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The presented research work analyzes the sensing system, the main aim of which is a raster formation and 
controlling this process using the optical measuring equipment and high precision angle encoders. Optical measuring 
equipment are used for the raster position detection, meanwhile angle encoders for controlling the tape speed. The 
main parameter of raster formation process is fixed transportation speed, but there are difficulties to realize it, 
because there is imperfection of the device elements. The article analyzes the dispersion of vibration accelerations of 
the raster formation device and tape in the two directions (transverse and longitudinal) and presents an analysis of 
their parameters in application of the theory of covariance functions. The results of the measurements of vibration 
accelerations at the fixed points of the device constructions and the tape were recorded on a time scale in the form of 
digital arrays (matrices). Values of auto-covariance and inter-covariance functions of digital arrays of the vibration 
accelerations measurement data were calculated by changing the quantum interval in a time scale. The developed 
software Matlab 7 in operator package environment was used in the calculations.
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and optimizing the processes of formation the construction 
formation and of the structure of symbols.

The presented research examines the tape transport 
system consisting of electromechanical tape tractions and 
its fixed tensioning mechanisms as well as a tape tilt 
mechanism operating on sliding friction. This system is 
mounted on a massive granite base built on the foundation 
using passive vibration insulators. The research and data 
processing method and results of the experimental study of 
the layout system are proposed in the article. Experience 
of this article authors in construction, analysis and 
optimization of mechatronic precision devices is presented 
in papers [1-4].

The formation process takes place in the dynamic mode 
because both the steel tape and the laser raster formation 
head are continuously moving during the process.

In assessment of the significant points of the 
construction being examined, analysis of the vibrations 
dispersion of construction of the device and its tape point 
was carried out by application of the covariance function 
theory.

The Gaussian process emulator, with separable 
covariance function assumption of separability, imposes 
constraints on the emulator and may negatively affect its 
performance in some applications where separability may 
not hold. Zhang et al. [5] propose a multi-output Gaussian 

1 	 Introduction

Steel tape, on the surface of which certain symbols, 
such as rasters, special marks and the like are formed, are 
often used for metrological and technological needs, such 
as for measuring the displacement. Those symbols are 
formed by the movement of a steel tape and the beams of 
the source of light, which affects either the band surface or 
its special coatings.

The undesired deviations in the position and the 
shape of symbols formed in that way mainly depend on 
uncontrolled deviations of the said movement of the tape 
and the light beam from the set parameters.

One of the most important components of such 
deviations are vibrations of the band resulting from the 
sources of excitation of the tape transporting system 
mechanism and other internal and external vibrations. 
Uncontrolled changes in their position and the displacement 
speed, as well as the band deformation that have an adverse 
effect on the quality of the formed structures, occur as 
a result of their impact. It also affects the accuracy and 
reliability of the active control of the process carried out in 
real time. This effect on the system of defined parameters 
depends on vibration parameters - frequencies, amplitudes 
and other statistical characteristics. Knowing these 
parameters is important for designing the construction 
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tape thrust mechanism operating on slip friction. The 
main parameter of the raster formation process is fixed 
transportation speed, but there are difficulties to realize 
it, because there is some imperfection of the device 
elements. This method may be used to produce a precision 
metrological scale on a stainless steel tape. The covariance 
function theory was used in analysis of the vibration 
parameters. Graphical expressions of the covariance 
functions show change of probabilistic inter-dependence of 
vibration parameters in the timeline. This degree of change 
of the vibration parameters spatial relations depends on 
technological and dynamic properties of the tape device 
being examined.

During the experiment, four sensors were laid out on 
the structural elements of the device and the fifth sensor was 
placed on the tape of the device. Vibration accelerations of 
all the five sensors were measured in the longitudinal and 
transverse directions of the tape movement.

2	 Simulation of vibration parameters

The research presents an option for calculating the 
most reliable trend value of the vibrations vector applying 
the method of the least squares. It is assumed that the 
vibration vector trend is a discrete quantity with a fixed 
value. Use of the least squares method partially eliminates 
random vibration errors. When processing the large-scale 
measurement data, the least squares method also provides 
asymptotically effective values of the calculated parameters 
in the case where the measurement data distribution is not 
normal.

The array of measurements of vibration accelerations 
consists of 5 vectors {  (columns). Each vector is understood 
as a random function with random measurement errors. The 
most reliable trend value {u  which is also called a weighted 
average, is calculated for each vector {  in application of 
the least squares method. An assumption that the trend 
value of the vector changes according to the harmonic law, 
where the forecasted wave length corresponds to the length 
of the vibration accelerations vector, is used. The parameter 
equation of the individual vector value i{  reads:

ai i if { {= - u ,	 (1)

where if  is a random acceleration error, i{  is an 
acceleration value and {u  is an acceleration vector trend. 
Coefficient a

i
 is expressed as:

cosai iT= 	 (2)

where , /i n2i $T T T r= =  is the value of the unit of 
measure, rad, , , , .i n1 2 f=

The following is the equation (1) in the matrix form:

,Af { {= - u 	 (3)

process emulator with a non-separable auto-covariance 
function to avoid limitations of using the separable 
emulators.

Guella et al. [6] provide characterization theorems for 
high dimensional spheres, as well as for the Hilbert sphere.

Kithulgoda et al. [7] present a strategy for incremental 
maintenance of the Fourier spectrum to changes in 
concept that take place in data stream environments. Singh 
and Singh [8] generalized Chebyshev-Fourier moments 
(G-CHFMs) and generalized pseudo - Jacobi-Fourier 
moments (G-PJFMs) have been extended to represent color 
images using quaternion algebra.

Zhang et al. [9] used the spectral densities to calculate 
the average entropy of mixtures of random density matrices 
and show that the average entropy of the arithmetic-mean-
state of n qubit density matrices randomly chosen from the 
Hilbert-Schmidt ensemble was never decreasing with the 
number n. Kurt and Eryigit [10] studied dynamics of the 
two-state system coupled to an environment with peaked 
spectral density.

Alotta et al. [11] provided a complete characterization 
of normal multivariate stochastic vector processes. 
Band et al. [12] focused in fractal Fourier analysis in 
which the graphs of the basic functions are Cantor sets, 
discontinuous at a countable dense set of points, yet have 
good approximation properties. Zhang et al. [13] simulated 
fractal signals that were generated under varying signal 
lengths and scaling exponents that indicate a range of 
physiologically conceivable fractal signals. Liu et al. [14] 
aimed to improve the computational accuracy of the fractal 
dimension of the profile curve.

Florindo and Bruno [15] proposed a novel technique 
for the numerical calculus of the fractal dimension of 
fractal objects, which can be represented as a closed 
contour. Xie et al. [16] proposed a layered online data 
reconciliation strategy based on a Gaussian mixture model, 
which is proposed for the complex industrial processes 
with multiple modes. Odry et al. [17] demonstrated the use 
of a special test bench that both enables simulations of 
various dynamic behaviors of wheeled robots and measures 
their real attitude angles along with the raw sensor data. 
Song el al. [18] proposed a structure-preserving bilateral 
texture filtering algorithm to smooth the texture while 
preserving salient structures.

Du et al. [19] proposed a correlation filter based visual 
tracking approach that integrates spatial-temporal adaptive 
feature weights into the DCF method to derive an efficient 
solution. Li et al. [20] proposed an algorithm for adaptive 
multiscale morphological filtering (AMMF), and its effect 
was evaluated by a simulated signal. Nathen et al. [21] 
presented an extension of a Large Eddy Simulation based 
approach in the framework of Lattice Boltzmann Methods.

During the research, an analysis of the raster 
formation device construction and dispersion of vibration 
accelerations of its tape points was carried out.

The tape transport system consists of electromechanical 
tape traction and its fixed tensile mechanisms, as well as a 
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where

N A PAT 1
=

-^ h ,	 (13)
	

A PT~ {= .	 (14)

The accuracy of the parameter values calculated in 
application of the least squares method is assessed using 
their covariance matrix K{u . Since the trend of cases of this 
task is a quantity (a scalar), the following may be written:

K N2 2
0

1v v= ={ {
-l l lu u ,	 (15)

 
where 0vl  is a value of the standard deviation 0v . It is 
assessed according to the formula

n P1
1 T

0
2v f f= -
l .	 (16)

3	 Object of the research and measurement results

This article examines a raster formation device  
(Figure 1). The research work analyzes the tape transport 
system consisting of the electromechanical tape traction 
and its fixed tensile mechanisms, as well as a tape tilt 
mechanism operating on sliding friction. Vibrations in 
two directions (longitudinally and transversely) were 
measured at 4 points of the raster device (point 1 - fixed 
tension mechanism of the tape; point 2 - tape displacement 
measurement system; point 3- tilting node; point 4 - traction 
- tension system) and on the metal tape.

The block diagram of the metal scale production device 
presented in Figure 1 comprises the following: 1 - tape 
retractor mechanism; 2 - granite base; 3 - system measuring 
the tape displacement (point 2); 4 - tilting node (point 3); 
5 - error monitoring node; 6 - traction - tension system 
(point 4); 7 - tape retractor mechanism; 8 - mechanism 
covering the tape in protective film; 9 - tape tension control 
and management system; 10 - fixed tension mechanism of 
the tape (point 1); 11 - optic system for turning laser beam 
microscopes with CCD camera; 12 - scanner; 13 - laser.

The articles analyzes vibration signals of significant 
points of the metal scale production device, when the 
device is in operating mode. Measurements were conducted 
in the two directions X and Y (Figure 1). Figure 2 (Y 
direction) and Figure 4 (X direction) illustrate results of 
acceleration of these measurement points and the spectral 
density graphs of these accelerations are respectively 
presented in Figures 3 and 5.

Analysis of results, illustrated in Figures 2-5, reveals 
that the highest level of vibrations was observed in the 
traction - tension system (Figure 1, point 4) when assessing 
the vibrations of the longitudinal direction Y (up to 32 
mm/s2); when assessing the vibrations of the transverse 
direction X, accordingly, the highest level of vibrations was 
observed in the fixed tension mechanism of the tape (Figure 
1, point 1) and was about 190 mm/s2 (the main components 

where f  is a random error vector, , , , n
T

1 2 f{ { { {= ^ h  
is a vibration accelerations vector, , , ,A a a an

T
1 2 f= ^ h  is 

a matrix of coefficients of parameter equations n 1#^ h .
The most reliable trend value of the vibration 

accelerations vector  {  is calculated in application of the 
condition of the least squares method:

,minPTz f f= = 	 (4)

where P is the diagonal matrix of weights  of vibration 
accelerations n ni #{ ^ h

Weights of individual acceleration values i{  are 
calculated according to formula 

pi 2
0
2

iv
v

=
{

,	 (5)

where 0v  is the standard deviation of the measurement 
result 0{  the weight whereof is accepted as equal to one 
p 10 = . Thus, the 0v  value is selected freely, because 

it has no impact on the calculation results. Value of the 
measurement result 0{  is selected so that weights pi  were 
close to one (to reduce the scope of calculations).

Out of t equation

lnui i{= 	 (6)

the following is derived:

u ii iv v {={ ,	 (7)

Equation (7) shows that iv{  value depends on value 
of the vibration accelerations i{ . Thus, the acceleration 
of a higher value is of lower accuracy, because i ui&{ v .

Using Equation (5), the following expression is 
obtained:

p 10i
u i

i2 2
0
2

2 7

i

$
v {
v

{= = - - ,	 (8)

where the accepted average value . 10
u
2
0
2

7

iv
v
= -  

The extremity of the function (4) is determined having 
calculated its partial derivatives according to the parameter
{u , equated it to zero and solved the equation received:

P2 0
T

$2
2

2
2

{ {
f fU = =u uc m 	 (9)

Then, the following is obtained:

A P 0T f- = 	 (10)

and

A PA A P 0T T{ {- =u .	 (11)

The solution is equal to:

A PA A P NT T1 1{ { ~= =
- -u ^ h ,	 (12)
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Figure 1 Block diagram of the metal scale production device with five measurement points

0 2 4 6 8 10 12
[s]

-28m

-24m

-20m

-16m

-12m

-8m

-4m

0

4m

8m

12m

16m

20m
24m

[m/s^2]
Cursor values
X: 6.400 s
Y: 2.162m m/s^2

4

Time(Signal 1) - Mark 1 (Real) \ FFT

           
0 2 4 6 8 10 12

[s]

-12m

-10m

-8m

-6m

-4m

-2m

0

2m

4m

6m

8m

10m
12m

[m/s^2]
Cursor values
X: 0.284 s
Y: -138.838u m/s^2

4

Time(Signal 3) - Mark 2 (Real) \ FFT

a)                                                                                          b)

0 2 4 6 8 10 12
[s]

-5m

-4m

-3m

-2m

-1m

0

1m

2m

3m

4m
[m/s^2]

Cursor values
X: 0.284 s
Y: -669.295u m/s^2

4

Time(Signal 5) - Mark 3 (Real) \ FFT

          
0 2 4 6 8 10 12

[s]

-36m
-32m
-28m
-24m
-20m
-16m
-12m
-8m
-4m

0
4m
8m

12m
16m
20m
24m
28m
32m

[m/s^2]
Cursor values
X: 3.172 s
Y: -5.445m m/s^2

4

Time(Signal 7) - Mark 4 (Real) \ FFT

c)                                                                                           d)

0 2 4 6 8 10 12
[s]

-28m

-24m

-20m

-16m

-12m

-8m

-4m

0

4m

8m

12m

16m

20m

24m

28m
[m/s^2]

Cursor values
X: 5.697 s
Y: 681.357u m/s^2

4

Time(Signal 9) - Mark 5 (Real) \ FFT

e)
Figure 2 Graphs of time signal for the Y direction accelerations of measurement points (Figure 1):  

a) red - point 1; b) blue - point 2; c) green - point 3; d) orange - point 4; e) yellow - point 5
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Figure 3 Graphs of spectral density for accelerations (Y direction in Figure 1)  
of measurement points (red - point 1; blue - point 2; green - point 3; orange - point 4; yellow - point 5)
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Figure 4 Graphs of time signal for the X direction accelerations of measurement points (Figure 1):  

a) red - point 1; b) blue - point 2; c) green - point 3; d) orange - point 4; e) yellow - point 5
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is used as one of parameters. Tables 1 and 2 illustrate 
the schemes of the numbering of measurement arrays of 
the vibration accelerations vector. The quality of data of 
accelerations of all the five vectors was assessed using 
their accuracy indicator, a standard deviation. Standard 
deviation values are presented in Table 2.

Auto-covariance function of one data array or inter-
covariance function of the two arrays K x{ ^ h  is expressed 
as [24-25]:

K uM u 21 $x f{ f{ x= +{ ^ ^ ^h h h# - 	 (17)

or

K T u u du1
T

1 2

0

x x f{ f{ x= - +{

x-

^ ^ ^h h h# 	 (18)

 
where 1 1 1f{ { {= -P , 2 2 2f{ { {= -P  are centred 
measurement vectors of vibration parameters {  with 
eliminated trend, u is a vibrations parameter, $ Tx x=  is a 
variable quantum range, k is a number of the measurement 
units, T  is the value of the measurement  unit, T is time and 
M is a symbol of the mean.

The covariance model of vibration signal parameters 
which authors used in this article is described in detail in 
papers [3, 23].

Arrays of the vibration accelerations measurements’ 
data were obtained using 1-axis accelerometers 8344 and a 

were in the frequency range from 280 to 420 Hz from Figure 
5). The lowest level of vibrations in the Y and X directions 
was in the tape tilting node (Figure 1, point 3), where the 
formation of rasters takes place and it was 6 (in the Y 
direction) and 12 mm/s2 (in the X direction).

4	 Covariance model of vibration signal parameters 
and the results of the analysis of the vibrations 
acceleration model

Guchhait and Banerjee [22] proposed a variant of 
constitutive equation error based material parameter 
estimation procedure for linear elastic plates, which was 
developed from partially measured free vibration signatures.

The conception of a stationary random function is the 
scientific ground of this theoretical model. Considering 
that, errors of measuring the bridge vibration parameters 
are random and of the same accurateness, ie. the average 
error M const 0"T=  the dispersion D constT= . 
The covariance function of digital signals depends on 
the difference between the arguments only, ie. on the 
quantisation interval on the time scale [23].

The theoretical model was a subject of an assumption 
that errors of digital signals of vibrations are random and 
possibly systematic. The measurement data trend of the 
vector is eliminated in each vector of measurement arrays 
of vibration parameters. Vibration dispersion time interval 
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Figure 5 Graphs of spectral density for accelerations (X direction in Figure 1)  
of measurement points (red - point 1; blue - point 2; green - point 3; orange - point 4; yellow - point 5)

Table 1 Numbering of array vectors in the sequence order

Acceleration vector No. Direction of the measurement of accelerations relative to the tape movement direction

1

2

3

4

5

6

7

8

9

10

longitudinal

transverse

longitudinal

transverse

longitudinal

transverse

longitudinal

transverse

longitudinal

transverse
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Values of inter-normalized covariance functions 
K x{l ^ h s were also calculated based on 10 vibration array 
vectors and their graphical expressions were obtained 
according to their respective combinations.

Figures 6-17 illustrate more important graphical 
expressions.

Figure 18 presents the graphical image of the 
generalized (spatial) correlation matrix of the array of 
8 vectors of vibration accelerations. Expression of the 
correlation matrix gets the block shape of 8 pyramids 
where the correlation coefficients values are shown in 
shades of the colour spectrum. The horizontal plane shows 
the colour projection of the pyramids.

Graphical expressions of the simplified auto-covariance 
and inter-covariance functions are of the two-tier shape. 
This is related to the fact that the structure of vibration 
signals is a composite function with vibrations of large 
amplitudes with long intervals and vibrations of small 

tri-axial accelerometer 4506. Signals were recorded in the 
course of the time intervals . s0 00078x =T  and 12.8 s. 
Values of n 16386=  vibration signal accelerations were 
fit in each array vector.

Expression of each measurement vector is a random 
function due to random measurement errors when bringing 
its expression closer to the shape of a stationary function, 
trend components, which were calculated in application of 
the method of least squares, were eliminated.

Measurement data arrays were processed using the 
developed computer software in application of Matlab 
programme package operators.

Values of the quantised interval of simplified covariance 
functions range from 1 to /n 2 8000= . The value K x{l ^ h  
of the simplified auto-covariance function K x{ ^ h  was 
calculated for each vibrations vector and graphical 
expressions of 16 simplified auto-covariance functions 
were obtained.

Table 2 Accuracy indicators of the installation construction and vectors of vibration accelerations of the tape points

Name of 
vectors

Standard deviation value of single measurement result of vectors ivl , m/s2

Array

1

2

3

4

5

0.006

0.041

0.003

0.003

0.001

6

7

8

9

10

0.003

0.008

0.017

0.008

0.017

Vector parameter Value m/s2

1

6

1

6

Standard deviation value 0vl  of the result with the weight of p = 1

Standard deviation value 0vl  of the result with the weight of p = 1

Standard deviation value vvl  of the weighted average of vectors

Standard deviation value vvl  of the weighted average of vectors

0.01

0.01

1∙10-7

2∙10-7

Figure 6 Simplified auto-covariance function of the 2nd 
vibration accelerations vector of the array

Figure 7 Simplified auto-covariance function of the 7th 
vibration accelerations vector of the array
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amplitudes and at .k s1 0 0 7800 k" "x^ h  as a result of 
vibrations of large amplitudes. Expressions of simplified 
auto-covariance functions of acceleration vectors of the 
arrays are similar.

The 10th simplified array auto-covariance function of 
the transverse vibrations accelerations vector of the tape 
has an expression that is close to the theoretical shape.

amplitudes. This determines a two-tier expression of the 
covariance functions.

The simplified auto-covariance functions of 
vectors of all accelerations of the arrays get the highest 
correlation coefficient values r 1"  at values s0k "x^ h  
of the quantised interval and then decrease to r 0"  at 

.k s10 0 0078k" "x^ h  as a result of vibrations of small 

Figure 8 Simplified auto-covariance function of the 8th 
vibration accelerations vector of the array

Figure 9 Simplified auto-covariance function of the 10(8) th 
vibration accelerations vector of the array

Figure 10 Simplified inter-covariance function of the 1st 
and 7th vibration accelerations vectors of the array

Figure 11 Simplified inter-covariance function of the 1st 
and 8th vibration accelerations vectors of the array

Figure 12 Simplified inter-covariance function of the 2nd 
and 8th vibration accelerations vectors of the array

Figure 13 Simplified inter-covariance function of the 3rd 
and 8th vibration accelerations vectors of the array
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potentially inter-related vibrations of nodes of the device 
construction.

5	 Conclusions

Analysis of the dynamic parameters of the sensing 
system construction, the main aim of which is the raster 
formation and controlling this process, using the optical 

The simplified inter-covariance functions of the 
acceleration vectors of the array have average correlation 
coefficient values for the majority of pairs of vectors 
ranging in the 0.4-0.8 interval, which is illustrated by the 
data of inter-correlation of the 1st acceleration vector 
with vectors of all the other 7 accelerations and between 
vectors 2 and 3, 2 and 7, 2 and 8, 3 and 6, 3 and 7, 3 and 8, 
and 6 and 8. Thus the correlation between the majority of 
accelerations vectors is significant enough, which shows 

Figure 14 Simplified inter-covariance function of the 4th 
and 8th vibration accelerations vectors of the array

Figure 15 Simplified inter-covariance function of the 7th 
and 8th vibration accelerations vectors of the array

Figure 16 Simplified inter-covariance function of the 6th 
and 9(7)th vibration accelerations vectors of the array

Figure 17 Simplified inter-covariance function of the 9(7)th 
and 10(8)th vibration accelerations vectors of the array

Figure 18 Graphical image of the generalized (spatial) correlation matrix  
of the 1st array of 8 vibration accelerations vectors
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related to the fact that the structure of vibration signals is a 
composite function that has vibrations of large amplitudes 
with long intervals and vibrations of relatively small 
amplitudes. Expressions of simplified auto-covariance 
functions of accelerations vectors of the arrays are similar.

The 10th simplified auto-covariance function of the 
vector of transverse vibration accelerations of the tape 
has a different expression than other auto-covariance 
functions.

The simplified inter-covariance functions of 
accelerations vectors of the array have the average 
correlation coefficient values ranging within the 0.4-0.8 
interval in the majority of pairs of vectors. Thus, the 
correlation between the majority of pairs of accelerations 
vectors is significant enough, which shows the possibly 
inter-related vibrations of construction nodes of the 
device.

measuring equipment and high precision angle encoders, 
revealed that the highest level of vibrations of up to 32 
mm/s2 was in the traction - tension system, when assessing 
the longitudinal vibrations; when assessing vibrations in 
the transverse direction the highest level of up to 190 mm/
s2 was formed in the fixed tension mechanism of the tape. 
Main components of the vibration acceleration amplitudes 
were in the frequency range from 280 to 420 Hz.

The simplified auto-covariance and inter-covariance 
functions show the change of the probabilistic inter-
dependence of vibration parameters of the raster formation 
tape device in the time scale. This degree of changes 
depends on the relation between vibrations of the structural 
nodes of the device being examined and the dynamic 
properties.

Graphical expressions of simplified auto-covariance 
and inter-covariance functions are two-tiered, which is 
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