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By creating a  single difference, subtracting the 
measurement at the reference station from that at the 
kinematic station, the satellite clock dtp and the satellite 
phase deviation d j

p  (which are common errors for 
both observers) are canceled by the following equation 
written in the form: 
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where: operator T  - indicates for example a  single 
difference ,k j r

p{ -  marked as , ,k j
p

k j
p{ {- . 

It should be noted that if both antennas are close 
together, for example less than 10 [km] on the ground, 
the tropospheric delays are approximately the same, so 
that the differences in tropospheric delays Tk r

pT -  are 
small and significantly reduced in Equation (12). 

However, for medium and long baselines, the path 
of the signal traveling through the troposphere is 
different for each station, especially if the receivers 
are at different altitudes. This may be the case e.g. in 
mountainous regions or when an airplane approaches 
an airport. Thus, the tropospheric path delay is not 
canceled in positioning a  single difference for medium 
and long baselines. Assuming that the kinematic station 
is close enough to the reference station, the path of 
the GNSS satellite signal through the ionosphere will 
be almost identical for the reference station and the 
kinematic station. Hence, the ionospheric delay can 
be significantly reduced and this summation can be 
made for distances up to about 1000 [km]. For long 
baselines, ionospheric delay can be eliminated for the 
first order approximation by creating a  ionosphere-free 
dual frequency observation linear combination. In this 

on the analysis of observation equations for a  single 
difference SD (single-difference) and DD. The challenge 
of DD positioning in a wide region was presented using 
the ultra-short and ultra-long base experiments. In 
addition, the kinematic positioning approach of many 
reference stations, based on apriori constraints, relates 
to the precise kinematic positioning of the GNSS system 
in a wide area. 

At the final stage of consideration, solid Kalman 
filter theory is used to suppress the effect of outliers 
observations on trajectory estimates for air gravimetry. 

4.1	 Double-Difference positioning 

The DD positioning is a classic GNSS system data 
processing method. This method is regularly used to 
eliminate or reduce errors between the satellite and the 
receiver. In addition, since observations of the carrier 
phase on satellites of the GNSS system can be used to 
determine the user’s position even more precisely than 
by means of pseudorange measurements, in this part 
of this subsection the principle of DD carrier phase 
positioning is presented [33-35]. 

4.2	 The principle of positioning the classic 
double difference 

A  simple example of positioning the DD (double 
difference) is shown in Figure 1, whereby p and q - mean 
the GNSS satellites, r - means the reference station and  
k - means the kinematic station. 

According to observation of the carrier phase of 
Equation (2), the observations of the carrier phase of the 
reference of the station r and the kinematic station k to 
a common satellite p can be written as: 

,

c dt dt I T

N d d e

, ,

, ,,

j
p

r j
p

r
p

r
p

r j
p

j
p

r j
p

r j
p

r
p

r j j
p

) ) )

)

m { t m= + - - + +

+ - +

^ h 	 (10)

Figure 1 Illustration for positioning the GNSS DD system
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solution is used to determine the GLONASS system 
disturbances [39-40]. The procedure described above 
is called the „DD positioning”, where the satellite 
orbit error, satellite clock error and receiver clock 
error have been reduced. For the short baselines, the 
remaining ionospheric and tropospheric delays can 
be neglected. For medium and long baselines, the 
combination of no ionosphere (LC) is used to eliminate 
the first order ionosphere path delays. The remaining 
tropospheric delay is reduced by estimating wet zenith 
delay parameters. 

5	 Static experiment based on a GPS+GLONASS 
system receiver 

In order to test the accuracy, reliability of the 
algorithm and software in the experiment with static 
data, static observation data of the GNSS system was 
randomly selected for testing from the IGS (International 
GNSS Service) from April 1, 2019, used to increase 
the accuracy of aircraft positioning. The length of 
this baseline is approximately 190 [km]. Types of the 
receiver and antenna equipment are given in Table 1. 

The number of the GPS, GLONASS and GPS + 
GLONASS system satellites is shown in Figure 2 as the 
blue, green and red lines, respectively, where station 
2 was selected as the reference station [41-42]. In 
turn, station 1 was processed by the GNSS LAB using 
kinematic processing. Results were compared to the 
coordinates taken from the IGS website (http://www.igs.
org) and in the final stage four diagrams were compared 
(diagram 1÷4). 

Diagram 1: GPS was used separately to calculate 
the position of Station 1.

Diagram 2: The GLONASS system itself was used 
to calculate the position of Station 1. 

Diagram 3: The integrated GPS and GLONASS 
system was used to calculate the position of Station 1. 

Diagram 4: The integrated GPS and GLONASS 
system was used to calculate the position of Station 1 
using VCE Helmert .

Differences between the „real values” and results 
of diagrams 1-4 are respectively shown in the following 
figures (Figures 3-6) as time series. 

The above experiments, based on the kinematic 
processing of static data, illustrate the effectiveness, 
repeatability and stability of the proposed method in 
static data. Accuracy of the kinematic positioning of the 
GNSS system, based on the (single) GLONASS system 
itself, is slightly lower than the accuracy of only the GPS 
system. Combination of GPS and GLONASS is better 

way, the differential ionospheric delay Ik rj
pT -  can be 

neglected. 
Therefore, in this case Equation (12) can be further 

simplified by writing it as [36-38]: 
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This type of differential processing is called 
„single difference positioning”, namely the differential 
measurement of two receivers relative to a  common 
satellite. The positioning of a single difference is applied 
to the satellite q with the signal frequency i, which is 
given as: 
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Assuming the same frequencies j i j
p

i
qm m= =_ i  

for satellite signals and using denotation 
k r
p q

k r
p

k r
p

dT T T= --
-

- - , differentiating the two 
individual differential observations from Equation (13) 
and Equation (14), in the same places r and k, to two 
different GNSS system satellites p and q, give DD 
observation as: 
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The receiver clock error dtk rT -  and carrier phase 
deviation dt ,k r jT -  are typical errors in Equation 
(14) and Equation (15), so they can be reduced by 
positioning DD. Therefore, this is the main reason 
why the DD positioning is preferably used. However, if 
the frequencies of signals between the satellites of the 
GNSS system are different j

p
i
q

!m m_ i , as in the case 
of the Russian GLONASS system (Global Navigation 
Satellite System), the carrier phase polarization 
dt ,k r jT -  and dt ,k r iT -  cannot be canceled from Equation 

(15). Introducing the abbreviated notation, symbolically 
k r
p q

k r
p

k r
q

dT T T= --
-

- - , the DD equation for the two 
different frequency satellites can be given as: 
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Based on the above, it should be noted that it is 
difficult to separate the carrier phase polarization 
d i,k r jT -  from the ambiguity parameter, so a  „float” 

Table 1 List of equipment selected from the IGS website 

station name receiver type antenna type

station 1 JPS LEGACY LEIAR25.R4

station 2 JPS LEGACY LEIAR25.R4
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Figure 2 Number of selected GPS (blue line), GLONASS (green line) and GPS + GLONASS (red line)  
satellites for the static experiment (IGS TITZ and FFMJ station on January 1, 2013) 

Figure 3 Differences between the IGS result and results of GPS the kinematic system positioning  
for the TITZ - FFMJ baseline (diagram 1) 
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Figure 4 Differences between the IGS result and results of the kinematic system positioning  
of the GLONASS system for the TITZ - FFMJ baseline (diagram 2) 

Figure 5 Differences between the IGS result and results of the GPS + GLONASS kinematic positioning 
 (with weights 1:1) for the base line TITZ- FFMJ (diagram 3) 
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Values of the average differences, maximum, 
minimum, as well as the RMS error and standard 
deviation are presented in Table 2. 

The conducted research clearly shows that in the 
case of a localization system in which the systematic 
error is unknown, accuracy can be determined 
similarly to the precision, treating the whole as 

(more efficient) than their use as individual systems and 
improves both accuracy and reliability. 

It should be noted that the method based on 
estimation of the VCE Helmert variance component 
(Variance Component Estimation) can further increase 
the accuracy of integrated kinematic positioning 
(Figure 6). 

Figure 6 Differences between the IGS result and results of the GPS + GLONASS kinematic positioning  
(with Helmert weights) for the TITZ - FFMJ baseline (diagram 4) 

Table 2 Summary of results 

average (m) rms (m) standard deviation (m)

experiment 1

X 2.38 1.84 1.75

Y 1.29 1.62 1.60

H 2.77 1.57 1.55

experiment 2

X 4.15 3.99 1.88

Y 3.32 3.19 1.87

H 4.08 3.97 1.67

experiment 3

X 2.51 2.25 1.60

Y 2.37 2.19 1.59

H 2.66 2.35 1.58

experiment 4

X 1.78 1.57 1.45

Y 3.85 3.42 1.74

H 3.95 3.68 1.68
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the accuracy of the integrated kinematic positioning of 
this system. 

The GNSS system kinematic positioning method 
is based on multiple kinematic stations on the same 
platform with apriori distance constraints and estimation 
of the common tropospheric delay parameter. In this new 
method, distances between the multiple GNSS antennas 
are known and used as apriori distance restrictions to 
improve accuracy of the state estimates. 

In addition, it has been shown that since the 
characteristics of tropospheric delays in a  small area 
are similar, for such many kinematic stations a common 
tropospheric delay parameter can be established, which 
can increase accuracy of the state estimates. 

In summary, it can be stated that the kinematic 
positioning method using the integration of many GNSS 
systems based on estimation of Helmert’s variance 
components is addressed to adjust the weights in 
a  reasonable way to balance the input of many GNSS 
systems and improve accuracy of the GNSS navigation 
kinematic navigation system. 

Results of the obtained research allow to formulate 
the following conclusions: 
1.	 The precise GPS receiver, dedicated to aviation 

applications, allows for the guidance of objects with 
an accuracy of about 1 m, even without use of its 
own Differential Global Positioning System (DGPS) 
reference station, intended for accurate position 
determination, thanks to increasing accuracy of the 
GPS system through the introduced corrections to 
pseudo-ranges determined by the reference station. 

2.	 The vicinity of tall buildings strongly interferes with 
the accuracy of the measurement, hence significant 
errors in guidance should be taken into account in 
the case of such obstacles. 

a random variable. Differences in  results are small, 
of the order of 3.5%. Although such a  solution does 
not comply with recommendations in the normative 
regulations and the strict definition of accuracy 
according to ISO 5725-1, it may be an alternative 
form and in the case of location systems it allows to 
treat all the errors as random ones. 

6 	 Conclusions 

The presented work has shown that use of the 
GNSS system integration can improve accuracy and 
reliable positioning of the GNSS navigation system. In 
turn, since the Galileo system and the BeiDou satellite 
navigation system (BDS) have not yet reached full 
readiness, only the GPS systems and GLONASS were 
used in this article for research into the combination of 
multiple systems (Figures 3-6). 

Creating the mathematical models and integrated 
system processing methodologies is valuable because it 
identifies key issues for connecting two or more GNSS 
positioning systems. Therefore, these are experiences 
that can be applied to other GNSS systems that can 
integrate the GPS system with Galileo, GLONASS, BDS 
or all four. 

The work showed that accuracy of the kinematic 
positioning of the GNSS system, solely based on the 
GLONASS system as a  single system, is slightly worse 
than just the GPS system. However, combination of 
the GPS and GLONASS is better than using them as 
individual systems and improves accuracy. At the final 
stage of this article, it was demonstrated that the VCE 
Helmert method can be used to estimate the weight of 
many GNSS observation data and can further improve 
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