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Resume
The main objective of the study was to develop a  model and analyze the 
thermomechanical behavior of the hub material of the vehicle brake disk. 
The simulation strategy was based on the solution of the three-dimensional 
problem of the theory of elasticity for the case of effect of external loads and 
temperature fields on the metal structure element of the vehicle brakes. To 
solve this type of task of the theory of elasticity, the differential equations 
of the second order were used for the first time. Adaptation of the proposed 
model, completed in the article, has proved the correctness of use of these 
equations in modeling the thermomechanical processes with determination 
of stresses and displacements in unevenly heated rotary cylinders of the 
final length. The proposed method can be applied with high efficiency in 
stress strain state simulation of individual parts of vehicles.
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environment are found to be the main factors that cause 
malfunctions and defects of assembly units (Figure 1). 
All these factors promote formation of a scale or a film 
on surfaces with consideration of the surfaces condition, 
in particular coating, roughness, hardness, etc. [6-16]. 
The constant influence of these factors’ combinations 
causes damages with subsequent destruction. The most 
typical damages are fatigue damage, thermomechanical 
damage, corrosion-mechanical wear, corrosion fatigue, 
corrosion cracking [17-21]. Fatigue fractures cause 
spontaneous failure of metal structures of vehicles’ 
components and elements, lead to weight loss, intensify 
wear of joints, change the amount of surface roughness 
of parts, reduce fatigue strength and initiate cracks. 
Therefore, the reliability and durability of machines and 
their elements are reduced and the costs of repair and 
elimination of the consequences of failures are increased 
[16, 19].

The metal materials of nodes and parts of vehicles 
are a  function of mechanical and thermal stresses 
considered in the spatial coordinate system. In the 
simulation of analytical models of stress - strain state 
in such materials, axisymmetric problems of elasticity 
theory are classified as spatial ones, which hardly could 
be solved from the standpoint of mathematics. The 
solution of the axisymmetric problem should strictly 

1	 Introduction

Frictional heat generation induces temperature 
gradients and thermal stresses in the contacting 
components of a  brake. The complexity of a  problem, 
incorporating a number of different phenomena, requires 
consideration at different scales. Among these scales, 
there are bulk, macro- and micro-levels [1-3]. 

Braking has a vital role in vehicle safety. In general, 
the braking system operates by the two main parts, 
the stator and the rotor. A  braking system that is 
widely used is a  friction brake, where the braking 
system uses the principle of friction. The rotor and the 
stator are creating a friction process. The brake system 
requires maintenance or replacement of components 
after a certain time. Increased life of brakes used under 
the large loads can be achieved by applying a  layered 
braking system. Mechanical braking, supported with 
engine brakes, produces excellent braking and extends 
the life of the braking components [4-5].

2	 Literature review 

Based on the analysis of metal structures of 
vehicle elements, the dynamic loads, temperature, and 
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the stress strain state simulation of the metal structures 
elements by means of the 3D simulation technologies 
[21-22, 24-25]. When the force is applied on a  brake 
pedal, it causes the brake pads to stick with disc brake, 
which creates artificial friction; due to this friction 
rusting of rotors and pads takes place, responsible for 
deformation and various thermal stresses due to large 
increase in temperature and friction takes place. Due 
to these unsuitable conditions, consequences appear, 
like the microscopic cracks, permanent failures, thermal 
deformation due to frictional heating and various elastic 
after-effect produces on the friction surfaces of disc [26]. 

The main objective of this study was to develop 
a model and to analyze the thermomechanical behavior 
of the vehicle brake disk material for ensuring the 
required operational reliability of disc brakes.

and completely satisfy all the boundary conditions on 
the side surfaces and ends of bodies of rotation [18]. 
Therefore, the decision-making of such a  solution is 
problematic from the point of view of the elasticity 
theory. The problem of the stress-strain state of 
a  cylinder of finite length can be solved by numerical 
methods, which leads to cumbersome constructions 
of many systems of linear algebraic equations, or to 
integral equations of the second kind [22-23]. In such 
equations, normal and tangential stresses are written 
in the form of series of special functions, which is 
inconvenient for practical application [24-25]. The ability 
to understand the processes occurring in the materials 
of the elements under study, without adequate recorded 
analytical dependencies, is limited; only the results of 
calculations can be analyzed. This is a disadvantage of 

        
Figure 1 Defects of the brake disk of a truck

 
Figure 2 Analytical model of the cylinder under  

the action of centrifugal force
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where ijd - Kronecker symbol; a and v  - respectively, 
coefficients of linear thermal expansion and Poisson’s 
ratio; e e e e11 22 33= + +  - volumetric expansion; 

/G E v1= +^ h - shear module; E - modulus of elasticity; 
A - coefficient of linear thermal expansion.

The proposed method is based on successive 
approximations of solutions that satisfy the boundary 
conditions in Equation (3) on the side surfaces and ends 
of the investigated hollow cylinder of the finite length.

4	 Results 

In the first approximation the assumption is  
e33 = u13 = σ33 = 0. Since, according to the condition, the 
cylinder is not deformed by bending, then, based on the 
condition e33 = u33 = 0, the formula u3(r, z) = w(r) = 0 
is derived. Since σ13 = 2G(u1,3+u3,1) = 0, then u1,3 = -u3,1. 
However, the deflection is w(r) = 0, then 

,u r z u r1 =^ ^h h .	 (6)

Next, based on the condition e33=0, the value of e33 is 
found, which was previously assumed to be zero:

e v
v e e v

v
1 1

1
33 11 22 ai=- - - + +

+^ h ,	 (7)
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The next assumption is σ13 ≠ 0. The value σ13 is 
derived from the first equation of system in Equation 
(2) by integrating it by z  in the interval from -h/2 to 
h/2, taking into account expression in Equation (8). 
Providing the condition of absence of tangential stresses 
at the ends of the cylinder under study is satisfied  
(σ13 = 0 for z = -h/2; z = h/2), then, for the temperature 
field of the form θ (r, z) = θ1(r) + f(z) after integration, the 
formula is deduced

r ru v
G
v r1 1

2
1

,1 1 1
2ai t~= + - -^ ^h h9 C .	 (9)

Based on Equation (9), the expression for 
displacement is:

,
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where a1 - the radius of the central hole.
Moreover, if the cylinder is solid (a1 = 0), then for 

the limited finite displacements u(r), A2=0 should be 
accepted.

In the second approximation, σ13 ≠ 0, and  
a σ13 = σ33 =0. Based on Equation (7), e33 is determined by 

3	 Methodology

To solve such problems with maximum accuracy, 
the provisions of the theory of elasticity should be 
applied; then, the adequate simulation of stresses and 
displacements under operating loads would be provided. 
It is advisable to improve the theoretical foundations for 
the better understanding of thermomechanical processes 
in rotating bodies, in particular cylindrical elements of 
metal structures of vehicles (brake disk hubs, etc.) 
that are under the simultaneous action of thermal and 
mechanical stresses.

A hollow cylinder of finite length z (-h/2 ≤ z ≤ h/2) 
(Figure 2), which rotates (without bending) under the 
action of centrifugal force Fr, is under study.

F rr
2t~=  in a  temperature field θ=θ(r,z) if  

ρ - material density; r - radial coordinate
In the cylindrical coordinate system (r, z), for the 

considered body of rotation, the differential equations of 
equilibrium, written for displacements and stresses, are 
deduced [26-29]:
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In Equations (1) and (2), the subscript written 
after the comma denotes the partial derivative by the 
corresponding coordinate: r or z.

Boundary conditions on the surface of the body of 
rotation (model of the brake disk hub) are developed 
[23-24]:
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if Pr and Pz - projections of surface forces to directions r 
and z, respectively; n - normal to the surface of the body 
of rotation.

Based on the Hooke’s law for the spatial theory of 
elasticity, stress components are determined [28]:

G e v
v e v

v2 1 2 1
1

ij ij ij ijv d aid= + - - -
+b l   

	 (4)
for , , , ,i j 1 2 3=

where the known dependences between the displacements 
and deformations remain valid:
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For an unevenly heated rotating hollow cylinder of 
the finite length loaded with a  uniformly distributed 
load P2 on the outer surface and a load P1 on the inner 
surface, satisfying the boundary conditions in Equation 
(3), if σ13=σ33=0, and excluding from Equation (15) the 
expression (1+v)αf(z), where f(z) is an arbitrary function, 
the stresses σ13 and σ33 are defined:
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where a2 and a1 - respectively, the radii of the outer and 
inner surfaces of the cylinder. 

In addition, if in a hollow cylinder the temperature 
field described by Equation (14) satisfies the equation of 
thermal conductivity and varies along the radius by the 
quadratic law (B2=0), for its description the expression 
is written:
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where T1 and T2 - respectively, the temperature on the 
inner a1 and outer a2 radii of the disk, then
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substituting B1 from Equation (18) into Equation (16), 
the final stress formulas σ11 and σ22 are deduced:
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integrating by z in the range from 0 to z since according 
to Equation (6), e33= u33. Therefore,

, ,u r z v
vz

r ru v
v r z dz1

1
1
1

z

3 1

0

a i=- - + -
+^ ^ ^h h h# .	 (11)

From the condition u1,3 = -u3,1, if σ13 = 0, based on 
Equation (9) and Equation (11), the resulting expression 
of the radial displacement u1(r, z) is derived:

,u r z u r z v
G
v r2 1
2,1

2

1 1
2ai t~= - - +^ ^ ^h h h9 C ,	 (12)

where u(r) - radial displacement of the median plane 
points (z  = 0). Then, after consideration of Equation 
(11) and Equation (7), the specified value of the axial 
movement u3(r, z) is defined taking into account Equation 
(12), that e11+e22:
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if r
1

, ,1 1 1 11 1 1T i i i= + .
The displacements u1(r, z) and u3(r, z) are exact 

solutions of equilibrium equations in Equation (1) 
since they are identically satisfied after performing 
the substitution of Equations (12) and (13), taking into 
account expression in Equation (10). The temperature 
field θ1=θ1(r) is found based on the solution of the 
differential equation (∆1θ1 )1=0, which is integrated into 
the form:

lnr B r B r B41 1

2

2 3i = + +^ ^h h ,	 (14)

where B1, B2, B3 - arbitrary integration constants.

5	 Discussion

Based on the Hooke’s law and the displacements 
found, taking into account Equation (14), in which 
the equation B2 = 0 is accepted (i.e., the temperature 
is assumed to be distributed along the radius of the 
cylinder according to the quadratic law), stresses are 
determined. Moreover, the test proves that the voltage 
values σ13 and σ33 are zero (everywhere) and σ11 and σ22 
are:
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Equations (19) - (22) are used in the courses of 
elasticity theory to determine the stresses in rotating 
disks of constant thickness under the quadratic law of 
temperature distribution along the radius.  The authors 
have proved that these formulas are valid for cylinders 
of the finite length, as well.

As an example, the stress strain state of a  hollow 
cylinder is calculated applying the proposed method, 
an approximate solution is given in [30]. The cylinder 
heated to a  temperature of 500 °C is under the action 
of centrifugal forces and external uniformly distributed 
load, which is applied with a flat width b = 0.1 m along 
the ring of the cylinder. The inner a1 and outer a2 radii 
of the cylinder are equal to 0.1 m and 0.3 m, respectively; 
cylinder length is h = 0.3 m; material is steel 25 
CrMo4 (E= 179 GPa, v  = 0.356); material density is  
ρ = 0.8 $ 10-4 kg⁄m3; angular speed of rotation is ω = 400 
rad⁄s; intensity of the external load P2 = 64 MPa.

Therefore, for the reason of axial symmetry, to 
determine the stress strain state, one quarter of the 
meridional section of the cylinder should be calculated 
(Figure 3).

Stresses were determined in sections I-I (z = 0.01 m) 
and II-II (z = 0.138 m) at radii r = 0.01 m, 0.15 m, 0.20 m, 
0.25 m and 0.30 m. The calculation results are shown in 
Table 1.

Based on Equation (19), the stresses were determined 
in the section I-I. Based on Equation (20), the load P1 = 0 
was determined in the section II-II.

.

E
a a
T T

a a
r
a a

r

a a
r
a a

r a a
P a r a P a a r

v v
v r

4 3

8
3 3

1 3

22
2
2

1
2

2 1
2
2

1
2

2
1
2
2
2

2

2
2

1
2

2
1
2
2
2

2
2
2

1
2

2 2
2 2

1
2

1 1
2

2
2 2

2

2

v a

t~

=
-
-

+ - - +

+ +
+ - - +

+ +

+
-

- - -

J

L

KKKKKKKKKK

c

^
^

^

N

P

OOOOOOOOOO
h

h

m

h

Providing that (P1 = P2 = 0), Equation (19) is 
deduced:
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For a  solid non-uniformly heated cylinder of the 
finite length, which is loaded on the outer surface by 
a uniformly distributed load P2 (a1 = 0), the formulas are 
developed:
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Accordingly, based on the law in Equation (17), 
for a  solid cylinder of the finite length, unevenly 
heated along the radius, in the absence of load, but 
in the presence of a  temperature, the formulas are  
deduced:

 
Figure 3 Analytical model of a site of the cylinder under study
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In the proposed method of calculation, the given 
condition is fulfilled exactly σ11  =  64  MPa. In the 
calculation performed in [21], the accuracy is worse  
σ11 = 100 MPa. This is the reason for the specified 
difference of stresses calculated on the radius r = 0.30 m, 
which is insignificant. The possibility of correct analysis 
of the thermomechanical behavior of the material of the 
brake disk hub of the vehicle is proved.

6	 Conclusions

The exact solution and the method for determining 
the stresses allow to conduct a  correct analysis of 
the thermomechanical behavior of the material of the 
brake disk hub of the vehicle. The study is based on 
the solution of a  three-dimensional problem of the 
elasticity theory for the case of action of external loads 
and temperature fields on a  metal structure element. 
An analytical study of changes in the temperature field  
θ = θ (r, z) and deformation of the metal cylinder 
under the action of the axisymmetric load is proved 
that effect of such load leads to a  change in the 
temperature field in the material with the emergence  
of a heat flux.

According to the obtained results, the developed 
graphical dependences of the distribution of radial and 
circular stresses in the sections I-I and II-II (Figure 4) 
are shown by solid lines. The dashed lines show the 
stress distribution σ11 and σ22 according to results of the 
data calculations in [21].

The graphical images were developed based on 
the result of calculations performed by the proposed 
exact method; the graphs were developed based on the 
results of previous calculations [21]. The comparison 
of such images and graphs proves that the nature of 
stress distribution possesses good convergence. The 
correctness of the analytical dependences deduced by 
the authors were proved. However, the values of stresses, 
according to the written formulas, are lower compared to 
similar stresses calculated in [21]. Thus, for section I-I 
(Figure 4), stresses at radii r = 0.10 m and 0.15 m, which 
were found by the two methods, coincide; at a  radius 
r = 0.20 m, the differences are insignificant (σ11 - 11 %, 
σ22 - 4 %), but at a  radius r = 0.30 m, they are larger 
(σ11 - 36 %, σ22 - 31 %). In this case, to comply with the 
boundary conditions on the outer cylindrical surface, 
the value of the radial stress must be equal to the 
value of the external uniformly distributed load P2, i.e.,  
σ11 = P2 = 64 MPa.

Table 1 Stress-strain state of a metal cylinder

z, m; r, m
σ11, MPa σ22, MPa

0.01 0.138 0.01 0.138

0.30 64 0 109 29

0.25 73 12 124 41

0.20 74 20 142 52

0.15 60 20 172 68

0.10 0 0 243 99

 
Figure 4 Graphic representations of stress dependences on radial coordinates
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