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The article presents the possibility of using the Between Satellite Single Difference method (BSSD) in the precise 
determination of the aircraft position in the Global Navigation Satellite System GLONASS navigation system. The 
paper presents the mathematical model of the BSSD method, describes the research test and presents the results of con-
ducted examinations. The research test was conducted within the implementation of the GLONASS satellite technique in 
air navigation. The test research uses the actual GLONASS navigation data registered by the Topcon HiperPro receiver, 
mounted onboard a Cessna 172 aircraft. Obtained findings of the research work are interesting from the perspective of 
implementation of the GLONASS satellite technique in aviation. It should be emphasized that standard deviations of the 
determined position of the Cessna 172, using the BSSD method, do not exceed 2 m. The article also determines the accu-
racy of a position of the Cessna 172 in the GLONASS solution with reference to a solution in the GPS navigation system.
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should be noted that the GLONASS system is constantly 
being upgraded, thus the number of satellites in the 
GLONASS constellation is often changing [11]. 

The main aim of this article is to assess the accuracy 
and reliability of determining an aircraft position in the 
GLONASS system. In particular, in the numerical analysis 
the authors attempted at recovering the position of the 
Cessna 172 during a test flight over the aerodrome EPDE in 
Deblin, Poland. The position of the Cessna 172 is calculated 
based on the differential positioning BSSD method 
(Difference Between Single Satellite) for the GLONASS 
code observations. The test research uses the GLONASS 
code observations registered by the Topcon HiperPro 
receiver, mounted on-board the Cessna 172 aircraft. The 
article is divided into 5 parts: part one is an introduction 
relating to description of research problems, part two is 
a  description of the research BSSD model, chapter three 
is a  description of the research experiment, section four 
contains research results and discussion, chapter five 
comprises final conclusions. 

2	 Mathematical model of the BSSD method  
in the GLONASS system

The basic equation of the mathematical model for the 
BSSD positioning method can be represented as follows 
[12]: 

P c dts I T

SIFCB M

1

, ,

ij ij ji ij ij

ij L ij L1 1

$T T T T T

T T

t= + + + +

+ +
,	 (1)

1	 Introduction

Numbers of aeronautical operations in the air transport 
are still growing up on the world [1]. In addition, the 
aircraft position in different phase of flight should be 
permanently monitored in aeronautical operation [2-3]. The 
GNSS satellite technique is applied in monitoring of aircraft 
position in the air transport. The concept of using the GNSS 
satellite navigation systems in aviation has been developed 
and implemented by the ICAO [4]. In accordance with the 
ICAO recommendations, the GNSS satellite systems only 
supplement on-board aircraft avionics. In order to improve 
the performance of GNSS navigation systems, it is necessary 
to implement the augmentation products for conducting the 
air navigation. The ICAO has identified certification for the 
GPS and GLONASS satellite systems as additional systems 
for on-board avionics. Moreover, in order to improve the 
performance of GNSS navigation systems in aviation, 
the ICAO organization implemented ABAS, SBAS, GBAS 
augmentation systems [5]. The GLONASS satellite system 
can be used as an independent navigation sensor used in 
precise aircraft positioning [6], an external module for 
the ABAS augmentation system coupled with the RAIM 
controller belonging to the computational subassemblies 
of the on-board computer FMS [7], navigation sensor 
working with the geostationary satellite systems, which is 
to facilitate positioning in the SBAS system [8], navigation 
sensor working with ground radio systems, which 
support positioning in the GBAS system [9], acting as the 
hybrid GNSS/INS navigation system [10]. The GLONASS 
satellite system plays a  major role in the air navigation, 
complementing the NAVSTAR GPS navigation system. It 
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k - number of designated parameters in each measurement 
epoch; 
v - vector of residuals; 
C

Qx
 - variance-covariance matrix of parameters designated 

in the XYZ geocentric frame; 
m

Qx
 - standard deviations of the designated parameters 

referenced to the XYZ geocentric frame. 
In the least squares method, the aircraft coordinates 

are determined  as parameters (x,y,z) referred to the 
geocentric frame XYZ. It should be stressed that, due to 
a single difference operator from the observation Equation 
(1), the parameter of the receiver clock error is eliminated 
as a  product of the precise time transfer. It is also worth 
noting that from the difference of the observation Equation 
(1), the Receiver Inter-Frequency Code Bias (RIFCB) was 
eliminated, as well, specifying the time of the code signal 
travelling from the phase centre of the receiver antenna to 
the onboard receiver oscillator. It must be mentioned that 
use of a single difference operator reduces the influence of 
atmospheric delays (ionospheric and tropospheric delays) 
to determine the position of the aircraft. Moreover, in the 
process of developing the GLONASS code observations, it 
is possible to exploit the IGS precision products, such as 
precise satellite orbits and satellite clocks, which increase 
aircraft positioning accuracy. The multipath parameter 
in the computation process may be determined from the 
model or disregarded when developing the GLONASS 
observations. A key element in the method of least squares 
is to determine the aircraft positioning precision. Precision 
is determined by parameters of standard deviation m

Qx
 for 

all the three designated aircraft coordinates. The process 
of determining an aircraft position is conducted using 
a  stochastic model in the method of least squares. In 
addition, the position of an aircraft is determined in an 
iterative process, taking into account the value of the 
coefficient of variation m0

post
.

3	 Research experiment

The practical application of the BSSD positioning 
method for the GLONASS satellite system in the air 
navigation was verified and subjected to a thorough analysis 
for the navigation data derived from the experiment 
conducted in Deblin, in south-east Poland. In the air 
experiment, the operation and use of the GNSS navigation 
systems for the airport EPDE in Deblin, Poland underwent 
testing. In the air experiment, the aircraft Cessna 172 
was used to make a  trial flight around the airport EPDE 
in Deblin. It needs to be mentioned that on board the 
Cessna 172 in the cockpit, there was a  dual frequency 
receiver Topcon HiperPro. Due to the GPS/GLONASS 
satellite observations, stored and registered by the receiver 
Topcon HiperPro, it was possible to recover the position 
of the aircraft Cessna 172 in the post-processing mode. 
The numerical calculations to determine the position 
of the Cessna 172 were made in the author’s original 
software APS (Aircraft Positioning Software) Toolbox 

where: Δ - the single difference operator for the GLONASS 
code measurements allows determining the difference in 
code measurements from two satellites tracked by one 
receiver in the same measurement period,
P P P1 1 1ij i j= -  - the value of a  single code difference 

between satellites i and j on L1 frequency in the GLONASS 
system (expressed in meters), 
i - GLONASS satellite index, 
j - GLONASS satellite index,
c - light speed (expressed in m/s),

ij i jt t t= -  - difference in geometry distance between 
satellites i and j on L1 frequency in the GLONASS system 
(expressed in meters), 
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(x,y,z) - coordinates of the aircraft in the XYZ geocentric 
frame (expressed in meters),
(X

i
,Y

i
,Z

i
) - i-th satellite coordinates in the GLONASS system 

(expressed in meters),
(X

j
,Y

j
,Z

j
) - j-th satellite coordinates in the GLONASS system 

(expressed in meters),
dts

ji
 - difference in satellites tracking between i  and j 

satellites on L1 frequency in theGLONASS system 
(expressed in seconds), 
I

ij 
- difference in ionosphere delay between i and j satellites 

on L1 frequency in GLONASS system (expressed in meters), 
T

ij 
- difference between values ​​of the troposphere delay 

between satellites i and j on L1 frequency in the GLONASS 
system (expressed in meters), 
SIFCB

ij,L1
- difference between Satellite Inter-Frequency 

Code Biases values ​​between satellites i  and j on L1 
frequency in the GLONASS system (expressed in meters), 
M

ij,L1 
- difference in value of multipath effect and 

measurement noise between satellites i  and j on L1 
frequency in the GLONASS system (expressed in meters).

Equation (1) is resolved on the basis of the method of 
least squares as below [13]:
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where:  
Q

T 
- vector  with unknown parameters;  

N = AT . p . A - matrix of the normal equations frame;  
A - matrix of coefficients, matrix is full rank; 
p - matrix of weights; 
L = AT . p . dl - vector of absolute terms;  
dl - vector with difference between measurements and 
modelled parameters; 
m0

post 
- standard error of unit weight a posteriori;

n - number of observations in each measurement period; 
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•	 mathematical model of solution: least square estimation 
in iterative scheme,

•	 adjustment processing: applied,
•	 maximum number of iteration in single measurement 

epoch: N=10,
•	 number of unknown parameters: k  = 3, for each 

measurement epoch,
•	 number of observations: n > 3, for each measurement 

epoch,
•	 interval of computations: 1 s,
•	 initial coordinates of aircraft position: based on header 

of the RINEX file,
•	 time of GNSS system: GPS Time,
•	 reference frame: IGS’08,
•	 format of output coordinates: geocentric XYZ and 

ellipsoidal BLh,
•	 local test of residuals: applied,
•	 global statistical test: test Chi-square,
•	 value of  m0

post
 after adjustment processing:  

m0
post
! (0.9:1.1),

•	 significance level: .1 0 95a- =^ h ,
•	 DOP coefficients: estimated,
•	 coefficients value for HPL and VPL level: .k 6 18HPL=  

and .k 5 33VPL= .

4 	 Results and discussion

This section of the study presents the results of 
positioning the Cessna 172, based on the GLONASS 
observations for the BSSD method in the APS programme. 
The numerical analysis for Figures 1 and 2 concerns with 
determination of the internal reliability and precision of the 
Cessna 172 positioning for the research BSSD method in the 
GLONASS system. Figure 1 shows the average error values 
of the Cessna 172 as parameters of the standard deviation 
for the designated coordinates of the aircraft (x,y,z). 
Values of the parameters in Figure 1 are respectively: mx - 
standard deviation along the X axis, my - standard deviation 
along the Y axis, mz - standard deviation along the Z axis. 
Values of the parameters (mx,my,mz) are determined from 
the vector m

Qx
, as shown below [15]:

mx = m
Qx

(1,1); my = m
Qx

(2,1); mz = m
Qx

(3,1),	 (3)

Values of the parameter mx range from 0.1 m to 1.5 m. 
Furthermore, the mean value of the parameter mx is equal 
to 0.4 m, with the statistical median also being equal to 
0.4 m. Values of the parameter my range from 0.1 m to 
1.2 m. Furthermore, the mean value of the parameter my is 
approximately 0.3 m, with the statistical median also being 
equal to 0.3 m. Values of the parameter mz range from 0.1 m to 
1.8 m. Moreover, the mean value mz of the parameter is equal 
to 0.5 m, with the statistical median also being equal to 0.5 m. 
It should be emphasized that over 99% of all the parameter 
results (mx,my,mz) do not exceed the level of 1 m. 

Figure 2 shows values of the dilution of precision 
(DOP) coefficients for the performed experimental test. It 

[14]. The APS programme (Aircraft Positioning Software) 
was written in the language Scilab 6.0.0 environment 
for the Windows operating system. The APS is a  free 
programming tool to develop kinematic GNSS observations 
in the post-processing mode. The APS programme enables 
implementation of the GNSS code observations for the GPS 
and GLONASS systems. Furthermore, the APS software has 
4 basic calculation modules and one descriptive module, i.e.: 
SPP (Single Point Positioning) module: absolute positioning 
with L1-C/A code observations in the satellite systems 
GPS and GLONASS; BSSD SPP (Between Single Satellite 
Difference of SPP) module: a  single difference technique 
of the code observations L1-C/A in the navigation systems 
GPS and GLONASS within the SPP positioning method; IF 
LC (Ionosphere-Free linear combination) module: linear 
combination “Ionosphere-Free” for P1/P2 code observations 
in the satellite systems GPS and GLONASS; BSSD IF LC 
(Difference Between Single Satellite of IF LC) module: 
a  single difference technique of the linear combination 
“Ionosphere-Free” for the code observations P1/P2 in the 
navigation system GPS and GLONASS; Info module: text 
module with a description of the operation and functioning 
of the APS programme. In the presented scientific article, 
the P1 code observations in the GLONASS system were 
used to recover the position of the Cessna 172 in the APS 
programme. For the sake of making numeric calculations, 
the “APS programme was configured as follows [14]: 
•	 GNSS system: GLONASS system,
•	 type of observations: P code at 1st frequency,
•	 type of RINEX file: 2.10,
•	 source of satellite ephemeris data: precise ephemeris 

from the IGS service,
•	 source of satellite clock data: precise ephemeris from 

the IGS service,
•	 method of satellite position computation: 9-degrees 

Lagrange polynomial,
•	 method of the satellite clock bias computation: 

9-degrees Lagrange polynomial,
•	 the satellite clock bias correction: satellite clock 

bias from precise ephemeris is corrected using Inter-
Frequency Code Biases for code observations in the 
BSSD method,

•	 effect of Earth rotation and time of pseudorange 
travelling through atmosphere: applied,

•	 relativistic effect: applied,
•	 ionosphere source: Klobuchar model,
•	 troposphere source: Simple model,
•	 Satellite Inter-Frequency Code Biases (SIFCB): applied,
•	 instrumental bias for receiver: eliminated,
•	 receiver clock bias: eliminated,
•	 multipath and measurement noise: not applied,
•	 satellite and receiver phase center offset: based on 

ANTEX file from IGS service,
•	 Sagnac effect: applied,
•	 cutoff elevation: 50,
•	 positioning mode: kinematic,
•	 computation mode: post-processing,
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experiment. Maintaining the availability parameter is vitally 
important in the air transport, as it ensures continuous 
tracking of the GLONASS signals by the onboard navigation 
receiver, for the pilot. 

Figure 3 shows the HPL and VPL values, obtained for 
navigation calculations, using the GLONASS navigation 
system. The HPL parameter values were determined based 
on the relationship [17]:

.

.

HPL k mx my mx my

VPL k mz mz

6 18

5 33
HPL

VPL

2 2 2 2$ $

$ $

= + = +

= =
) .	 (4)

The HPL parameter values range from 0.1 m to 9.2 m. 
On the other hand, the VPL parameter values range from 
0.1 m to 11.8 m. The average value of the HPL parameter 
equals 2.7 m, whereas for the VPL parameter, it is 3.3 m. The 
parameters HPL and VPL specify the level of reliability of 
the designated aircraft position in the air transport. It can 
be concluded that the obtained HPL and VPL safety levels 
are very good and relatively low. The smaller the value of 
the HPL and VPL levels, the more reliable it is to determine 
the position of the aircraft. The reliability of HPL and 

should be stressed that values of the dilution of precision are 
presented as a function of number of the visible GLONASS 
satellites. Overall, in Figure 2 the DOP coefficients are in 
the form of parameters: GDOP, HDOP, PDOP and VDOP 
[14, 16]. The value of the GDOP parameter ranges from 1.7 
to 4.1. In addition, the average GDOP value is 2.2, with the 
median being equal to 2.1. The value of the PDOP parameter 
ranges from 1.5 to 3.7. In addition, the average PDOP value 
is 2.0, with the median being equal to 1.9. The value of the 
HDOP parameter ranges from 1.1 to 3.0. Moreover, the 
average HDOP value is 1.4, with the median being equal 
to 1.2. The value of the VDOP parameter ranges from 1.1 
to 5.1. In addition, the average VDOP parameter value is 
approximately 2.0, with the median also being equal to 2.0. 

Figure 2 also shows changes in the availability 
parameter of the navigation solution of the aircraft position 
in the form of a  number of tracked GLONASS satellites. 
In this case, the number of GLONASS satellites being 
tracked ranged from 5 to 8 during the test flight. However, 
the number of GLONASS satellites facilitated continuous 
satellite positioning in the air transport, which means 
that the parameter of availability was 100% during the air 

Figure 1 Standard deviations of the Cessna 172 in the XYZ geocentric frame

Figure 2 Results of the DOP coefficients
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GPS navigation solution of the Cessna 172 position for the 
BSSD research method has also been designated in the 
APS Toolbox software package. In the assessment of the 
accuracy of solutions of the Cessna 172, a  comparison of 
geocentric coordinates (x,y,z) in the GLONASS and GPS 
solution was made. Moreover, the difference for these 
coordinates was determined, see below [18]:

dx x x

dy

d

y y

z z z

GLO GPS

GLO GPS

GLO GPS

= -

= -

= -

	 (6)

where:           
x

GLO
 - x coordinate of aircraft based on the GLONASS 

solution, see Equation (1),
x

GPS
 - x coordinate of aircraft based on the GPS solution, 

y
GLO

 - y coordinate of aircraft based on the GLONASS 
solution, see Equation (1),
y

GPS
 - y coordinate of aircraft based on the GPS solution, 

z
GLO

 - z  coordinate of aircraft based on the GLONASS 
solution, see Equation (1),
z

GPS
 - z coordinate of aircraft based on the GPS solution.

VPL safety levels is, in the age of the air transport, a  key 
parameter of quality of the satellite positioning in aviation. 

Figure 4 shows results of the MRSE parameter, 
specifying the resultant error of the Cessna 172 position in 
the 3D space.  The MRSE parameter can be calculated from 
the mathematical formula [15-16]:

MRSE mx my mz2 2 2= + + .	  (5)

The values of the MRSE parameter in the conducted 
experimental test ranged from 0.1 m to 2.7 m. Besides that, 
the average value of the MRSE parameter is 0.8 m, with the 
statistical median being equal to 0.7 m. It must be stressed 
that over 84% of all the results of the MRSE parameter 
do  not exceed the level of 1 m and approximately 99% of 
all the results of the MRSE parameter do  not exceed the 
limit of 2 m.

At a  later stage, the authors determined the accuracy 
of designating the Cessna 172 coordinates for the BSSD 
method, in the GLONASS system. In particular, the authors 
made a  comparison of the designated coordinates of the 
Cessna 172 in the GLONASS system to the solution in the 
GPS navigation system for the same research method. The 

Figure 3 Results of the HPL and VPL terms

Figure 4 Results of the MRSE term
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In another accuracy test, the authors determined the 
shift vector of coordinates in the 3D space, between the 
GPS and GLONASS solutions, in the form of the 3D-error 
parameter, as below [19-20]:

D error dx dy dz3 2 2 2- = + + .	 (7)

Values of the 3D-error parameter are presented 
graphically in Figure 6. Value of the 3D-error parameter 
ranges from 0.4 m to 7.9 m. In addition, the mean value of 
the 3D-error parameter is 2.9 m, with the median being 
equal to 2.8 m. It should be emphasized that approximately 
17% of all the results of the 3D-error parameter do  not 
exceed 2 m, and approximately 85% of all the results of the 
3D-error parameter do not exceed the limit of 4 m.

5 	 Conclusions

The article assesses the accuracy and reliability of 
determining the position of the aircraft Cessna 172, using 
the positioning technique Difference Between Single 
Satellite (BSSD) in the GLONASS system. The numerical 
calculations were carried out in the author’s original 
software Aircraft Positioning Software (APS), adapted to 

Obtained values of the parameters (dx,dy,dz) have 
been presented in Figure 5. The mean value of the parameter 
dx is - 0.6 m, with the RMS error being equal to 1.5 m. 
Furthermore, the dispersion of the obtained parameter 
results dx ranges from - 5.2 m to + 6.3 m. The mean value of 
the parameter dy is + 0.27 m, with the RMS error being equal 
to 1.1 m. Moreover, the dispersion of the obtained results of 
the parameter dy ranges from - 2.5 m to + 4.2 m. The mean 
value of the parameter dz is - 2.2 m, with  the RMS error being 
equal to 1 m. Besides that, the dispersion of the obtained 
results of the parameter dz is between - 6.4 and + 3.3 m. The 
parameter of accuracy is one of the factors determining 
the quality of the satellite positioning in transport. It can 
be concluded that the accuracy of positioning is officially 
certified by the ICAO for the GLONASS system. For pilots, 
it is important information since it determines which GNSS 
navigation system can be used while executing the air 
operations. Besides that, the ICAO certification guarantees 
that the quality of the navigation data from the GLONASS 
satellite system is sufficient for proper navigation in the 
horizontal plane LNAV and in the vertical VNAV plane, 
respectively. Therefore, the limits of accuracy for the LNAV 
and VNAV navigation must have official recommendation to 
be used in the air transport.

Figure 5 Comparison of the Cessna 172 coordinates based on the GLONASS and GPS data

Figure 6 Results of the 3D-error parameter
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the coordinates of the Cessna 172 in the GPS and GLONASS 
solutions does not exceed 1.5 m along all the axes of the 
XYZ geocentric frame. The results of the research work on 
use of the GLONASS system in aviation are very promising. 
In the future, the authors plan to further develop the use 
of the GLONASS satellite navigation system for the air 
navigation.
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the development of the GNSS observations, for the needs 
of air navigation. In the numerical calculations, the authors 
used real GLONASS navigation data from the receiver 
Topcon HiperPro, mounted on board the aircraft Cessna 
172. The article presents the values of standard deviations 
of the designated coordinates of the aircraft Cessna 172 in 
the XYZ geocentric frame, as well as of the MRSE position 
error. The values of standard deviations are under 2 m. On 
the other hand, values of the MRSE parameter are less 
than 3 m. Furthermore, in the article the authors verified 
the designated coordinates of the Cessna 172 in order to 
determine the accuracy of the research method. The article 
compares the coordinates of the Cessna 172 from the 
GLONASS and GPS solutions. The RMS error of comparing 
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Annex

Abbreviation Full name

GLONASS Global Navigation Satellite System

NAVSTAR GPS NAVigational Satellite Time And Ranging Global Positioning System

BSSD Between Satellite Single Difference

ICAO International Civil Aviation Organization

GNSS Global Navigation Satellite System

ABAS Aircraft Based Augmentation System

SBAS Satellite Based Augmentation System

GBAS Ground Based Augmentation System

RAIM Receiver Autonomous Integrity Monitoring

FMS Flight Management System

INS Inertial Navigation System

EPDE ICAO airport code

RIFCB Receiver Inter-Frequency Code Bias

SIFCB Satellite Inter-Frequency Code Bias

APS Aircraft Positioning Software

SPP Single Point Positioning

IF LC Ionosphere-Free linear combination

IGS International GNSS Service

ANTEX Antenna Exchange Format

RINEX Receiver Independent Exchange System

HPL Horizontal Protection Level

VPL Vertical Protection Level

DOP Dilution of Precision

GDOP Geometric DOP

PDOP Position DOP

VDOP Vertical DOP

HDOP Horizontal DOP

MRSE Mean Radial Spherical Error

LNAV Lateral Navigation

VNAV Vertical Navigation




