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EFFECTS OF BOUNDARY CONDITIONS ON THE MODAL
AND SPECTRAL PROPERTIES OF THE SHAFT

Influence of boundary conditions (i.e. mounting type of shafts ends) on spectral and modal properties is studied
in this paper. Cases with joints at both ends and with joint at one end and fixed end are described in detail. The
vibration problem of rotating shaft is generalized to problem of vibration of the shaft in the rotating plane. The problem
s illustrated on testing models. The real mounting type of shafts is presented.
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1 Introduction

The calculation of modal and spectral properties of the
shaft is among the basic calculations that are required to
support propulsion projects for various vehicles, ships and
construction machines.

The mathematical model of the rotating shaft is
influenced by many factors, such as vibration noise [1],
flexibility of shaft [2], increasing rotation velocity [3],
workspace of universal joints [4] and others [5]. A number
of powerful software packages for calculation of torsional
vibration already exists [6].

This paper is devoted to study deflection, critical
velocity and eigenvalues of frequencies in the rotating shaft.
Influence of boundary conditions in mathematical model is
illustrated on testing examples.

2 Theoretical background

The mathematical model of the rotating shaft is
described by the 4™ order differential equation. An unknown
function in the given differential equation is the shaft
deflection depending on the distance from the shaft end.

By solving the equation, a general solution that includes
all the solutions to the problem is calculated. The number of
solutions is infinite.

The particular solution is obtained by applying the
boundary conditions (i.e. mounting types of ends of the
shaft - Figures 5 and 6, [7]).

This means that boundary conditions play significant
role in the calculation of model (Table 2 and Table 4).
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2.1 Shaft with continuously distributed mass

Consider a prismatic shaft, which rotates at constant
angular velocity @ . The shaft bends at critical velocity and
it rotates in a bent state (see Figure 1). Centrifugal force dC
acts on the shaft element dx (see Figure 1)

dC = uy(x)w*dx @

where y(x) is deflection depending on distance from shaft
end (0 <x<1[), u is aspecific mass per unit length of the
shaft; 4 = Sp and S is the cross-section of the shaft, p is
a density of the shaft material.

Continuous strain g(x) of the length element is

q(x) = % = wy(x)w*. )
as is well known that deflection curve satisfies
EJy(x)=—Mx), )

By differentiating the above equations twice, with
EJ = constant, one obtains

EJy"(x)=—M"(x)= qlx) = uy(x)w?*, “@
ie.
E Jy"(x)— ouy(x)@* = 0. (5)

The above equation is rewritten to form
a)Z
v (x) —a'y(x) =0, a* = %J- (6)

Meanings of symbols in equations above are precisely
described in Table 3.
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Figure 2 Deflections of a shaft
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Figure 3 Shaft with joint and fixed end

Table 1 Boundary conditions at the ends of a shaft

Mounting type
Joint Fixed end Free end
x) =0, x) =0, “(x) =0,
Boundary conditionsinx = 0ora =1 y@) y@) Y@
y(@)=0 y@)=0 yr@)=0

The general solution of Equation (5), respectively
Equation (6), is

y(x) = Acoshax + Bsinhax + Ccosax + Dsinax. (7)

The integration constants can be determined from the
boundary conditions that correspond to the shaft’s ends’
mounting type. The particular solution is obtained by the
straightforward calculation of the constants.

2.2 Critical angular velocities of shaft with
joints

The shaft shown in Figure 1 (c.f. Table 1, mounting type
A in Table 2) satisfies the boundary conditions

¥(0) = 0,¥(1) = 0,5"(0) = 0,y"(1) = 0. ®

Those boundary conditions (by straightforward
calculation of Equation (7)) are equivalent to equations for
integration constants

A =0, C=0, Bsinhal =0, Dsinal = 0. (©)]

Note that sinhal#0 for @ # 0, than B = (0. The
last equation is satisfied if D = 0 or are valid.sinal = 0
Equality D = 0 means that there is no deflection of shaft
and D plays the role of the maximal deflection (amplitude).
The solution of equation sinel =0 is al= Kr,
where K= 1,2,..., (i.e.a = ?,a‘* = <¥)4) and
() = 70

The infinite number of critical angular velocities was
obtained. The K-th critical velocity is expressed by equation

WDcrg = (K%)l % = sz(:rls

o= (2 /B,

where @, is the first critical velocity (K = 1).

A shape of deflection curve depends on critical velocity.
Expression for the deflection curve yx (see Figure 2) for
the K-th critical velocity @« is

(10)

vk = Dsin K;m

(1D

2.3 Critical angular velocities of shafts with
one fixed end

The critical velocity of the shaft with fixed end is now
determined by analytical method (see Figure 3 and Table 1,
mounting type E in Table 2).

The parameter d in Figure 3 indicates the shaft diameter
(i.e. the characteristics of the cross-section).

Analytical solution (without damping and shifting
forces and friction) is solution of differential Equation (5)
(resp. Equation (6)). The general solution is of the form

y(x) = Acoshax + Bsinhax + Ccosax + Dsinax, (12)

4 ,Lla)2
where a = 4/ EJ with boundary conditions

¥(0) = 0,3(1) = 0,5(0) = 0,y"(1) = 0. (13)
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Table 2 Role of mounting types (i.e. boundary conditions) in solutions of the frequency equation

Mounting type Frequency equation Solutions
A sin al = 0 (a)k:¥
(a)ll = Oy
(Cl)gl = 4730,
B cos al coshal =1 (a),l = 7.853,

i

(@)il = 10.996,

(@)l = 4.730,
(@)l = 7.853,
(@)l = 10.996,
(@)l = 14.134,

cosal cosal =1

(@)l = 1.875,
(@)l = 4.694,
cosal coshal =-1 (a),l = 7.855,

(@)l = 10.996,

(el = 3.927,
(@)l = 7.069,
(@)l = 10.210,
(@)l = 13.352,

tan al = tanh al

By straightforward calculation of the above conditions
one obtain transcendental equation

tanal = tanhal
with solutions
(al) = B L k=12, (14)

Therefore the K-th critical velocity is expressed by
equation

_(AK+ 1w\ EJ
0o = (BFLE) S (15)
and the first critical velocity is

—(b=mY [E] 1541 [E]
a)crl - <ZT) 7 = 15,4 12 ,Ll . (16)

In Table 2 one can see role of the mounting type of
shafts and beams in the frequency equation (c.f. [8]). The
most obvious mounting types A and E of shafts are more
precisely discussed above.

Technical realization of the most common mounting
types A and E is presented in the Conclusion (see technical
design in Figures 5 and 6).

See [8] and [9] for more details on theoretical
background in mechanical properties and [10-12] for more
details of the computational methods.

3 Analytical solution of generalized problem

The problem mentioned above is the vibration of a
shaft in a plane. Generalization of the above problem is
vibration of one-dimensional continuum in the rotating
plane with angular velocity @ . By analytical method it is
possible to obtain the following description of the problem,
c.f. [13].
pS dy

EJ ot

y=0

Ay _ pSr Ay

o' 4E] afox’

pSrrw* 'y  pSw
AE]  ox* EJ

Contrary to ordinary differential Equation (6), the
above Equation (17) is partial differential equation.

Assume that each shaft cross-section performs an
oscillating motion with the amplitude depending on
location, with a time course identical along the entire shaft,
ie.

) an

y(x,t) = Y(x)e™, (18)
where Y(x) is amplitude of deflection depending on
coordinate & and Q[ rad-s™'] is the natural frequency of
relative oscillations.

Substituting Equation (18) to Equation (17), with
undamping condition identical all the time, one obtains
ordinary differential equation for amplitude as
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Table 3 Parameters of testing examples

Value
Parameter Description
Simple shaft Skoda 781
E 2101 2+ 101 Modulus of elasticity [Pa]
P 7800 7800 Density [kg - m?]
l 1 0.65 Length [m]
r 0.0564 0.0105 Radius [m]
S 0.01 0.0003 Cross-section [m?]
J 7.9578 - 10! 9.5466 - 10 -° J=27rm]
7 78 2.7016 u=S-plkg-m]
Table 4 Critical velocities of testing examples based on different mounting types
wxlrad-s']
1 2 3 4
2 joints 1409.82 5639.26 12688.35 22557.06
Simple Shaft
1 joint 1 fixed 2202.84 7137.19 14891.18 25464.81
2 joints 621.01 2484.05 5589.11 9936.19
Skoda 781
1 joint 1 fixed 970.33 3143.87 6559.44 11217.03
25000
E W Simple shaft - 2 Joints
22500 —
I ® Simple shaft - 1 Joint, 1 Fixed
20000
- T m Skoda 781 - 2 joints
i 17500 |
-r'g + m Skoda 781 - 1 Joint, 1 Fixed
= 15000
z 1
8 12500 -+
g T
T 10000
S 7500
5000
2500 f
0]

Fx &% 6

Figure 4 Critical velocities

Figure 5 Shaft with joints in technical practice [7] Figure 6 Shaft with joint and fixed end in technical

practice [7]
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YV (x)+ Y (x)— cY(x) =0, (19)
where

2
b= B0~ 0t), e = (0 + @)

Applying the boundary conditions for ends with joints
(see Table 1) the particular solution of Equations (19) has
assumed the form:

Y(x) =

wmt Slnﬁsz (20)

where [ is length of shaft, px = ﬁ, and K =1,2,....
Substituting Equation (20) to Equation (18) one obtains

the frequency equation

(pk — bbk — ) Yeonssinprx = 0. 21)
Calculating the above equation, the eigenvalues of

frequencies of the vibration have the form:

o 41 -2 (|
S e M

4 The testing model

Derived equations were tested on two different
examples (mounting type A and E in Table 2). The first one
was simple shaft with circular cross-section and the second
was shaft from the Skoda 781. Parameters of both examples
are shown in Table 3.

References

Results of calculations are shown inn Figure 4.

Meaning of K in Figure 4 and Table 4 is shown in
Figure 2.

It is clear from the Equations (10) and (15) that the
shaft parameters also influence the critical velocity (see
Figure 4 and Table 4). The critical speed is proportional
to the parameter VEJ and inversely proportional to
parameters /2 and /4 .

There can be seen how different mounting types can
change values critical velocities. The exact values are
shown in Table 4.

5 Conclusions

In Table 2 are presented all the possibilities of mounting
types of shafts and beams. The usual technical designs of
the shaft’s ends are presented in Figure 5 (shaft with joint)
and Figure 6 (shaft with join and fixed end).

As shown in Figure 4 and Table 4, the critical velocity
depends significantly on the mounting type of shaft’s ends
and parameters F, /[, 1 of the shaft. It is clear from results
that the mounting types of shaft’s ends need to be taken into
account when calculating the modal and spectral properties
of shafts.
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