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POROVNANIE PRISTUPOV ZALOZENYCH NA DUALNOM
VZOSTUPE PRE RIESENIE UMIESTNOVACICH ULOH

COMPARING DUAL ACCESS APPROACHES FOR EXACT SOLUTION

OF LOCATION PROBLEMS

Cldnok sa zaoberd kapacitne neobmedzenymi umiestiiovacimi
ttlohami. Umiestnovacia iiloha pozostdva z umiestriovania nejakych
zariadeni s neobmedzenou kapacitou vo vytvdranej sieti. Zariadenie
moze byt najroznejsieho druhu. MoZe to byt servisné stredisko, ktoré
moze byt umiestnené v uzle dopravnej siete. Dalsi druh zariadenia
moze byt napriklad priamy vlak umiestniovany do dopravného planu.
V porovhani s predchddzajiicim pripadom md toto zariadenie cha-
rakter hrany v grafe.

Zdkladom vypoctovej iispesnosti casto pouZivanej metody vetiev
a hranic je tesnost dolnej hranice. V c¢lanku sii publikované vysledky
numerickych experimentov s metodou dudlneho vzostupu pre rieSenie
uzlovej lokacnej uilohy na rozsiahlej sieti a siu tu porovnané viaceré
mozné pristupy pre vypocet dolnej hranice hranovej lokacnej iilohy.

1. Uvod

Ak sa zaoberame navrhovanim alebo riadenim siefovych systé-
mov, ako su napriklad distribu¢né systémy [2], [6], alebo systémy
vlakotvorby [5], Casto sa stretavame s kapacitne neobmedzenou
umiestnovacou ulohou. Umiestiovacia tlloha pozostava z umiest-
novania nejakych zariadeni s neobmedzenou kapacitou vo vytvara-
nej sieti. Zariadenie mozZe byt najroznejSieho druhu. Moze to byt
servisné stredisko alebo skladisko, ktoré moze byt umiestnené na
useku alebo v uzle danej dopravnej siete. Dalsi druh zariadenia
moze byt napriklad priamy vlak umiestnovany do dopravného
planu Zelezninej dopravnej sustavy. V porovnani s predchadzaju-
cim pripadom, kde zariadenie malo charakter bodu alebo uzla,
v druhom pripade ma zariadenie charakter hrany v grafe.

Oba pripady maju spolocné ¢rty. Kazdé umiestnenie / prida
pevné naklady f; k celkovym nakladom a na druhej strane umozZni
znizit prisluiné operativne naklady. Co sa vypoctovej zloZitosti
tyka, obidve ulohy su NP-fazké. VacSina pristupov k rieSeniu
takychto uloh sa zaklada na vyuziti metody vetiev a hranic, kde
zakladom ich vypoctovej uspeSnosti je tesnost dolnej hranice.
Kapacitne neobmedzena umiestiiovacia uloha tvori vynimku
v triede uloh 0—1 programovania. Ukazalo sa [4], Ze dolna
hranica ziskana rieSenim LP-relaxacie je dobra dolna hranica pre
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The paper deals with exact solution of two uncapacitated location
problems. The location problem consists in placing some facilities of
unrestricted capacity in the formed network. The facility can have
various natures. It could be a service centre, whose location can be done
at a node of the network, or it can be a direct train, which can be placed
into a transport plan. In comparison with the former case, this facility
has the nature of a graph edge.

The key-stone of the computational success of the often used
branch and bound method is the lower bound tightness. This paper,
reports numerical experiments with the dual access approach used for
the solution of the node location problem in a large network and
compares several possible approaches to lower bound enumeration for
the edge location problem.

1. Introduction

When planning and managing network systems, such as
distribution systems [2], [6], or direct train systems [5], various
uncapacitated location problems are often met. The location
problem arises when some facilities of unrestricted capacity are
placed in the formed network. The facility can have various nature.
It could be a service centre or a warehouse, whose location can be
either at an edge or at a node of the given network. The next sort
of facility can be, for example, a direct train, which can be placed
into a transport plan of a railway transport system. In comparison
with the previous case, where the facility has the nature of a point
or a node, this facility has the nature of a graph edge.

Nevertheless, both cases have some common features. Each
placing of the facility 7 brings the fixed cost f; into the total costs.
On the other hand, it enables a decrease in the associated
operational costs. As the computational complexity is concerned,
both problems are NP-hard. Most approaches to the problem
solution are based on the branch and bound method, for which
lower bound tightness is the key-stone of the computational
success. The uncapacitated location problem forms an exclusion
of the family of 0—1 programming problems. It has been proven
[4] that the LP-relaxation lower bound is a good bound for the
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ulohy tohto typu v porovnani s inymi Ulohami, kde tento typ
vypoctu dolnej hranice zlyhal [7]. To viedlo k myslienke pouzit
LP-relaxaciu pre rieSenie ulohy navrhu siete, ktora je Specialnym
pripadom umiestinovacej tlohy, kde umiestiované zariadenie ma
charakter useku.

V dalsich kapitolach sa pokusime porovnat dve tlohy z hla-
diska postupu rieSenia a narokov na objem vypoctov.

2. Modely lokacnych iloh

Uvazujme kapacitne neobmedzenu umiestiovaciu ulohu
s mnozinou / moZnych umiestneni obsluznych stredisk. Nech J je
mnozina zakaznikov, ktorych poziadavky maji byt uspokojované
z umiestnenych zariadeni. Predpokladame, ze pre kazdé umiest-
nenie / € [ je dany pevny poplatok f; a Ze pre kazdu dvojicu (4, ),
kde i € Iaj € J, st zname naklady c; na uspokojenie poziadavky
zékaznika j z miesta i. Zavedme 0—1 premennu y; pre kazdé
mozné miesto i € I, aby sme opisali rozhodnutie o umiestneni
(»; = 1) zariadenia v tomto mieste, alebo opacné rozhodnutie
(y; = 0). Oznacme x; Cast j-tej poziadavky uspokojovanej z miesta
i. Potom s vyuZitim vysSie spomenutych konstant f; a ¢; mozeme
sformulovat nasledujuci model:

minimalizujte  f(x,y) = Z fiyi + Z z Cy Xy nH
i€l i€l jEJ
za podmienok Z x; =1 prej€J 2)
iel
X; =V, prei€laje] 3)
x;=0 prei€laje] (4)
yi € {0,1} prei €1 (5

V modeli podmienky (2) zabezpeCuju, Ze kazdy zakaznik
bude obsluzeny. Podmienky (3) si vynttia umiestnenie zariadenia
na miesto i kedykolvek je lubovolna ¢ast poziadavky lubovolného
zakaznika uspokojovana z tohto miesta.

Dalej sa budeme zaoberat druhou z uloh, ktora je znama ako
uloha navrhu siete. Tu je pevny poplatok f; spojeny s umiestnenim
hrany (i, j) (priameho spojenia alebo priameho vlaku) a naklady
¢;j vyjadruj, o stoji preprava toku zacinajiceho v r a kon¢iaceho
v s cez hranu (i, j). Ulohou je minimalizovat celkové naklady na
prepravu n X n objemov P, z kazdého r do kazdého s, kde r = 1,
o, s=1,..,nr#s.
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problem in this case, in contradiction to the other problems where
this sort of lower bound failed [7]. It allows for the idea to use the
LP-relaxation for the network design problem, which is a special
sort of location problem where the placed facility has the nature
of edge.

In the next chapter we try to compare the two problems from
the point of view of solution procedures as well as computational
effort.

2. Location problem models

Let us consider the uncapacitated location problem, in which
service centre locations are searched over set / of possible places.
J is a set of customers, whose demands are to be satisfied from the
placed facilities. We assume that for each possible location i € I,
a fixed charge f; is given and that for each pair (i, j), where i € [ and
J € J, the cost ¢; of demand satisfaction of customer j from
location i is known. Let us introduce 0—1 variable y; for each
possible facility location i € I to describe the decision of placing
(»; = 1) afacility at the location or the opposite decision (y; = 0).
Let x; denote the fraction of j’s demand supplied from the facility
i. Then, employing the above mentioned constants f; and ¢; we can
form the following model:

minimize fixy) = Z Lyt Z Z Cy Xy (1)
= €1 jEy
subject to Z x; =1 forjeJ (2)
=y
X; =y, fori€landjeJ (3)
;=0 fori€landjEeJ (4)
yi €{0,1} foriel %)

In this model, constraints (2) ensure that each customer
demand is served. Constraints (3) force placement of a facility at
location i whenever any part of the demand of any customer is
served from the location.

Now let us consider the second problem, the network design
problem. Here, fixed cost f,, is associated with placing arc (i, j)
(a direct connection or a direct train) and cost cff to be paid for
the transport of the whole flow originating at r and terminating at
s along arc (i, j). The objective of the problem is to minimize the
total costs for transport of all » X n amounts P, from each r to
eachs,whenr=1,...,n,s=1,..,nr#s.

n n n n n n
minimize fix,y) = Z Zfijy,-, + z Z z ;X (6)
=1 j=1 =1 s=1 i=1 j=1
J#Fi SFr J#Ei
n n
subject to X; = Z x; forr=1,..,n,s=1,.., nr#s, j€ll,..n}—{rs} @)
i=1 i=1
i#j i
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Z x:f =1 forr=1,.,n5s=1,.,nr#s (8)
P

n

Z xp =1 Jorr=1..n5=1.,nr#s 9)
P
xf; =y; forr=1..n,s=1..nr#si=l.,nj=l.,ni#]j (10)
xf-;z 0 forr=1..ns=1..nr#si=l.,nj=l.,ni#*]j (11)
y; € {0.1] Jori=1l.,nj=1l.,ni#j (12)

3. Vypoctova zlozitost umiestiovacich uloh

Ak pouzijeme pre prehladavanie stromu rieseni schému pre-
hladavania do hibky, bude maf metoda vetiev a hranic, pouzita
pre rieSenie umiestnovacej ulohy, nasledujuci tvar:

Vetva v strome rieSeni je urena tromi disjunktnymi podmno-
Zinami, ktoré su rozkladom mnoziny vsetkych miest. Oznacme
tieto tri podmnoziny V, Z a N. PodmnoZiny obsahuju miesta, pre
ktoré bolo rozhodnuté o umiestneni (V), kde boli umiestnenia
zakazané (Z) a miesta, pre ktoré Ziadne rozhodnutie doposial
nebolo urobené (N). Vetva predstavuje mnozinu pripustnych
rieSeni umiestiovacej ulohy, pre ktoré premenné y splauju pod-
mienky uréené mnozinami V, Z. Ak skimame vetvu, pre vsetky
rieSenia v nej obsiahnuté je vypocitana dolna hranica hodnot ich
ucelovych funkcii. Ak je dolna hranica vacSia ako hodnota ucelo-
vej funkcie sucasného najlepSieho pripustného riesSenia, je vetva
prehlasena za preskimanu a uskutocni sa navrat k predchadzaju-
cej vetve (otcovi). V opa¢nom pripade je vetva skiimana s pouZzi-
tim postupu vetvenia. Postup pozostiva z vyberu miesta
z mnoziny N a z vytvorenia dvoch novych vetvi (synov) pomocou
rozhodnutia o umiestneni alebo neumiestneni zariadenia. Prva
vetva je vytvorena zdkazom umiestnenia vo vybratom mieste
a druha umiestnenim zariadenia. Prehladavanie pokracuje skiima-
nim prvej vetvy a ak sa prehladavanie vrati nazad, je skumana
druha vetva. Ak je aj druha vetva preskimana a prehladavanie sa
vrati druhy raz naspat, potom je za preskimanu oznacena aj vetva-
otec a prehladavanie sa vrati k predchadzajtcej vetve. V priebehu
vypoctu dolnej hranice sa obyCajne najde pripustné rieSenie ulohy.
Toto pripustné rieSenie je porovnané so suc¢asnym najlep$im rie-
Senim a to je aktualizované. Je zrejmé, Ze pocet skiimanych vetiev
ako aj Cas prehladavania zavisi od kvality dolnej hranice. Urobili
sme vyskum [4] niekolkych typov dolnych hranic pre prva
z umiestnovacich uloh a ukazali sme, ze Erlenkotterova hranica
[3] umoznuje riesit rozsiahle lohy v rozumnom case. To nas
viedlo k myslienke, Ze by podobny pristup k ulohe navrhu siete
mohol tieZ priniest uspech.

4. Dolné hranice pre umiestinovacie ulohy
Erlenkotterova dolna hranica [3] je ziskana ako dolny odhad

optimalnej hodnoty ucelovej funkcie LP-relaxacie modelu (1)-(5)
vzhladom na mnoziny V, Z, N. V tomto pristupe ako dolny odhad

3. Computational intractability of the location problems

Having used the ,Depth first scheme® for tree search, the
procedure of branch and bound method used for the location
problem has the following form:

A node of the search tree is determined by three disjoint subsets
which cover the set of possible facility locations. Let us denote the
three subsets V, Z and N. The subsets contain locations where the
decision of facility placing was made (V), where the facility placing
was forbidden (Z), and where no decision has been made yet (N).
The node represents a set of feasible solutions of the location
problem whose values of y variables satisfy constraints given by sets
V, Z. When investigating the node, a lower bound on objective
function values of all feasible solutions of the node is determined. If
the lower bound is higher than the objective function value of the
current best feasible solution, then the node is said to be fathomed
and backtracking to the previous node (father) is made. In the
opposite case, the node is investigated using branching procedure.
This procedure consists of selecting a location from set N and
forming two new nodes (sons) making a decision of the facility
placing at the location. The first of the sons has forbidden placing
at the location and the second has ordered placing. The search
continues by the first son investigation and when the search comes
back to the node, it is continued by the second son investigation.
When the second son is fathomed and the search comes back to the
node second time, then the node (father) is declared fathomed and
backtracking to the previous node is made as well. During the lower
bound computation a feasible solution of the location problem is
usually produced. This feasible solution is compared with the
current best solution and the current solution is updated.

It is obvious that the number of investigated nodes and the
time of the whole search depend on lower bound quality. We have
researched [4] several types of lower bounds for the first problem
and proved that Erlenkotter’s bound [3] enables us to solve large
problems in a sensible time. It evokes an idea that a similar
approach may be condusive to computational success when
solving network design problems.

4. Lower bounds for location problems
Erlenkotter’s lower bound [3] is obtained as a lower bound esti-

mation of an optimal objective function value of LP-relaxation of the
model (1)«(5) with respect to sets ¥, Z, N. Considering this approach,
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sluzi hodnota ucelovej funkcie dudlneho pripustného rieSenia.
Redukovana dualna uloha pre model (1)-(5) je

maximalizujte  g(v) = Z v; (13)
JEJ
za podmienok Z max{y; — ¢; 0} = f; prei €N  (14)
JEJ
v = min{c;:i € V) prejed  (15)

Pre vypocet dolnej hranice je pouzity algoritmus dualneho
vzostupu [3], ktory najde dobré pripustné rieSenie ulohy (13)-
(15). Dolna hranica je dalej zlepSena algoritmom Uprav dualnych
premennych a postup sa opakuje pokial je mozné zlepSovat
hodnotu g(v).

Dolnt hranicu ulohy navrhu siete [1] je mozZné taktiez ziskat
ako dolny odhad LP-relaxacie (6)-(12). Aby sme obdrzali dobré
pripustné dualne rieSenie, bol pouzity nasledujici model:
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the objective value of a dual feasible solution serves as the lower esti-
mation, when the reduced dual problem for model (1)-(5) is:

maximize glv) = Z v (13)
i€
subject to > max{y, — ¢;, 01 <, JorieN  (14)
=
v < min{c;:i € V] Jorjed  (15)

Computing the lower bound, the dual ascent algorithm [3] is
used to get a good feasible solution of (13)-(15). Then the lower
bound is improved by the dual adjustment algorithm and the
process is repeated until any improvement of g(v) is obtained.

The lower bound of the network design problem [1] can be
obtained as the lower bound of LP-relaxation (6)-(12) as well. To
get a good feasible dual solution, the following model can be used:

n n
minimize glw,v) = Z vy (16)
r=1 s=1
SFr
n n
subject to D> wisf, fori=lewnj=leoni#) (17
=1 =1
" i‘#r
vi—viscp+wp forr=L.,ns=lL.,nr#si=lL.,ni#rj{l..»n}—{ri (18)
vi=cp +wp Jorr=1,.,n,5s=1,..,nr#s, j{L,...n}—{r} (19)
Vi =cjtwp  forr=lLo,ns=lL.,nr#si=l.,ni*r (20)
w,’j =0 forr=1..ns=1..nr#si=l.,nj=1..ni#+j (21

V tomto pripade, je zlepSenie pomocou dualneho vzostupu
dosiahnuté zvySenim wj; a nasledujucim rieSenim uloh najkratsej
cesty v redukovanej dopravne;j sieti, v ktorej ohodnotenie hrany

(i, )) je rovné ¢ + wj.

5. Vypoctové skusenosti

Aby sme rozhodli, ¢i Erlenkotterova hranica méze byt preko-
nana konstrukciou inej dolnej hranice, urobili sme experimenty
s modelom slovenskej ZelezniCnej siete s mnozinou 457 signifi-
kantnych stanic [4]. Dané per-

In this case, the dual ascent improvement is made by an
increasing of wj; and by following the solution of the shortest path
problems in the reduced network, in which the cost of arc (i, j) is

equal to ¢} + w7

5. Computational Study

To answer the question if Erlenkotter’s bound can be
improved by some other lower bound construction in some
instants, experiments were carried out on a model of the Slovak

railway network with a set of 457

cento stanic bolo povazované za Tab. 1 significant stations [4]. A given
mnoZinu moznych umiestneni Network AvgTime StdTime percentage of the stations was
(vlakotvorné stanice) I. Percenta NO2 038 0.6 taken as possible facility loca-
boli 10 %, 20 %, 30 %, 40 %, tions (train-forming stations) to
50 %, 60 % a zodpovedajice oz- No4 108 111 form set I. The percentages were
nacenie tried loh bolo postup- NO6 76.4 119 10%, 20%, 30 %, 40 %, 50 %,
ne NO2, N04, N06, NO8, N10 NO8 106.3 107.5 60 % and associated notation of
a N12. Kazda trieda pozostavala N10 693.6 967.4 the class of instances were N02,
z deviatich uloh. Experimenty NI2 1050.0 16044 NO04, N06, N08, N10 and N12
boli vykonané na osobnom poci- respectively. Nine instances were
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¢aci Pentium 75 MHz a ukazalo sa, Ze v ziadnom pripade neboli
iné konstrukcie dolnej hranice lepsie ako Erlenkotterova hranica.
Priemerny Cas vypoctu v sekundach a smerodajna odchylka pre
devit uloh kazdej triedy su uvedené v tabul'ke 1.

Aby sme porovnali rozne typy vypoctu dolnej hranice pre
ulohu navrhu siete, testovali sme tri pristupy. Postupne sme urobili
Lagrangeovu relaxaciu a jednoduchu relaxaciu (7) a potom sme
zlepsili ziskanou dolnd hranicu

obtained for each class with the given set of facility locations. The
experiments were carried out on a personal computer with
Pentium 75 MHz and showed that no instance of other tested
bounds was better than the Erlenkotter’s one. Average time of com-
putations in seconds and standard deviations of nine instances for

each class are reported in Table 1.
To compare various types of lower bound of the network
design problem, three approaches were tested. We made
Lagrangean and simple relax-

v prvom a druhom pripade Tab. 2 4tion of (7) respectively and then
dodanim saturac¢nej podmienky. Network Subgradient Saturation Dual Ascent we improved the obtained lower
V prvom pripade sme pouzili Time [s]| Nodes |Time [s]| Nodes |Time [s]| Nodes | bound by additional saturation
subgradientovi metddu pre zlep- PrO5-1dat | 11783 | 40651 3129 | 40229 3 647 constraints in both cases.
Senie dolnej hranice. Prosadat| 10748 | 42175 | 3603 | 46304 149 1883 In the first case we gsed the
subgradiental method to improve
V trefom pripade sme Pr05-3.dat | 19288 | 45099 | 3779 | 48518 106 1352 | the lower bound.
pouzili Balakrishnanov pristup | PrO5-4.dat| 16055 | 59844 [ 5050 | 64592 [ 143 1308 The third tested approach
zaloZeny na dualnom vzostupe | Pr05-5.dat| 11794 | 45110 | 2780 | 35813 205 2596 was Balakrishnan’s dual ascent
[1]. Pre vel’ké Casové naroky boli Average 13934 | 46576 3668 47091 131 1657 procedure [1]. Due to the large
e'xp,enmenty urobené na pla‘uch Std. Dev. 3624 7662 867 10991 57 719 time cons'umptlon of the' prob-
siefach s n = 5. Experimenty lem solution, the experiments

boli urobené na vysSie uvede-

nom osobnom pocitaci a ukdzali, Ze Ziadna ina testovana hranica
nebola lepsia ako t4, ktora bola ziskana pomocou dualneho vzo-
stupu. Cas vypoctu v sekundach a pocet preskimanych vetiev je
uvedeny v tabulke 2.
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