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1.	 Introduction

The aim of this paper is to provide an estimation of the 
economic and environmental costs due to the forced deceleration 
or stopping and the subsequent acceleration of a motor vehicle in 
urban traffic. This estimation is based on a dynamic vehicle model 
with variable parameters and thus it can be obtained from the data 
generated by an arbitrary floating car. The problem discussed in 
this treatise is particularly topical in rapidly developing urbanized 
areas around cities - see [1].

2. Vehicle dynamics

2.1 Forces acting on a vehicle
Consider a  vehicle moving with an acceleration α.  In the 

travel direction, a  driving force F is acting. The movement is 
opposed by a vehicle resistance that includes:1

tire rolling resistance: R fmgf = 	 (1) 

1 A movement in a horizontal plane is considered. For an uphill 
journey, a  climbing resistance RC = mg sin α  should be added, 
where α denotes an angle between a  road and a  horizontal 
direction. Similarly, all mentioned forces containing a  term mg 
would be multiplied by cos α . Nevertheless, we suppose that 
a driver getting over an elevation h, which requires an additional 
work  W

A

B

= # mg sin α ds = mgh, later returns to the initial altitude 
and earns the same energy back. In the case of the most frequent 
grades, the term cos α  would influence the price of one stopping 
and a  subsequent acceleration at the third decimal position or 
further, the fuel consumption estimation would be affected at the 
fourth decimal position. Therefore, we put α  = 0 and thus α  = 1 in 
this paper.

aerodynamic drag: R c Av2
1

v d
2t= 	 (2)

acceleration resistance of rotating parts: R maR p= 	 (3)

breaking force: R mgxB n= 	 (4)

Here f denotes a rolling resistance coefficient, m vehicle mass, 
g gravitational acceleration, ρ  air density, c

d
 aerodynamic drag 

coefficient, A  projected front area, v  vehicle velocity, a  vehicle 
acceleration, ξ coefficient including the inertia of rotating parts, μ 
tire adhesion coefficient, x breaking intensity expressed by a value 
from the interval [0,1]. 

As a  model vehicle for calculations, Skoda Octavia 1.4 
MPI/55 kW with gasoline ignition engine has been chosen, 
since it belongs to the best-selling cars in the Czech Republic. 
Therefore, the following values are considered (see [2]):  
f = 0.015, m = 1560 kg, c

d
 = 0.30, A  = 2.069 m2, ξ = 0.04,2   

g = 9.81 ms-2, ρ = 1.25 kgm-3, μ = 0.8 (for asphalt). 
 If the vehicle velocity v is constant, the first Newton’s motion 

law implies that the sum of acting forces is equal to zero:

F R R F c Av fmg0 2
1

v f d
2t= - - = - - 	 (5)

The driving force F can therefore be expressed in the form:

F c Av fmg2
1

d
2t= + 	 (6)

For the mentioned model vehicle, the driving force necessary 
to maintain a constant velocity of e.g. v = 50 kmh-10 13.89 ms-1  is 

2 We consider the least value from the interval between 0.04 and 
0.7, convenient for personal vehicles. 
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approximately equal to F = 304.39 N. The corresponding power 
(and thus also a consumption) is very small:

. WP F v 4227 64$= = 	 (7)

If the vehicle moves with an acceleration α (during the engine 
engagement, i.e., without braking), the second Newton’s motion 
law implies:

ma F R R RR v f= - - - 	 (8)

The driving force F therefore satisfies the equation:

F ma ma c Av fm2
1

d
2p t= + + + 	 (9)

Denoting 1j p= + , it can be expressed in the form:

F ma c Av fmg2
1

d
2j t= + + 	 (10)

To reach the maximal acceleration (from 0 to 100 km in 15.5 s), 
 the engine force acting on a vehicle has to be F = 3208.48 N. For 
an instantaneous velocity of 50 kmh—1 and the stated acceleration, 
the engine power would increase more than 10 times compared to 
the constant-velocity movement: 

. WP F v 44 562 27$= = 	 (11)

It is almost equal to the maximal engine power, the fuel 
consumption would also be almost maximal in this case. 
Nevertheless, the consumed energy is not yet lost. It is stored in 
the form of kinetic energy and consumed later during the vehicle 
deceleration or stopping. The ratio of a part utilized for a vehicle 
movement (when a  car is put in neutral and moves by inertia) 
and a  part dissipated to heat (during braking) is influenced by 
a driving style.

2.2 Motion equations

In the authors’ paper [3], the investigation of the vehicle 
dynamics related to acceleration and braking was based on the 
corresponding first-order differential equations. In the former 
case, it is sufficient to express the acceleration a, which is 
a derivative of velocity, i.e., a t v t= o^ ^h h  Then one obtains the 
equation of motion as:

v t m
F

m
c Av t fg1

2
1

d
2

j
t= - -o ^ a ^h h k 	 (12)

Further, the braking of various intensities with a  non-zero 
initial velocity and putting a car to neutral were investigated. In 
this case, the following equation holds:

ma c Av fmg mgx0 2
1

d
2j t n= + + + 	 (13)

From this relation, an acceleration can be expressed 
(a  negative value would indicate a  deceleration). Putting 
a t v t= o^ ^h h  leads to the following equation of motion: 

v t m c Av t fg gx1
2
1

d
2

j
t n= - - -o ^ a ^h h k 	 (14)

By solving Equation (12) and Equation (14), the time 
developments of acting forces, acceleration, velocity and travelled 
distance were obtained. Based on those results, an economic 
analysis of consumed fuel and lost time for various braking 
intensities was carried out. It was shown that the highest 
economic losses were connected to vehicle deceleration and 
stopping, and that they were caused not only by an increased 
consumption, but also by time losses and losses given by a vehicle 
fading. The obtained relations demonstrated a decisive influence 
of congestions on traffic economy.

  

3.	 Energetic analysis

3.1	Consumption

In the subsequent research, the mentioned relations were 
used for the analysis of data provided by a floating vehicle that 
was moving in a real traffic and recorded instantaneous velocity 
and travelled distance. An expression of an amount of energy 
utilized for vehicle movement for the given velocity behaviour was 
considered as follows. 

The expended energy is equal to the work done by the driving 
force of an engine through tires acting on a road surface in a given 
segment of journey:

W Fds
s

s

0

1

= # 	 (15)

Due to Equation (10), a  work element can be expressed in 
the following form:

dW F ds ma c Av fmg ds2
1

d
2$ $j t= = + +a k 	 (16)

The amount of fuel consumed to earn this energy (for the 
sake of clarity, it is expressed directly in volume units) is given 
by the relation:

dV H
dW

W
vh

= 	 (17)

where η denotes an engine efficiency and H
V
 stands for the caloric 

capacity of the used fuel, transformed to volume units. For the 
model vehicle considered in this paper, values η = 0.32 and H

V
 = 

31.61 MJ/l were used. In reality, the total amount of the consumed 
fuel would be increased by a  certain basal consumption that is 
necessary to keep an engine running and that is constant in time. 
For the considered model vehicle, this basal consumption is 
approximately equal to V

0
 = 1 litre per hour. The total amount of 

the fuel consumed to carry out a work dW in time dt is therefore 
equal to the sum:

dV Hv
dW V dt0 $h= + 	 (18)
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For a  known velocity v  = ds/dt,  the Equation (16) and 
Equation (18) imply:

dV H
F ds V v

ds

H ma c Av fmg v
V ds1

2
1

V

V
d

0

2 0

$ $

$ $

h

h j t

= + =

+ + += a k: D
	 (19)

An instantaneous fuel consumption can thus be expressed as:

ds
dV

H ma c Av fmg v
V1

2
1

V
d

2 0$h j t= + + +a k 	 (20)

From Equation (20) it is obvious that the increase of fuel 
consumption in traffic congestions is caused not only by the 
kinetic energy losses. Another reason is that during the low 
velocities, the proportion of basal fuel consumption increases and 
so does the total fuel consumption, as well. The graph in Figure 1 
demonstrates the dependence of the fuel consumption expressed 
in litres per 100 km on the velocity expressed in km/h (for each 
velocity value, a stationary movement with a = 0 is considered). 
Notice that the lowest consumption is reached for the velocity 
close to 50 km/h, i.e., close to the typical urban velocity. 

3.2 Fuel consumption for a model vehicle

Using Equation (19), the values of the fuel consumption 
of the floating car driving on a part of the Prague circuit (Jizni 
spojka - South Connection) between the street 5.  Kvetna and 
the Mrazovka tunnel, in various traffic densities, were estimated. 
Authors could work with a  survey of instantaneous velocities v

i
 

and the corresponding distances s
i
 (in 10 up to 30 metres). The 

volume of the consumed fuel was determined numerically as 
a sum of partial volumes consumed on individual segments. 

For the segment ,s si i 1+ , the motion was considered as 
uniformly accelerated with a constant acceleration

a
t
v

s s
v v v v

s s
v v

2 2i i

i i i i

i i

i i

1

1 1

1

1
2 2

$
D
D= = -

- + =
-
-

+

+ +

+

+

^ h 	 (21)

where the time tD  was expressed as a  function of an average 
velocity in the form /t s vaD D=  with /v v v 2a i i1= ++^ h .

An absolute fuel consumption on a given segment was then 
obtained on the basis of the Equation (19):

V H m
s s
v

c A

v v fmg v v
V s s

1
2 2

1

2
2

V i i

i
d

i i

i i
i i

1

1
2

1
2

1

0
1

$ $ $

$ $ $

h j tD =
-

+

+ + + + -

+

+

+

+
+a

c ^
^k k

h
h

:

D
	 (22)

If a vehicle deceleration is higher than the deceleration caused 
by natural resistances (i.e., in the case of braking), a  computed 
driving force is negative, which means that the amount of fuel 
should be subtracted. Since the considered model car does not 
possess a  recuperation system and a  kinetic energy would be 
dissipated to heat, the driving force was set to be equal to zero.

At the end, the absolute fuel consumption during the travel 
on the segment of the length 7.61 km was replaced by a usually 
considered fuel consumption per 100 km.

The two examples are presented in the following paragraphs. 
The first one is based on data recorded by a  floating car in an 
afternoon peak hour, when the car was forced to break and even 
stop very often. It took 27.10 min to finish the whole journey, and 
the average velocity of the vehicle was 16.85 km/h. The graph 
illustrating the behaviour of instantaneous velocities is depicted 
in Figure 2. The value of an absolute fuel consumption, calculated 
on the basis of a model described in the present paper, is equal to 
1.06 l, which corresponds to the consumption of 13.91 l/100 km.

The second example is based on the record from a morning 
peak when the vehicle movement was also nonstationary, but it 
was not necessary to slow down up to the zero velocity. This time, 
the same journey was finished in 7.98 min and the average velocity 
of the floating car was 57.19 km/h. The behaviour of instantaneous 
velocities is depicted in Figure 3. The calculated absolute fuel 

Figure 1 Dependence of the fuel consumption on velocity
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consumption is now equal to 0.64 l, which corresponds to the 
consumption of 8.45 l/100 km.

For a  comparison, one can easily calculate the fuel 
consumption for a constant velocity of 80 km/h, namely for the 
maximal allowed velocity on the considered road. The absolute 
consumption would be equal to 0.41 l, which corresponds to the 
consumption of 5.41 l/100 km. The total time would be 5.71 min 
in this case.

The described model demonstrates that the fuel consumption 
indeed noticeably increases in congestions, which leads to 
a substantial increase of economic costs, too. On the short journey 
considered in the previous example, the absolute consumption 
increases approximately by 0.65 l of gasoline in a  peak hour 

compared to a  stationary movement, which corresponds to the 
increase of economic costs by 15 CZK (approximately 0.59 EUR). 

4. 	Emissions of carbon dioxide CO2 

During an ideal burning of fossil fuels, which are pure 
hydrocarbons, only CO

2
 a H

2
O would be emitted. Nevertheless, 

a  great amount of other products are often formed in actual 
combustion processes, and only the following ones are being 
monitored: Carbon monoxide CO, hydrocarbons HCs, nitrogen 
oxides NO

x
, sulphur dioxide SO

2
 and soot. Their ratio to the 

amount of CO
2
 and thus to the amount of consumed fuel is given 

Figure 2 Behaviour of instantaneous velocities of a floating car in an afternoon peak

Figure 3 Behaviour of instantaneous velocities of a floating car in a morning peak
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by the quality of combustion and additional technologies, and 
it is defined by a  Euro-norm I-V. Therefore, if one determines 
the amount of fuel consumed additionally due to stopping 
and subsequent acceleration, one can easily determine the 
corresponding amount of CO

2
 and according to the mentioned 

norm, the amounts of other selected combustion products, too. 
Moreover, CO

2
 is a greenhouse gas and its production represents 

an important parameter. Its production can only be decreased by 
decreasing the absolute fuel consumption. 

For the estimation of actually emitted CO
2
, a  methodology 

published by the United States Environmental Protection Agency 
(EPA) was used - see [4]. The calculation is based on chemical 
equations expressing amount of carbon in fuel during gasoline 
and diesel combustion. It also respects the recommendation of 
the Intergovernmental Panel on Climate Change (IPCC) to take 
into account the fact that only 99 % of fuel volume is burned 
perfectly. The EPA methodology is based on the estimate that 
one gallon (3.785 l) of gasoline contains 2.421 kg of carbon C, 
which corresponds to 0.644 kg of carbon in 1 liter of gasoline. The 
amount of emitted CO

2
 can be approximated relatively precisely 

by the multiplication of this value by the factor 0.99 expressing 
the degree of imperfection of fuel combustion, and further by 
the ratio of molar masses of carbon dioxide CO

2
 (44 g/mol) and 

carbon C (12 g/mol), which states how many times the mass of 
a molecule of carbon dioxide, created by bonding an aerial oxygen 
to an atom of carbon during the combustion, is greater than the 
mass of an atom of carbon alone:

. . kg . kgm 0 644 0 99
12
44 2 338$ $= =a k 	 (23)

   
For the considered model vehicle and the journey (less than 

8 km long) discussed in part 3.3, one obtains the conclusion that in 
an afternoon peak, this individual vehicle produces 1.55 kg of CO

2
 

more than during the transit by a constant velocity of 80 km/h. 

5. 	Evaluation of the time costs 

There exist several possible approaches to evaluating the cost 
of time. Many of them are based on meta-analytic studies, e.g., the 
study by Wardman et al. [5]. For business trips, one of the most 
frequently used methods is the cost savings principle [6], when 
the time value is supposed to correspond to gross salary costs (i.e., 
gross salary plus an overhead), which are published in statistical 
overviews. In the Czech Republic, these costs are contained in the 
overviews of the Czech Statistical Office (CSU, see [7]). Travel 
compensations are also stated in the regulation published by the 
Ministry of Labour and Social Affairs (MPSV, see [8]). The case 
of private travels is certainly more difficult. Estimates based on 
willingness to pay is sometimes used, based either on manifested 
or on expressed preferences. In the Czech Republic, only several 
studies, aimed at this problem, have been performed (see e.g. 
[9], [10] and [11]), and a necessary representative investigation 
of travel behaviour of citizens has not yet been conducted. The 
values are therefore usually borrowed from foreign sources, e.g., 
from studies [5] and [6]. Nevertheless, those estimates are usually 
higher than the true domestic values. Based on the detailed search 

and analysis of existing methodologies, the value 300 CZK/h has 
been selected for the sake of this paper.  

In the example considered in part 3.2, the travel time for the 
given journey was 21.39 minutes longer in an afternoon peak than 
in the case of a constant velocity of 80 km/h, which corresponds 
to a cost of 106.95 CZK (4.20 EUR).

6. 	Costs of vehicle component replacement

To estimate the costs connected to the need to maintain 
vehicle components, only those components, the lifetime of 
which is rather a function of kilometres driven and driving style 
rather than the vehicle age as such, were considered. The cycle of 
their replacement is usually stated in terms of kilometres driven. 
As it was shown above, the fuel consumption is influenced by 
the driving style, the amount of stoppings and accelerations and 
braking intensity. Therefore, if one transforms the component 
price to a  price per kilometre driven and consequently to the 
price per one litre of consumed fuel, one can evaluate the forced 
stoppings in traffic congestions not only with respect to the price 
of an additional amount of fuel, but with respect to increased 
component replacement costs, as well:

  
lifetime km

CZK

fuel consumption l
km

component price
C

100

f
i

n

1
$

$

=
=

6
6

6
6

@
@

@
@/

	 (24)

To get a rough estimate, one can consider only the components 
that have to be replaced most frequently, their replacement 
rates depend substantially on a  driving style and their prices 
are significant, namely gears (ca. 18  000  CZK  (708 EUR)  per 
120 000 km, brakes (ca. 18 000 CZK (708 EUR) per 120 000 km) 
and tires (ca. 4 000 CZK (157 EUR) per 40 000 km). For the 
model vehicle, one obtains the following estimation of costs given 
by component replacement per litre of a fuel:

.

. CZK .
l
EUR

C
120 000
18 000

120 000
18 000

40 000
4 000

6 9
100

5 80
1

0 23

f $ 0

0

= + +a

a k

k
	 (25)

In the example discussed in part 3.2, the fuel consumption in 
an afternoon peak was 0.65 l of gasoline higher that in the case of 
a constant velocity of 80 km/h. It corresponds to the loss caused 
by additional component replacement in congestions in the range 
of 3.77 CZK (0.15 EUR).

7.	 Conclusion

A question may be raised, what is the value of calculating fuel 
consumption based on the physical model and data (velocity and 
distance) recorded by a floating vehicle, when consumption can 
be measured directly by the testing car. There exist several reasons 
for that. First of all, the measurement of an actual consumption 
is technically difficult. Data from a dashboard computer are only 
approximate, the consumption is estimated on the basis of the 
engine revolutions and openings of a  fuel flap. The more exact 
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a consumption of a truck based on data from a floating personal 
vehicle, even in segments where trucks are not allowed to drive.

The model can also become a  part of a  virtual transit 
simulation on some journey after its planned modification or even 
on a journey that does not exist at all.

In the forthcoming research, we would like to acquire data 
from an accelerometer of a floating car to find the behaviour of 
acceleration as a function of time, with the location control based 
on the GPS, and to use those data for the further improvement 
of the model.

measurement of the actual amount of consumed fuel would 
require the replacement of a standard fuel tank by a special one 
enabling reading fuel decrease. This solution is unusual and 
demanding with respect to realization, as well as operation and 
maintenance. 

The main reason is the fact that a  direct consumption 
measure would only allow to measure the fuel consumption for 
a unique type of a vehicle used as a floating one. The described 
physical model allows the modification of the input parameters 
completely arbitrarily, and thus allows e.g. the estimation of 
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