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DOPRAVNO-OPTIMALNY ROZKLAD REGIONU

TRANSPORT-OPTIMAL PARTITIONING OF A REGION

V tomto clanku za zaoberdme iilohou clenenia obyvaného regionu.
Takéto clenenie sa vykondva kedykolvek sa meni verejnosprdavna
sustava. Na dostupnost sluZieb md vplyv aj formovanie podregionov
aj umiestnenie ich stredisk. Ak je sluzba poskytovand obyvatelom

umiestnend v stredisku podregionu, moZe byt vycislend dostupnost

a moZe byt riesend iiloha optimdlneho rozkladu regionu a umiestne-
nia stredisk. Tento clanok uvddza rozne iilohy rozkladu a prislusné
metody ich rieSenia pre rozsiahlé pripady z praxe.

1. Uvod

Struktura kazdej verejno-spravnej sustavy odraza lokalne a glo-
balne politické udalosti a ma do istej miery vplyv na socialne zale-
Zitosti. Okrem tychto suvislosti struktura ovplyviiuje dizku cesty,
ktoru musi obyvatel regionu prejst, aby sa dostal k sluzbe, ktora je
obvykle umiestnena v stredisku regiénu. Tato dopravnu charakte-
ristiku je mozné lahko vyhodnotif a aj ked nemdze byt povazo-
vana za univerzalne kritérium kvality verejnospravnej sustavy,
mala by byt povinnou castou kazdého navrhu verejnospravnej
sustavy.

Dostupnost sluzieb ako meradlo kvality verejnospravnej
sustavy moze byt definované ako priemerna dizka, ktorti musi pre-
cestovat obyvatel podregionu, aby dosiahol najblizSie stredisko
podregionu. Toto kritérium kvality moze byt vyhodnotené pre
[ubovolny navrh Struktury verejnospravnej sustavy, danej umiest-
nenim stredisk podregiénov za predpokladu, Ze prislusné podregi-
ony su vytvorené priradenim obyvatela k najblizSiemu stredisku
podregionu. Navyse je mozné formulovat a riesit ulohu optimal-
neho vyberu umiestneni stredisk podregionov za danej mnoziny
moznych umiestneni tak, aby vysledné kritérium dostupnosti bolo
¢o najlepsie.

Kritérium dostupnosti nepokryva celkom pojem kvality navrhu
verejnospravnej sustavy, pretoze pojem kvalita ma aj ekonomické
aspekty. Tieto aspekty nedovoluju ani vytvorif fubovolny pocet
podregionov, ani umiestnit strediska podregionov v fubovolnych
miestach. To je dovod, preco obmedzenie poctu podregionov vstu-
puje do tejto tlohy ako protivaha dostupnosti.
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This paper deals with a problem of inhabited region partitioning.
The partitioning is performed when a public administration system is
changed. Location of subregion centres is usually connected with the
partitioning. Both of these activities, the location subregions centres
and forming of the subregions, have impacted public service accessibi-
lity. When the service provided to inhabitants is concentrated in the
subregion centres, accessibility can be evaluated and the problem of
optimal partitioning and centre location can be solved. This paper
shows various partitioning problems and reports on associated solution
techniques and results obtained for real-sized instances.

1. Introduction

The structure of any public administration system reflects local
and global political affairs and has an affect upon social events to
some extent. Beside these connections, the structure influences
the length of a trip, which has to be travelled by an inhabitant of
a region to access a service that is usually located at a regional
centre. This transport characteristics of a public administration
structure is easy to evaluate and even if it cannot be considered as
universal quality criterion of a public administration system, it
should be an obligatory part of every public administration system
design.

The service accessibility as a measure of the public adminis-
tration system quality can be defined as average length, which
must be travelled by an inhabitant of the subregion to reach the
closest subregion centre. This quality criterion is possible to eva-
luate for any public administration system structure design given
by subregion centre locations on consideration that the associated
subregions are formed by assignment of an inhabitant to the closest
subregion centre. Furthermore, it is possible to formulate and solve
the problem of optimal selection of subregion centre locations
from a given set of possible locations, so the resulting accessibility
criterion would be the best possible.

However, the accessibility criterion does not cover the whole
term of the quality of public administration system design, because
this term “quality” even has economical aspects. These aspects
allow neither to form an arbitrary number of subregions nor to
locate subregional centres in arbitrary places. That is why the con-
straint on the number of subregions enters this problem as a coun-
terbalance to the accessibility.
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V rozsahu tohto ¢lanku sa pokusime odhadnut vplyv poctu
podregionov na priemernu dopravnu zataz obyvatela. Dalej budeme
studovat dosledky poziadavky na rovnomerné rozdelenie obyvate-
lov medzi navrhovanymi podregionmi z hladiska vyuZzitia vypocto-
vych metod.

2. Uloha dopravno-optimalneho rozkladu regionu

V nasledujicej sekcii budeme predpokladat, Ze v celom regione
je dana dopravna siet. Siet spaja n obci a je znamy pocet obyvate-
lov b; v kazdom mieste j = 1, ..., n. Oznacujeme {d;} maticu vzdi-
alenosti medzi kazdou dvojicou obci. Nasim cielom je vytvorit
p zhlukov (podregiéonov) obci a ur€it pre kazdy zhluk S, k = 1,
..., p jedno stredisko i, podregionu z mnoZiny moZnych umiest-
neni stredisk {1, ..., m]} tak, aby miera dostupnosti, dana nasle-
dujucim vyrazom, bola ¢o najmensia.

P n D

Uvedeny vyraz vyjadruje priemernu vzdialenost obyvatela od
strediska podregionu a koeficient Cij je prispevok miesta j k tomuto
kritériu v pripade, Ze miesto je priradené k stredisku 7.

Oznacme x; € {0, 1} nula-jednotkovii premennt, ktora vyjad-
ruje, €i obec j ma alebo nema byt priradena stredisku podregionu
i. Nula - jednotkova premenna y; € {0, 1} modeluje rozhodnutie,
Ci stredisko podregionu ma alebo nema byt umiestnené v mieste i.
Potom model optimalneho vytvarania podregidnov moze byt zapi-
sany nasledujucim spésobom:

m n

minimalizujte Z z Cy X (1)
= o

i=1j

za podmienok Z x;=1 prej=1,...,n 2)

X; = prei=1,...mj=1...,n (3)

NgE

=D 4)
Xp ¥y, €(0, 1} prei=1,....m, j=1,...,n. (5)

Co je uloha o p-mediane v sieti s kladnymi ohodnoteniami
hran.

V modeli podmienky (2) zabezpecuju, aby kazda obec bola
priradena prave jednému miestu z mnoZiny moZnych umiestneni.
Podmienky (3) sposobia, Ze ak je obec priradena niektorému
z moznych miest, tak tam bude umiestnené stredisko podregionu.
Podmienka (4) nepovoluje prekroCif pozadovany pocet podregio-
nov. Skuto¢nost, Ze ohodnotenia hran su kladné sposobi, Ze bude
umiestnenych presne p stredisk.

3. RieSenie ulohy dopravno-optimalneho rozkladu regionu
Zavedme Lagrangeov multiplikator f'pre podmienku (4), ktora

bude uvol'nena, potom tloha (1) - (5) mo6ze byt preformulovana
nasledujucim spdsobom:

Within scope of this paper, we try to estimate an influence of
the number of subregions to an inhabitant’s average transport load.
Furthermore, we shall study consequences of the demand on
uniform distribution of inhabitants over designed subregions from
the point of exploitation of the computational methods.

2. Transport-optimal region partitioning problem

In the following sections, we shall assume that a transport
network covers the whole region. The network connects n dwelling
places and there is known number b; of inhabitants at each place
J=1,...,n. We denote {d;} matrix of distances between each pair
of dwelling places. Our goal is to form p clusters (subregions) of
dwelling places and to determine one subregional centre i, for
each cluster S, k = 1, ..., p from a set of possible centre locati-
ons {1, ..., m}, so the measure of accessibility given by the follow-
ing expression be as small as possible.

P n P
(&5 ($)-5 2o

The referred term expresses the average distance of inhabitant
to subregional centre and the coefficient ¢, ; is the contribution of
the dwelling place j to this criterion in the case that the dwelling
place is assigned to the centre .

Let us denote x; € {0, 1} the zero - one variable, which
expresses if dwelling place j should or should not be assigned to
subregional centre i. Zero - one variable y, € {0, 1] models the
decision if a subregional centre should or should not be located at
place i. Then a programme of optimal subregion forming may be
completed in the following way:

m n
minimise Z Z Cy Xy (1)

i=1 j=1
m

subjet to Zx!.,:l forj
=1

Il
—
B

2)

Xy = fori=1,...mj=1,...,n (3)
D vi=p (4)
=

Xp i €10, 1) fori=1,..,m, j=1,...n. 5)

What is p-median problem in a network with positive weights
of edges? In this programme, constraints (2) ensure that each
dwelling place must be assigned to exactly one place from the set
of possible locations. Constraints (3) cause a subregion centre to
be placed at possible location i/ whenever some dwelling place is
assigned to the location. Constraint (4) does not allow to overstep
the demanded number of subregions. The fact that all weights of
edges are positive causes that p centres will be placed.

3. A technique for transport-optimal region
partitioning problem

Let us introduce Lagrangean multiplier f for constraint (4),
which is to be relaxed, and then the problem (1) - (5) can be
reformulated this way:
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Ndjdite f= 0, také, aby hodnoty premennych y,, i =1, ...,
m optimalneho riesenia ulohy (6), (2), (3), (5) spinali podmienku
(4) ako rovnost. Uvazovana ucelova funkcia je

m m n
nyﬁzzcﬁxm (6)
=1 i=1j=1

Ak f je pevne zvolené,
potom model (6), (2), (3), (5)
opisuje kapacitne neobmedzenu
umiestiovaciu ulohu. Pre rieSe-
nie ulohy s nezapornymi hodno-
tami f a {c;}, sme vyvinuli
a implementovali proceduru
BBDual [1], [3], [4]. Pri testo-
vani v priebehu vypoctovych
experimentov s velkymi sietami,
procedira preukazala svoju
schopnost riesit rozsiahle ulohy
dostato¢ne rychlo na to, aby ju
bolo mozné pouzivat opakovane
v zloZitejSich algoritmoch. Aby
sme nasli pozadovani hodnotu f, konstruovali sme algoritmus,
v ktorom funkcia Q(f, c¢) vydava pocet premennych y;, ktorych
hodnota je rovna jednej v optimalnom rieSeni tlohy (6), (2), (3),
(5) pre zadané f; c.

Obr. 1.
Fig. 1.

0. Polozte fyy, = 0, fue = >, max(c,:i=1,,m],
j=1

I= Griax = Foun)/2-

1. Pokial (Q(f, ¢) # p) a (f,uux — Srin = €) Opakujte.
Ak (Q(f, ¢) > p, potom poloZte f,,,, = f, inak polozte f,,,.. = f-
Polozte /= (f,uux — Srnin)!2-

Optimalne rieSenie <y, x> ulohy (6), (2), (3), (5) pre vysledné
fnemusi nutne spifat podmienku (4) ako rovnost. Napriklad pre
siet na obr. 1 neexistuje Ziadne ftaké, pre ktoré by optimalne rie-
Senie (6), (2), (3), (5) spialo podmienku (4) ako rovnost. V sieti
na obr. 1 sa predpoklada b; = 1 pre obce j = 1, ..., 10, dalej Ze
mnozina moznych umiestneni je totozna s mnozinou obci a ze
p=2.

Po vykonani experimentov na realnych siefach uvedenych
v nasledujucej sekcii bolo zistené, ze vyssie uvedeny algoritmus vo
vsetkych pripadoch nasiel rieSenie s pozadovanym poctom podre-
gionov.

4. Uloha kapacitne obmedzeného rozkladu regionu

V tejto sekcii sa budeme zaoberaf pripadom, ked treba okrem
podmienky neprekroc¢enia maximalneho poctu p podregionov res-
pektovat aj podmienku, Ze pocet obyvatelov ziadneho podregionu
nesmie byt menSi ako zadany pocet ¢. Tato tloha je riesitelna iba
ak plati nasledujica nerovnost ¢ < b/p, kde b oznacuje celkovy
pocet obyvatelov v delenom regione. Navyse, ak je splnena pod-
mienka b/(p+1) < g podmienka (4) nemusi byt sucastou prislus-
ného modelu.
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Find f= 0, so that values of variables y;,, i = 1, ..., m of the
optimal solution of problem (6), (2), (3), (5) meet constraint (4)
as equality. The considered objective function is

nyﬁzzcﬁxg-- (6)
i=1 i=1j=1

If fis fixed, then problem (6), (2), (3), (5)
forms an incapacitated location problem. To
solve the problem for nonnegative values of
fand {c;}, we devised and implemented proce-
dure BBDual [1], [3], [4]. Being tested during
computational experiments with large net-
works, the procedure proved to be able to
solve large-sized problems quickly enough to
be used repeatedly in more complicated algo-
rithms.

To find demanded value f, we have
completed an algorithm, in which function
O(f, ¢) gives number of variables yi ,which
value is equal to one in the optimal solution of
problem (6), (2), (3), (5) for given f, c.

0. Set £, =0, fx = Z max{c; 1 i=
= Soin)2- =t

15 sm}» f: (fmux -

1. While (O(f; ¢) # p) and (f,,,, — fruin = €) Tepeat.
If (O(f, ¢) > p then set f,,;, = f, otherwise set f,,,. = /.

Setf: (fmax _j;nin)/z'

Optimal solution <y, x) of the problem (6), (2), (3), (5) for f
resulting from the algorithm above provides both subregional
centres (there are those, for which y, = 1 holds) and subregions
given by the assignment of dwelling places to subregional centres
(dwelling place j is assigned to place / if and only if x; = 1 holds).

It is necessary to remark that the optimal solution <y, x> of
problem (6), (2), (3), (5) for resulting f need not necessarily meet
constraint (4) as equality. For example, there is no f, so that an
optimal solution of (6), (2), (3), (5) meets constraint (4) as equa-
lity for the network in Fig. 1. In the network in Fig. 1, there is con-
sidered b; = 1 for dwelling placesj = 1, ..., 10, the set of possible
locations in identical to the set of dwelling places and p = 2.

Having performed the experiments on real networks reported
in the next section, it was found that the above-mentioned algo-
rithm reached solution with the demanded number of subregions
in all instances.

4. The capacitated region-partitioning problem

In this section, we shall focus on a case, when not only the
constraint of maximal number p of subregions should be kept but
also number of inhabitants of no particular subregion should be
lower than given number ¢. This new problem is solvable only if
the following inequality holds ¢ < b/p, where b denotes the total
number of inhabitants of the partitioned region. Furthermore, if
in addition the constraint b/(p+1) < ¢ is met, constraint (4) need
not be included into the associated model.
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Zavedme nulajednotkové premenné x; a y;, aby sme modelo-
vali tie isté rozhodnutia ako v predchadzajucej sekcii a pouzime
tie isté oznacenia koeficientov, potom méZeme opisat tito nova
ulohu nasledovne:

m n

minimalizujte Z Z Cy Xy @)
i=1j=1
m

za podmienok Z x;=1 prej=1,...n (8)
i=1
X =V prei=1,....m, j=1..,n (9)

(10)

n
bix;=qy; prei=1,...m
=1

J

X0 €00, 1  prei=1,...mj=1, ... n. (11)

Vo vyssie uvedenom modeli podmienky (8) zabezpecuju, aby
kazda obec bola priradena prave jednému miestu z mnoZiny
moznych umiestneni. Podmienky (9) sposobia, Ze ak je obec pri-
radend niektorému z moznych miest, tak tam bude umiestnené
stredisko podregionu. Podmienky (10) zabezpecuju, Ze kedykolvek
bude stredisko podregionu umiestnené v mieste #, tak mu musi byt

priradenych prinajmensom ¢ obyvatelov.

5. RieSenie ulohy kapacitne obmedzeného
rozkladu regionu

Pre rieSenie ulohy (7) - (11) sme navrhli heuristicki metdodu,
ktorej vystupom nie je iba suboptimalne riesenie, ale aj dolna
hranica optimalneho rieSenia. Metoda pozostava z exaktného rie-
Senia Lagrangeovej relaxacie ulohy (7) - (11) a z dvojfazovej
vymennej heuristiky.

Ziskané rieSenie Lagrangeovej relaxacie poskytuje dolnu hra-
nicu hodnoty optimalneho rieSenia. Dvojfazova heuristika Startuje
z nepripustného rieSenia ziskaného exaktnym rieSenim Lagrange-
ovej relaxacie a zniZuje nepripustnost vzajomnymi vymenami obci
z roznych podregidonov.

Lagrangeova relaxacia bola pouzita pre uvolnenie podmienok
(10). Pre kazdu podmienku tohto typu bol zavedeny Lagrangeov

multiplikator u,, pre i = 1, ..., m a sucet Z u; (qyi - Z b; xi,)
i=1 j=1

bol pridany k ucelovej funkcii (7). Tymto sposobom sme ziskali

nasledujuci model:

m

minimalizujte g(u, x, y) = Z(u,.q)yi + Z Z(c,-j — bjuyx; (12)

i=1 i=1,=1

za podmienok (8), (9), (11).

To je opat kapacitne neobmedzena uloha, ktora je riesiteIna
pre pevne nezaporné u; vyssie uvedenou procedurou BBDual.

Let us introduce zero to one variables x; and y; to model the
same decisions as in previous section and let us use the same nota-
tion of the coefficients, then we can describe this new capacitated
problem by the model:

minimise Z Z Cy Xy @)
i=1j=1

subjet to Z x;=1 forj=1,..,n (8)
i=1
X; =y fori=1,...m j=1...,n 9%

i

(10)

n
bix;=qy;, fori=1,..,m
i=1

J

x,,,y,.E[O,l] fori=1,...mj=1,...,n. (11)

In the above programme, constraints (8) ensure that each
dwelling place must be assigned to exactly one place from the set
of possible locations. Constraints (9) cause a subregion centre to
be placed at possible location / whenever some dwelling is assign-
ed to the location. Constraint (10) ensures that whenever a sub-
region centre is located at place /, then there must be assigned at

least ¢ inhabitants to the place.

5. A technique for the capacitated region
partitioning problem

To solve problem (7)-(11), we designed a heuristic method,
whose outputs are not only a suboptimal solution but also a lower
bound on the optimal solution. The method consists of exact
solving the Lagrangean relaxation of problem (7)-(11) and of -
a two-phase improvement exchange heuristic.

The obtained solution of the Lagrangean relaxation gives the
lower bound on objective function value of the optimal solution.
The two-phase exchange heuristic starts from the infeasible solu-
tion obtained by the exact solving of the Lagrangean relaxation
and lowers the infeasibility by mutual exchanges of the dwelling
places from different subregions.

The Lagrangean relaxation was used to relax constraints
(10). For each constraint of this type nonnegative Lagrangean
multiplier u;, for i = 1, ..., m m was introduced, and the sum

NE

u; (qy,- - Z b; x!.,) was added to the objective function (7).

1 Jj=1

This way we get the following model:

n

minimise g(u, x, y) = Z(u,q)y,. + Z Z(c,-j = bu)x; (12)
i=1 i=1j=1

subject to (8), (9), (11).

This is again an incapacitated location problem, which is sol-

vable by the above-mentioned procedure BBDual for fixed nonne-
gative u;.
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Hodnota ucelovej funkcie (12) optimalneho rieSenia ulohy
(12), (8), (9), (11) pre pevne zvolené u poskytne dolnu hranicu
(LB) tucelovej funkcie optimalneho rieSenia ulohy (7) - (11).
Hodnota ucelovej funkcie (7) pre [ubovolné pripustné rieSenie (7)
- (11) je hornou hranicou (UB) optimalneho rieSenia ulohy (7) -
(11). Ak je znama horna hranica UB, potom mdze byt dolna hranica
zlepSena pouzitim subgradientovej metody s pravidlom zastavenia
urenym hodnotou ,presnosti“ 8. Subgradientova metoda postu-
puje podla nasledujucich krokov:

0. Polozteu =0a LB = —oo.

1. Pre zadané u vypocitajte optimalne rieSenie ulohy (12), (8),
(9), (11) a oznacte ho <x(u), y(u)}. Prislusnu hodnotu ucelovej
funkcie oznacte g.

2. Ak g > LB, potom chod’te na krok 3 inak chod'te na krok 4.

3. Polozte LB = g a urcte gradient G z funkcie g(u, x, y) obme-
dzeny na zlozky z u v bode <u, x(u), y(u)>

podla G; = qy,(u) — Z byx(u)yprei=1,...,m.
J=1
Vypogitajte G = > (G)’. A uréte a = 0.9(UB — LB)/G".
i=1

Ak « < §, koncte, inak definujte subgradient G podla
G, = (max{0,u;, + a G}} — u;)/aprei =1, ..., m, a vykonajte
krok subgradientovej metody s pouZitim vztahu u; = u; + a G,
pre i = 1, ..., m a pokracujte krokom 1.

4. Ak a < & koncte, inak vykonajte krok subgradientovej metody
podla vztahu u; = u; — 0.1a G, pre i = 1, ..., m, polozte o =
= 0.9« a pokracujte krokom 1.

Aby sme ziskali pripustné rieSenie ulohy (7) - (11), vyvinuli
sme Lagrangeovu heuristiku, ktora vyuziva vysledné rieSenie (x(u),
y(u)> zo subgradientovej metody. Tato heuristika identifikuje kazdu
obec j, ktora moZe byt priradena inému podregionu bez toho, aby
sa pocet obyvatelov znizil pod hodnotu ¢. V dalSom kroku st iden-
tifikované vSetky sucasné podregiony, v ktorych je pocet obyvate-
Tov mensi ako ¢g. Potom st Specifikované obce priradené niektorému
zo Specifickych podregionov podla stratégie ,,najlepsi vhodny* tak,
aby prisluchajice zvysenie ucelovej funkcie (7) bolo minimalne.
Ak po prehladani vsetkych pripustnych zmien nebolo najdené
ziadne pripustné rieSenie, potom je vybraty podregion s najmensim
poctom obyvatelov a je zruSeny. Obce prisluchajice zrusenému
podregionu su priradené inym podregionom podla spomenutého
pravidla.

Pre dalSie zlepSenie rieSenia ziskaného Lagrangeovou heuris-
tikou sme zostrojili vymennu heuristiku, zalozenu na stratégii ,,prvy
vhodny“. Tato heuristika postupne skiima pripustné dvojice obci,
ktoré st priradené réznym podregiénom a ktorych vzajomna vy-
mena nesposobi pokles poctu obyvatelov pod hodnotu ¢ v ziadnom
z dotknutych podregionov. Kedykolvek heuristika najde pripustnu
dvojicu obci, ktorych vymena spdsobi pokles ucelovej funkcie (7),
vymena sa vykona. Heuristika ukonci svoju ¢innost, ak vSetky pri-
pustné dvojice su preskiimané a Ziadna z nich nie je vhodna pre
vymenu.

V priebehu numerickych experimentov sme zistili, Ze rozdiel
medzi hodnotou ucelovej funkcie vysledného riesenia tlohy (7) -
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The value of objective function (12) for the optimal solution
of problem (12), (8), (9), (11) for fixed u gives the lower bound
(LB) on objective function value of the optimal solution of problem
(7) - (11). Objective function value (7) for any feasible solution of
(7) - (11) is an upper bound (UB) of the optimal solution of
problem (7) - (11). If current upper bound UB is known, the lower
bound may be improved using a subgradient method with stop-
ping rule given by value & of precision. The subgradient method
proceeds in accordance to the following steps:

0. Setu =0and LB = —oo,

1. For given u compute optimal solution of problem (12), (8),
(9), (11) and denote it as <x(u), y(u)). The associated objective
function value denotes g.

2. If g > LB, then go to step 3, otherwise go to step 4.

3. Set LB = g and determine gradient G of function g(u, x, y)
restricted on components of u at point <u, x(u), y(u)>

according to G, = qy(u) — z b x,(u) fori=1, ..., m.
j=1
Compute G> = > (G)” and determine a = 0.9(UB — LB)/G".
i=1

If @ < 6, then stop, otherwise define subgradient G in accord-
ance to G; = (max{0,u, + a G;} — u;)/afori=1,...,m, and
perform step of the subgradient method using expression u, =
u; + aG,fori=1, ..., m and continue with step 1.

4. If @ < 6 then stop, otherwise perform step of the subgradient
method using expression u; = u; — 0.la G, proi=1, ..., m,
set &« = 0.9« and continue with step 1.

To obtain feasible solution of problem (7) - (11), we develop-
ed Lagrangean heuristic, which makes use of solution <x(u), y(u)>
resulting from the subgradient method. This heuristic identifies
each dwelling place j, which can be assigned to other subregion
without the number of inhabitants of the original subregion de-
creases below value g. In the next step, all current subregions are
identified, in which the number of inhabitants is less than ¢g. Then
the specified dwelling places are assigned to some of the specified
subregions in accordance to the strategy “best admissible”, so that
the associated increase of objective function (7) would be minimal.
If no feasible solution is obtained after fathoming all admissible
changes, then a subregion with the smallest number of inhabitants
is chosen and cancelled. The dwelling places associated with the
cancelled subregion are assigned to the other subregions in accord-
ance to the above-mentioned rule.

For the next possible improvement of the solution obtained by
Lagrangean heuristic, we developed an exchange heuristic based
on the strategy “first admissible”. This heuristic examines sequen-
tially feasible pairs of dwelling places that are assigned to different
subregions and that a mutual exchange does not decrease the
number of inhabitants below value ¢ in any of the two associated
subregions. Whenever the heuristic finds a feasible pair of dwell-
ing places where the exchange decreases the objective function
(7), the exchange is performed. The heuristic stops when all feas-
ible pairs are examined, and none are admissible for the exchange
operation.
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(11) a ziskanou dolnou hranicou bol privel’ky. To bol dévod, prec¢o
sme navrhli zlepSenie vysSie uvedenej metddy s vyuZzitim ,zosil-
nujucej podmienky“ (4). Tato pévodne nadbytocna podmienka
bola vlozena do modelu (7) - (11). ZlepSeny algoritmus subgra-
dientovej metody opét pracuje podla krokov 0. - 4., ale v kroku 1
rie§i ulohu (7) - (11), (4) namiesto (7) - (11). Pri rieSeni tlohy
(7) - (11), (4) bola opit pouzita procedura opisana v sekcii 3.

6. Numerické experimenty

Numerické experimenty boli zamerané na zistenie Casovej
narocnosti vyvinutych algoritmov pre rieSenie kapacitne neob-
medzenych, ako aj obmedzenych tuloh rozkladu regiénu. Pre algo-
ritmus rieSenia kapacitne obmedzenej ulohy rozkladu regionu bol
do sledovania zahrnuty aj rozdiel hodnoty ziskaného rieSenia
a dolnej hranice. V suvislosti s tymto rozdielom bol skimany aj
vplyv vymennej heuristiky.

When numerical experiments were performed, we found that
the difference between the objective function value of the resul-
ting solution of problem (7) - (11) and the obtained lower bound
was too large. That is why we suggested an improvement of the
above method making use of the “strengthening” constraint (4).
This originally redundant constraint was inserted into the model
(7) - (11). The improved algorithm of the subgradient method
follows steps 0. - 4. again, but in step 1. solves problem (7) -
(11),(4) instead of problem (7) - (11). The procedure described
in section 3 was used to solve problem(7) - (11),(4).

6. Numerical experiments

Numerical experiments were focused on study of time con-
sumption of the developed algorithms for the incapacitated and
capacitated region-partitioning problem. Having considered the
algorithm for the capacitated problem, the gap between objective
function value of the obtained solution and lower bound were in-
cluded in the study. In connection with the gap, an influence of
the exchange heuristic was investigated.

Tab. 1
p 1 2 3 4 5 6
dikm] | 1373 | 787 | 599 | 519 | 476 | 443
t[s] 0 0 23 23 24 24
i 2 4 6 7 9 10

Ked boli skimané rieSenia kapacitne obmedzenej ulohy, zistili
sme, Ze uloha (7) - (11) nepokryva celkom praktické poziadavky,
dotykajuce sa tvaru podregionu. VSeobecne sa ocakava, Ze vytvo-
reny podregion bude suvisly. To znaci, Ze Ziadna obec, priradena
inému podregionu nebude lezaf na najkratSej ceste, spajajucej
[ubovol'nu obec podregionu s prislusnym strediskom. Model (7) -
(11) nanestastie dovoluje vytvorenie nesuvislého podregionu. Pre
potreby nasho vyskumu bola tato nesuvislost kvantifikovana.

Predpokladajme, Ze rieSenie je uréené poctom p podregionov,
mnoZinami S, obci (S, oznaCuje ity podregion) a strediskami
a strediskami 7, podregionov pre k = 1, ..., p. Oznaéme S, pod-
mnozinou Sy, kde sa S, sklada z obci, pre ktoré na ich najkratsej
ceste do strediska 7, leZi obec priradend inému podregionu. Pre
kazdé j € S, symbol A(j) oznacuje index prvej obce z S, — S,
ktora leZi na najkratSej ceste zj do i, a ktora nie je nasledovana na
tejto ceste Ziadnou obcou z S,

Nesuvislost meriame hodnotou nasledujuceho vyrazu

)4 n
(Z > b d,-h(/)) / (Zb_,) :
k=1jES; =1

Pre testovanie chovania algoritmov na tlohach velkych roz-
merov boli experimenty vykonané s cestnou sietou celej Sloven-
skej republiky okrem okolia Bratislavy. Siet obsahovala 2889 obci.
V testoch boli pouzité dve mnozZiny moznych umiestneni. Prva
mnoZina zahrinovala sedem sucasnych krajskych miest (okrem
Bratislavy) a druha mnozina bola tvorena sedemdesiatimi sucas-
nymi okresnymi mestami (okrem Bratislavy a niektorych mestskych
stvrti Kogic). Dizky hran siete boli prevzaté z popisu slovenskej

Tab. 1
p 1 2 3 4 5 6
d [km] 1373 | 78.7 59.9 51.9 47.6 44.3
t[s] 0 0 23 23 24 24
i 2 4 6 7 9 10

When the capacitated problem was solved and the results
were examined, it was found that the model (7) - (11) does not
cover all practical requirements concerning the shape of a subre-
gion. It is commonly awaited that a formed subregion must be
connected. It means that no dwelling place assigned to another
subregion is allowed to lie on the shortest path connecting any
dwelling place of a subregion to the associated subregion centre.
Unfortunately, model (7) - (11) enables forming even a discon-
nected subregion. This disconnectedness was quantified for the
purposes of our research.

Let us assume that a solution is determined by number p of
subregions, sets S, of dwelling places (S, denotes k-th subregion)
and by centres i, of the subregions for k = 1, ..., p. Let us denote
by S, a subset of S,, where S, consists of the dwelling places,
which a dwelling place of other subregion lies on their shortest
paths to subregion centre i,. For each j € S, symbol A(j) denotes
index of the first dwelling place from S, — S, which lies on the
shortest path from j to i, and which is followed by no dwelling
place from S, on this path.

The disconnectedness is measured by value of the following
expression

p n
(£ Zoa)i(S0)
k=1jES}, =1

To test behaviour of the algorithms for the cases, when solved
problems have a large size, the experiments were performed with
the road network of the entire Slovak Republic except surround-
ing Bratislava. The network contained 2,889 dwelling places. Two
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Tab. 2

P 1 2 3 4 5 6 7 8 9 10 11 12 13 14
d [km] 137.3 76.1 59.0 515 46.2 41.9 38.6 35.3 33.0 30.9 28.9 273 26.0 24.8
t[s] 9 70 83 297 483 597 1662 347 461 561 473 400 505 444
i 2 4 6 7 9 10 14 8 10 13 11 9 12 11

P 15 16 17 18 19 20 30 35 40 45 50 55 60 65

d [km] 23.8 22.9 22.0 21.3 20.7 20.0 15.0 13.4 12.0 11.0 10.2 9.6 9.1 8.7
t[s] 618 512 411 480 465 576 471 436 430 449 447 436 440 434
i 14 12 10 14 13 17 15 15 14 18 17 15 18 17

cestnej siete [2]. V tabulke 1 st uvedené vysledky, ziskané riese-
nim uloh s prvou mnozinou moznych umiestneni prep = 1, 2, ...,
6. V tabulke symbol d oznacuje optimalnu hodnotu dostupnosti
v kilometroch na obyvatela, ¢ oznacuje Cas rieSenia tlohy v sekun-
dach a i uvadza, kol'kokrat bola pouZita procedura BBDual v behu
algoritmu.

V tabul'ke 2 st uvedené vysledky pre pripady, ked mnoZina
moznych umiestneni pozostavala zo sedemdesiatich miest. Uloha
bola rieSena pre dve postupnosti pozadovanych poctov umiest-
neni. Prva postupnost bola p = 1, ..., 20 a druha p = 30, 35, ...,
65.

Co sa tyka numerickych experimentov s heuristikami pre ulohu
kapacitne obmedzeného rozkladu regionu, tieto boli vykonané
taktiez vo vysSie opisanej slovenskej cestnej sieti s 2889 obcami,
ale bola pouZita iba prva mnoZina moZnych umiestneni, tvorena
krajskymi mestami.

Bolo riesenych pat pripadov kapacitne obmedzenej tlohy pre
qg=22, 15 11, 0.9 a 0.8 miliona obyvatelov na podregion.
Vysledky su uvedené v tabulke 3, kde p oznacuje vysledny pocet

different sets of possible locations were used in the tests. The first
set included seven centres of the current counties (excluding Bra-
tislava) and the second set was formed by seventy centres of the
current districts (excluding Bratislava and some quarters of KoSice).
Lengths of the network edges were overtaken from the Slovak road
network description [2]. In table 1, there are reported results obta-
ined by solving the problems with the first set of possible locati-
ons for p = 1, 2, ..., 6. In the table, symbol d denotes the optimal
value of accessibility in kilometres per inhabitant, ¢ denotes the
computational time in seconds associated with problem solving and
i is number of BBDual calls during the run of algorithm.

In table 2, there are reported results associated with the
instances, when set of possible locations consisted of 70 places.
The problem was solved for two sequences of locations’ required
numbers. The first sequence consisted of p = 1, ..., 20 and the
second of p = 30, 35, ..., 65.

Concerning the numerical experiments with heuristic for the
capacitated region partitioning problem, they were performed also
with the above described Slovak road network with 2,889 dwelling
places, but only the first set of possible locations formed by the
current county centres was used.

Tab. 3
BC BV BCM BCV BC BV BCM BCV BC BV BCM BCV
q [106] 2.2 2.2 2.2 2.2 1.5 1.5 1.5 1.5 1.1 1.1 1.1 1.1
D 2 2 2 2 3 3 3 3 4 4 4 4
d [km] 80.9 80.9 80.9 80.9 61.2 60.6 60.4 60.4 54.5 55.6 55.5 55.5
o [%] 5.2 5.2 2.2 2.2 4.1 2.8 0.8 0.8 3.1 5.7 3.5 3.4
n[%] 0.0 0.0 0.0 0.0 0.0 0.5 0.0 1.7 0.0 0.3 3.1 3.6
i 52 52 192 192 48 49 276 276 75 55 536 534
t[s] 39 884 194 248 72 597 477 562 491 1140 2045 2220
BC BV BCM BCV BC BV BCM BCV
q [10%] 0.9 0.9 0.9 0.9 0.8 0.8 0.8 0.8
D 4 4 5 5 6 6 6 6
d [km] 52.5 53.1 54.3 52.2 44.4 443 443 443
o [%] 11.1 14.7 13.0 8.5 1.9 1.7 0.1 0.1
n[%] 0.1 0.3 15.9 12.5 1.2 1.3 1.0 1.3
i 157 60 711 693 66 60 10 10
t[s] 208 800 1004 1163 35 2268 24 61
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podregionov, d vyslednu hodnotu dostupnosti v kilometroch
a o uvadza dosiahnuti presnost vysledného riesenia ako rozdiel
medzi hodnotou ucelovej funkcie vysledného rieSenia a dolnou
hranicou v percentach dolnej hranice. Nestvislost je oznaCena
ako n a je uvedena taktiez v percentach dolnej hranice. Parametre
i a t maju ten isty vyznam ako v tabul'kach 1 a 2. Kazdy pripad bol
rieSeny Styrmi modifikaciami heuristického algoritmu, aby bolo
mozné porovnat vplyv jednotlivych krokov na sledované para-
metre.

Modifikacie boli oznacené identifikaitormi BC, BV, BCM,
BCV. Modifikacia BC sa sklada zo subgradientovej metody pre
ulohu (7) - (11) a z Lagrangeovej heuristiky (bez vymennej fazy).
Modifikacia BV pridava vymennu fazu k algoritmu BC. Modifika-
cia BCM riesi Lagrangeovu relaxaciu ulohy (7) - (11), (4) namiesto
(7) - (11), to znadi, ze je pri vypocte dolnej hranice pouZzita zosil-
nujuca podmienka. V tejto modifikacii nie je pouzitd vymenna
faza. Modifikacia BCV pridava vymennu fazu k pristupu pouzi-
tému v BCM.

7. Zaver

Uvedené vysledky ukazali, Ze kapacitne neobmedzena uloha
je rieSitelna v rozumnom Case, ale kapacitne obmedzena uloha
predstavuje znacny problém. Co sa kapacitne obmedzenej tilohy
tyka, bolo zistené, Ze pridanie zosilnujucej podmienky (4)
k Lagrangeovej relaxacii (7) - (11) vyznacne zlepSuje tesnost
dolnej hranice. AvSak toto zlepSenie je zaplatené vac¢§im vypocto-
vym Casom. Vymenna faza tiez prispieva k lepSiemu rieSeniu, Spe-
cialne ked nie je pouZzita zosilnujuca podmienka. Nanestastie toto
zlepSenie tak isto vyzaduje vacsi vypocCtovy Cas. Diskrétny proces
zhromazdovania s dvoma triedami priorit.
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Five instances of the capacitated problem for ¢ = 2.2, 1.5, 1.1,
0.9 and 0.8 million inhabitants per subregion were solved. The
results are reported in table 3, where p denotes the resulting number
of subregions; d is the resulting value of accessibility in kilometres
and o reports on attained precision of resulting solution expressed
as difference between objective function value of the resulting solu-
tion and the lower bound in percents of the lower bound. The dis-
connectedness is denoted as #n and is reported in percents of the
lower bound, too. Parameters i and ¢ have the same meaning as in
tables 1 and 2. Each instance of the problem was solved by four
modifications of the heuristic algorithm to enable to compare influ-
ence of the particular steps on the studied parameters.

Identifiers BC, BV, BCM, BCYV, denoted these modifications.
Modification BC consists of subgradient method for problem (7)
- (11) and of the Lagrangean heuristic (without the exchange phase).
Modification BV adds the exchange phase to algorithm BC. Modi-
fication BCM solves Lagrangean relaxation of problem (7) - (11),
(4) instead of (7) - (11); it means that the strengthening con-
straint is used when lower bound is computed. In this modifica-
tion the exchange phase is not used. Modification BCV adds the
exchange phase to the approach used with BCM.

7. Conclusion

The reported results showed that the incapacitated region-
partitioning problem is solvable in reasonable computation time,
but the capacitated problem constitutes a considerable difficulty.
Concerning the capacitated region-partitioning problem, it was
found that the addition of the strengthening constraint (4) to the
Lagrangean relaxation of (7) - (11) considerably improves the
tightness of the lower bound. However, this effect is paid by
greater computation time. The exchange phase also contributes to
the better solution, especially, when a strengthening constraint is
not used. Unfortunately, this improvement also needs greater
computation time.
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