrated force was applied at a  selected point of 
the body. Applying a  force, comparable to that which 
can occur under the normal driving conditions, could 
damage the vehicle body.

2.5	 Influence of the passenger’s weight  
on the vehicle’s centre of mass displacement 

Since during the reconstruction of traffic incident 
it makes no sense to analyse the movement of the 
unloaded vehicle, calculations were made to answer how 
loading a vehicle by a driver or a passenger influences 
the wheels’ load. Figure 5 shows the position of the 
driver inside the passenger’s compartment.

If the centre of mass of the unloaded vehicle with 
the mass mP is in the position described with coordinates 
x0, y0, h0, then after loading it with the mass m1 of the 
passenger with the centre of mass in x1, y1, h1 points, the 
centre of mass of the laden vehicle will be at the point 
described by the coordinates:

x m m
m x m x

p

p

1

0 1 1$ $
= +

+
,	 (43)

m m
m m

y
y y
p

p

1

0 1 1$ $
= +

+
,	 (44)

m m
m m

h
h h
p

p

1

0 1 1$ $
= +

+
.	 (45)

The vehicle’s mass during the test was:
mP = 12285 N / 9.81 m/s2 = 1252 kg.

2.5.1 Only a driver inside the vehicle 

Assuming the coordinates describing the location of 
a driver inside a vehicle, it will be:
xK = 1.42 m, yK = 0.36 m, hK = 0.59 m,
placing a driver with mass:
mK = 85 kg

It corresponds to dimensionless coefficient:

.
. .N

N
m
m

12277
245

0 59
1 4 46 6 10y

3$ $c = = - .	 (38)

From equations describing the wheels loads on 
the surface, in the absence of longitudinal acceleration  
(γx = 0), the parameters RF and RR, describing the effect 
of the stabilizers (front and rear torsion beam) on 
normal reaction forces, can be determined:
•	 calculated based on normal reaction forces of the 

right wheels:

R
Q
Z L T1

2F
y

FR F2$c= -
+c m ,	 (39)

R
Q
Z L T1

2R
y

R RR 1$c= -
+c m ,	 (40)

•	 calculated based on the load of the left wheels:

R
Q
Z L T1

2F
y

F FL 2$c= - -
-c m ,	 (41)

R
Q
Z L T1

2R
y

RRL 1$c= - -
-c m .	 (42)

After including the data measured during the tests:
ZFR = 3309 N, ZFL = 3919 N, ZRR = 2472 N, ZRL = 2590 N,
it was given:
- based on right wheels normal reaction forces:
RF = -0.168,	 RR = -0.184,
- based on left wheels normal reaction forces:
RF = -0.166,	 RR = -0.194.

The difference between the results obtained from 
calculations based on the right and left wheels of the 
vehicle are due to the measurement errors, but because 
they are small (for RF - 0.6%, for RR - 5.0%), the average 
values were used as the test result:
RF = -0.160, RR = -0.189.

The forces that were applied to the vehicle’s 
body during the measurements were relatively small, 
compared to the forces that can act on the vehicle when 
driving along a  curvilinear track. When cornering, the 
transverse mass forces act as a  result of the inertia of 

            
a)                                                                                                     b)

Figure 4 Determination of the RF and RR parameters
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2.5.3 Driver and passenger on the front seats,  
  two passengers on the rear seats 
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Concluding obtained results, it is worth noting that 
even in the case of a relatively light passenger car, which 

results in displacement of the centre mass of the vehicle 
to new coordinates:
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where: 
y [m] - position relative to the longitudinal axis of the 
vehicle (positive direction - left),
x [m] - position relative to the front axle of the vehicle 
(positive direction - backwards),
h [m] - location relative to the road surface.

Placing the driver inside the vehicle does not 
significantly change the location of the centre of mass. 

.
. .L m
m

2 650
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2.5.2 Driver and passenger on the front seats 
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.
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Figure 5 Position of the driver inside the passenger’s compartment
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pitch or yaw direction, the authors showed the method of 
a vehicle’s research, which allows for obtaining properties 
related to the stiffness of the front and rear axle. 
Mentioned properties of suspension are dimensionless. 
Thus, it is possible to compare the automobiles, which 
differ in dimensions. Similarly, the dimensionless 
parameters were applied for description of asymmetrical 
load of a  vehicle, as well. Of course, presented method 
can be applied by automotive experts even if the normal 
forces between the wheels and road are unknown. In this 
case, they should be estimated after an assumption of 
a mass distributed between the front and rear axles and 
additionally between the left-hand and the right-hand 
sides of a car. Another assumption may refer to location 
of passengers inside the passengers’ compartment, which 
was also exemplarily presented in this paper. 

Conducted experiments were performed only for one 
vehicle and to confirm the results, it should be repeated 
for many automobiles.

was tested, with the weight of the driver and passengers 
loaded, in all the cases considered, the centre of mass of 
the loaded vehicle did not move significantly:
•	 in the longitudinal direction - 0.02 to 0.04 m,
•	 in the transverse direction - no more than 0.04 m,
•	 vertically - up to about 0.02 m.

3	 Conclusion

Information about distribution of normal reaction 
forces between the left and right wheels may be important 
in the case of vehicle’s motion modelling - development of 
active safety systems, accidents’ reconstruction. Between 
the road surface and a tyre normal reaction forces arise. 
However, the tangential transverse and longitudinal 
forces arise as well, which are transmitted between 
the tyre and pavement, are dependent on these normal 
forces. So, to properly describe a vehicle’s motion in roll, 
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