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UNIFORM WORKLOAD DISTRIBUTION PROBLEMS

In this paper we review common studies from the years 1984-2015 of problems occurring in uniform scheduling of workload distributi-
ons. These problems were formulated first by Pesko in dealing with the practical problem of regular scheduling of service vehicles. Given the
nonnegative, real matrix with daily records of vehicles as columns, we need to minimize some irregularity measure of row sums (workloads)

by permuting matrix columns. The problem has various practical modifications, such as the weighted rows of matrix, workload uncertainty
variance, graph approach of exchange of elements and generalized inverse formulations. Some of them are presented in the paper.
Keywords: Regular scheduling, matrix permutation, irregularity measure, NP-hard problem.

1. Introduction

In this paper we study problems which occur in uniform
scheduling of workload distribution. The uniformity is expressed
by an irregularity measure and the goal is to minimize the
irregularity measure of parts of the schedule. This problem is
motivated by the following job scheduling problem:

Let n vehicles and mxn jobs be given. Every job has assigned to
it the value ai,j which represents its quantity. These values form the
mxn matrix A. We need to find the most regular m-days job schedule,
which gives minimal difference between the sums of rows of the
permuted version of the matrix A.

The problem is also called the Matrix Permutation Problem
(MPP) which was first mentioned in [1]. Further investigation
of MPP can be found in [2], where this problem was solved for
garbage trucks.

The mathematical formulation of the problem is the following:

Let a nonnegative real mxn matrix A=(ai,,) be given. Let
={1,2,...m}, J=[1,2,...,n} be sets of row and column indices. For
each column j € J of matrix 4 we will use the notation m for the
permutations of elements in that column. Let rf=(1'r1,rt2,,.. ,Tf”)
denote the vector of permutations of all columns of 4 and let
A" denote the permuted matrix. Let P be the set of all such
permutation vectors. Let S”=(sl", 87 s ) denote the vector of
row sums of permuted matrix A™. Let f be a function called the
irregularity measure. The following optimization problem will
be called the uniform workload distribution problem (UWDP)
min{ f(S"); nEP_}.
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The irregularity measure f : J”—{0,%) is any Schur-convex
function, where J=(a,b) is an interval. More on irregularity
measures and Schur-convex functions can be found in [3]. The
most used irregularity measures are:

o Lr(xnx, .
* ffh.\ (Xl,X2,.-.

X)) =(x =8 +(x,—8) + ..+ (x, — &)
) =[x =8 |+ 22 =8 |+ | x0— & |

* ﬁ,f(X],Xz, ...,xm) = max(xl,X2, ...,Xm) - min(xl,X2, ...,X,,,)

* fgmx(xl,XQ,.“
* ffzin(.xl,xb‘..

(where & = min(x, + %2+ ... + x,,) /m)

X)) = max(x1,%2,..,X,) — &

,xm) = 6 — min(X1,Xz,~-~,xln)

2. Computational complexity of UWDP

In [4] it was proved that UWDP (MPP) is an NP-hard
problem. In [2] it was shown that even a 2-row version of
UWDP is NP-hard. The proof of this fact was established using
transformation from the Set partition problem (definition of SPP
can be found in [5]).
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On the other hand, the two-column case is solvable in
polynomial time. A simple polynomial algorithm can be found
in [4]. It is enough to order the elements of the first column
in a descending order and the elements of the second column
in an ascending order. It is possible to show that we obtain the
optimal solution for any irregularity measure mentioned above.
The complexity of the algorithm based on this approach is
O(m log m).

3. Solutions of UWDP

In this section we describe two heuristics for the solution of
general UWDP. Both algorithms are based on the fact that the
two-column case is solvable in polynomial time. We also consider
the representation of UWDP by two models of mathematical
programming.

3.1. Decomposition method
In the paper [2] the following heuristic was introduced:

Input: Matrix A=A, of the type mxn.

For i =1 to n-1 do:

Create submatrix B, from the first pair of columns of 4.

Solve the UWDP for matrix B .. (The row-sum vector of the
solution is denoted by S™.)

Create matrix 4, by replacing the first two columns of 4,
with column S™

Output: Solution for the matrix 4 .

Tests showed that this method is not very successful
since the set of possible column permutations is very restricted.

3.2. Stochastic decomposition method

This method was introduced and studied in [6 and 7]. Let J,
be the nonempty proper subset of column indices J and J,=/-J,.
The set {J,,/,} will be called the admissible decomposition of the
columns of matrix A.

S1: Let Tr=(Trl,Tr2,..,,
S2: Choose randomly {J,/,} - admissible decomposition of the

7 ) be arbitrary permutations of index set /.

columns of 4.
S3: Solve the two-column UWDP with aggregated matrix
B=(b’./.)

(mx2)

where b, = Z Aryi)js b, = z aﬂ,(z‘).j,i el

JE jEL
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We get optimal column permutations 0., 0,, satisfying
conditions

bw.(l),l = brp.(z).l <. = b(p.(m),l,
bﬂal(l)v2 < b¢z<2).2 <. < bw:(m).z-

S4: Update m by applying permutation 0, (resp. (02) to us for
JEJ (orj € J).

S5: If no stopping criterion is satisfied GOTO S2, else END,
A" = (aﬂj([)J').

Tests on real data give promising results. The authors S. Pesko
and M. Kauki¢ state conjecture that this algorithm can also be
(with a suitable iteration count and sufficient number of restarts)
the exact algorithm (at least for irregularity measure jfﬁ/).

3.3 Model of linear programming

In the mentioned work [7] the following model of mixed,
integer, linear programming (MILP) was introduced. Objective
function is. j:ﬁf

Zy — Z;, = min

s.t. injk =1

v(i,j) €Ix],

kel

injk=1 V(k,j)EIX],

i€l

Zi = aijijk Vi € 1,
(,k)ejxI

V(i j,k) el x]xI
Viel,

xijk € {0,1}
z, <z <7y

S, <z, <zy < Sy.

The value of Xy is equal to one if , (9)=k and otherwise
zero. The real variables z, i€/ are the i-th row sums of permuted
matrix A™ and the variables z,, z, are variables for lower and upper
bounds S = S v of row sums.

3.4 Model of quadratic programming

In [7] the model of mixed, integer, quadratic programming
(MIQP) was introduced. Objective function is ffqr.

Z(zi —6)? > min

i€l

s.t. injkzl V(l,])EIX],
kel
injk=1 V(k,j)EIX],
i€l
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Zi = aijijk Vi € I,
(.k)eJxI
xijx € {0,1} v(i,j,k) €I x]xI
S, <z <Sy Vi€l

Variables Xy and z mean the same as in the MILP model.
Tests show that the MILP model is more effective than the MIQP
model, but the mathematical programming solvers (even of such
quality as Gurobi) have sometimes difficulties with the solving
of not very large UWDP instances in reasonable time (since the
model has large number of bivalent variables).

4. Restricted sets of permutations

In [8] the generalization of UWDP was suggested in which
the set of permutations is restricted. The permitted permutations
are represented by graphs. Paper [9] deals with conditions which
allow to represent the set of permitted permutations by graphs.
The two-column case of this generalization is studied in [10]. It
was shown that this problem can be solved as the most regular
perfect matching in a graph. In the mentioned paper [10], there
are introduced exact polynomial algorithms for finding the most
regular perfect matching in graphs for irregularity measures
Furs o and f3,. The existence of exact polynomial algorithms
for measures f;iy, fﬁ,x was an open problem.

We will show that there is also polynomial algorithm for
irregularity measure ff,,, but the weights of edges must satisfy
a special property (which is fulfilled by graphs that arise from
the mentioned generalization of UWDP). Let an edge-weighted
graph G=(VEw) be given. Let V=[vv,,...v, }. Let w : E— R/ be
a function that represents the weights of edges. If there exists
a mapping x : V= R; such that

VeeE e={v,v;} w(e)=x(vi)+x(v,),

we say that w is induced by x. There exist mappings w that cannot
be induced by any x. For example, we can consider complete

graph on 4 vertices v .v,,v,,v, with edge weights

edge b | b} | by | v} | ) | vy

weight 2 2 2 4 2 4

This leads to the unsolvable system of linear equations:
X, tx,=2
X, tx,=2
x tx,=2
X, tx,=4
X, tx,=2
x,tx,=4
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where X X,,X,X, are possible values of vertices. Hence w cannot
be induced by any x.

Let G=(VEwx) be a graph. Let V={v .., ]} and w be
a mapping on edge set induced by mapping X on vertex set.
Then the problem of finding the most regular perfect matching
is the problem to find such perfect matching in G, for which the
function f fz, is minimal. The weight of edge e, will be denoted

by w,. If the perfect matching contains the edges e .e,..... , then

oo
we have

m

ff;r(W],Wz, ...,Wm> = Z<Wf — 5)2

i=1

where d=(w tw,t-+w )/m. Since the matching is perfect (it
contains all vertices of G) and the edge weights are induced by
vertex values, we obtain:

m 2m
wa = ZX(V/) =md
i=1 j=1

The last sum is taken over all vertices of G and hence it is
a constant. The consequence is that d is a constant for given graph
G and mapping x. Then

m

> (wi— ) = Y (wi — 26w, +67) =

i=1

i=1
> Wi mS* =28 wi = wi+mS* — 2m8* =
i=1 i=1 i=1
iw?+m5z.
i=1

It means that the problem to find minimum of the function
ff,, is in our case equivalent to the problem to find the minimum
of the function fx,,,. Hence the problem of finding the most
regular perfect matching in a graph G=(VEwx) is equivalent
to the problem of finding minimal perfect matching in graph
G=(V,E,w?) and this problem is solvable in polynomial time [11].

5. Conclusions and further research

There are several approaches how to represent uncertainty.
In [12] the UWDP in interval arithmetic was introduced. It
means that elements of matrix A are not exact values, but we have
intervals, to which these values belong. It was proved that this
problem is NP-complete and the two-column case is solvable in
polynomial time.

The most common approach in systems with uncertainty is
the fuzzy arithmetic. Our future plan is to define the UWDP in
fuzzy arithmetic. We suppose that the complexity results will not
change but it remains an open problem.

The weighted version of the problem was studied in [13].
It is called the weighted uniform workload distribution problem
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(WUWDP). Let 8* = (s7,57, ...,
sums. Let WW

SZ,Z,) denote the vector of row
oW be weights of rows. In this version of the
problem we require that the values Wn,S’f,WzSg, ...,Wmsffl are
It is easy to consider that the UWDP

is a special case of weighted version, where w = w,=..=w = L.

m

as uniform as possible.

At the end, we can also mention some works which deal
with similar problems to the UWDP. For example: the column
permutation algorithm of a special case of the UDWP is studied
in papers [14] and [15], the uniform k-partition problems are
classified and examined in [16 and 17].
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