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Resume
The paper presents an analysis of an actual problem related to dynamic 
effects to road bridges due to travelling a  heavy vehicle over the bridge. 
Numerical simulations of the dynamic response are applied on a fictitious 
simple beam of the length Lb = 52 m with an artificial irregularity at mid-
span, corresponding to a  characteristic span L(b5) = 52 m of the ten-span 
continuous box girder bridge. A heavy four-axle truck mv = 32 t is used for 
dynamic excitation, travelling over the bridge at passing speed of 70 km / h. 
The obtained results are compared to results of the experimentally tested 
ten-span continuous pre-stressed reinforced concrete girder bridge at the 
same speed.
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dynamic response for a  characteristic span of 
a  continuous bridge structure, which is currently 
used the most, as a  response of the fictive simple 
beam;

(2)	 To evaluate the intense dynamic response due to the 
moving of a heavy truck as an impact of the impulse 
load arising on the irregularity.

2	 Numerical model

The simplified interaction model vehicle bridge is 
schematically shown in Figure 2a. The loading vehicle, 
used for dynamic excitation of the bridge is a  four-axle 
heavy truck of the weight mv = 32 t  travelling over the 
bridge at speed 70 km/h, shown in Figure 2b.

3	 Physical modelling and formulation

The dynamic deflection of the simple bridge 
Lb = 52 m at mid-span, due to moving an axle mass 
mvi crossing over the bridge at a  speed c, obtained by 
superposition of a  force vibration of a  simple beam

/ ,w L t2,
c

F b1 vi ^^ ^ ^ hh h h  considering the first mode j = 1 only, 
subjected to a moving load Fvi and the impulse effect on 
the irregularity w t, IF Vel

c
M vi0 ^^ ^ ^ hh h h .

1	 Introduction

Nowadays, one of the current problems in bridge 
engineering is evaluation of the dynamic response due 
to the intensive passages of heavy trucks and lorries 
over the bridge. This paper deals with validation of 
a simplified numerical modelling of a dynamic response 
of a  bridge structure, induced by passing of a  heavy 
truck vehicle over an artificial standard irregularity. 
Numerical modelling, as well as dynamic load tests 
of a  heavy vehicle crossings over a  bridge with the 
standard irregularity at mid-span [1], is an important 
procedure for checking the dynamic behavior and quality 
of a  bridge structure under intense dynamic loading. 
Numerical simulations were created for a characteristic 
span L(bi) = 52 m of the ten-span continuous box 
girder road bridge, modelled as a  fictive simple beam 
associated to the characteristic span. This field has 
been experimentally tested for crossing of a heavy truck 
at the speed of 70 km/h. The overall view of the tested 
bridge is shown in Figure 1.

The solution of deflections of mid-span was obtained 
by application the linear theory of solving the motion 
equation, giving the beam deflection as a  function of 
time [2-3]. The purpose of the numerical modelling has 
been:
(1)	 To verify the proposed simplified solution of the 
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Figure 1 Overall view of the tested ten-spam continuous concrete box-girder bridge

a) Moving of a heavy truck over a fictive simple beam bridge corresponding to a characteristic span 
L(b5) = 52 m of the ten-span continuous bridge
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Figure 2 Schematic representation of the simplified dynamic analysis  
of a road bridge (due to crossing of a heavy car)
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arrangements. The excitation force (c)Fvi in Equation 
(2) represents the interaction force between the vehicle 
and the bridge structure. When the kinematic coupling 
a vehicle - bridge is neglected, the force (c)Fvi is simply an 
applied sprung axle force, (Figure 2b).

The solution to Equation (2) for a  simple beam 
can be expressed in terms of the modal shapes

t1z ^^ hh  and associated modal coordinates q t1 ^^ hh

considering only the first mode j = 1. A beam deflection 
in the subsequent analysis is marked [4, 6] as 

/ ,q t w L t2, ,
c

F F
c

b1 1vi vi/^ ^^ ^ ^
^ ^ ^h hh h h
h h h .

/ ,
/

.

sin sin t t

t t t t

w L t
w L

t t

H H

2
1

2
,

,c

F

F F

F b
F st

dr

in out

c

b

c
F

c

1

1
2

1

1 1 1 vi

i i

vi
vi

vi

#

# #

#

a

a ~X

=
-

- - -

- - -

t

_
^ ^

^

^
^

^

^

^ ^ ^

^ ^

^ ^

^

^ ^

^

^

^

^

^

^

h

h

h
hh

h

hi

h h

h

h

h

h h

h

h

h

h

h

h

h

h

h 	 (4)

The symbols used in Equation (4) have the following 

meaning: the driving frequency L
cc

dr
b

1
rX =^ ^h h , 

the non-dimensional parameter c
c

dr
1
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1
a ~

X
=^ ^
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^
^h h

h

h
h , 

the frequency vibration of the 1st mode of the beam 
.
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w L t
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1 4

3

vi
$
$

r
=t ^^ ^ hh h  

due to the axle vehicle forces Fvi, the modal amplitude 
/w L
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F st b1
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2

vi
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t ^^ ^
^

^

hh h
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h
, and the Heaviside function 

t tH Fi-^ ^ hh .

3.2	 Impulse load effect I ,
c

sF Veli
^ ^h h  arising on the 

irregularity considering the velocity of the 
spring compression vv sup

c c
s Irg=ot ot^ ^ ^h h h

Schematic illustration of the impulse load effect on 
the irregularity I ,

c
sF Veli

^ ^h h  on the dynamic response is 
shown in Figure 4.
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3.1	 Moving load problem - the dynamic deflection 
/ ,w L t2,

c
F b1 vi ^^ ^ ^ hh h h of the simple beam

The generally used method of modal superposition, 
together with use of the convolution integral, gives 
the closed form solution of the vertical dynamic 
displacements of the beam. This solution gives results 
that well correspond to the evaluated measurements of 
a dynamic response on real bridges of various structural 
arrangements. The beam is assumed to be of the 
Bernoulli-Euler type, Figure 3.

The beam displacement w(x, t) are governed by the 
typical equation of motion

, ,
m

w x t
t

EI
x
w x t

F x ctc
vi1

2

2 4

4

2
2

2
2

d+ = -
^ ^ ^^h h hh , 

	 (2)
for ct L0 b# # .	

Many methods for solving this problem were 
developed and discussed in the literature (see e.g. [2-3]). 
One of the most well-known techniques is a  solution 
based on the principle of modal superposition [4-6]. The 
solution Equation (2), represented in the series form, 
can be expressed as

,w x t q t xj j
j

z=^ ^ ^h h h| , j =1,2,…,	 (3)

where xjz ^ h is the j-th modal shape function and q tj ^ h
is the j-th modal amplitude.

For practical applications of a  moving axle mass 
mvi and for m mvi b% , it is concluded that the solution 
is of sufficient accuracy even if only the first mode of 
vibration (j=1) is considered. This solution gives results 
that well correspond to the evaluated measurements of 
a dynamic response on real bridges of various structural 
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Figure 3 A single axle mass mvi moving over a simple supported beam
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Figure 4 Schematic illustration of the impulse load effect on the irregularity I ,
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sF Veli
^ ^h h  on the dynamic response
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3.3	 Simulation of the dynamic deflections 
for crossing of the three axle heavy truck 

kNF 320c
v

70
320 ==^ ^h h  with the speed c = 70 

km/h = 19.44 m/sand the rate of deformation 
. m/sy 9 33c

Irg
70 == ot^ h , .

. .t 19 44
0 5 0 0257c

Irg
70 = ==^ h  

for time t tIrg2

The total dynamic displacement of the bridge 
due to moving an axle mass mvi at the speed  
c = 70 km/h = 19.44 m/s is obtained by superposition 
from Equation (1). In the subsequent analyses the 
components of the dynamic response / ,w L t2,

c
F b1 vi ^^ ^ ^ hh h h  

and w t,
c

M IF Velvi0 ^^ ^ ^ hh h h , the total dynamic deflection 
/ ,w L t2c

F IF Vel bvi vi+ ^^ ^ hh h  and the dynamic coefficient 
/ ,L t2c

dyn F sF Vel bvi vid + ^^ ^ hh h  are presented. The results 
of dynamic displacements from the above analytical 
relationships are presented graphically [8].

Input parameters
The main parameters used in the simulations are 

shown in Table 1.
Kinematic quantities ,y t y tc

Irg
c
Irgo^ ^^ ^h hh h  for 

the irregularity in the form of a  parabolic plank,  
lIrg = 0.50 m, hIrg = 0.6 m, required for formulating an 
impulse load effect on the irregularity I ,

c
F Veli

^ ^h h , for the 
speed c = 70 km/h, are:

. . .

. . . . . ,
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Characteristics of an impulse effect for the axle 
force F(v11) = 63.7 kN 
•	 Compression of the spring v supc

Vel
70= t^ ^h h  due to the 

velocity . m/sv 9 33sup
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If the sprung mass system DOF1 mvi^ h  (a single 
degree of freedom system) is subjected to the initial 
displacement v t v0c

m 0vi = =^^ ^ hh h  and the initial 
velocity v t v0m 0vi = =o o^^ hh , a free vibration displacement
v tc
mvi ^^ ^ hh h  of DOF1 mvi^ h  may be expressed as follows  

[2, 3].

sinv t e
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h h hh .	 (5)

The displacement amplitude vc mvit^ ^h h  in Equation (5) 
can be expressed by means of the velocity vsupc ot^ h  from 
the impulse theorem
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Thus, the amplitude of velocity from Equation (6) is
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The displacement amplitude vc mviot^ ^h h  of DOF1 mvi^ h

from Equation (5) is expressed by means of the impulse 
Ic Fm Velvi

^ ^h h , taking into account the rate of deformation 
vc mviot^ ^h h  of the suspension:
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The amplitude of the dynamic deflection 
wc M IF Velvi0t^ ^ ^h h h  for DOF1 M0^ h  is expressed by means of 

a  reactive impulse due to the impulse load Ic F Velvi
^ ^h h , 

Figure 3.
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h h 	 (9)

A dynamic deflection w tc
M IF Velvi0t ^^ ^ ^ hh h h  of DOF1 M0^ h , 

with the amplitude Equation (9), can be expressed in the 
form [3, 6]:
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Table 1 The main parameters used in the simulations

 Data of the bridge
Lb = 52 m

Data of the vehicle
mv = 32 t

A =8.865 m2 
I = 10.97 m4

mb,1 = 22.16 t/m
M0 = 576.22 t

EI*(sb) = 704802005 kNm2

/ .w L
EI
F L

2
2

0 0013, *
c

F st b
sb

v b70
1 4

320
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v
r

= == t ^^ ^ ^
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hh h h

h

h

.
L m
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s20 56
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b
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1 2

2

1

1~ r= = -^
^

h
h

mv11 = 6.37 t
mv12 = 6.37 t
mv2 = 19.26 t

ks11 = ks12 = 2545.4 kN/m
ks2 = 5091 kN/m
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3.3.1 Time history of the dynamic deflections
/ ,w L t2c

F IF Vel bvi vi+ ^^ ^ hh h  due to the moving load 
Fvi  for a time t tIrg2

The dynamic deflections of the mid-span
/ ,w L t2c

F IF Vel bvi vi+ ^^ ^ hh h  from Equation (1) are applied 
for the speed c = 70 km/h = 19.44 m/s:
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3.3.1-1 Dynamic deflections / ,w L t2,
c

F b1 v320 ^^ ^ ^ hh h h  due 
to the moving axle load , ,F F Fv v v11 12 2

a)	 Components of deflection 
/ , ,w L t2,
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Figure 6.
b) 	 Total deflection of the beam 
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3.3.1-2 Dynamic deflections / ,w L t2,
c

F bM I
70

v3200
= ^^ ^ ^ hh h h  

due to the impulse load on the irregularity 
I I I Iv v v v320 11 12 2= + +^ ^ ^ ^h h h h

Input characteristics are given from Equations (13) 
to (17).
a)	 Components of dynamic deflection  
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Impulse size Ic
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•	 Amplitude of displacement w t,
c
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•	 Amplitude w t,
c

M F Vel
70

v0 11
= t ^^ ^ ^ hh h h  acting on 

the spring of DOF1 M0^ h  for the impulse 
. kNsI 6 5422c
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Characteristics of an impulse effect for the axle 
force . kNF 192 6c

v
70

2 ==^ ^h h  is obtained analogously as 
for Equations (13) to (17).

Requirement of the same amplitudes of the 
deflection of continuous beam / ,w L t2Fv st b320t ^^ hh  for the 
span No. 5 from the static calculation of the bridge is 

/ , . mw L t2 0 00133Fv st b320 =t ^^ hh . The deflection of fictive 
simple beam / ,w L t2Fv st b320t ^^ hh , with the fictive bending 
stiffness EI*sb^ h , for the force Fv = 320 kN it is image in 
Figure 5.
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Figure 5 Associated fictitious simple beam for the analysis of the 5th span of bridge with  
the reduced bending stiffness EI*sb^ h
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4	 Dynamic load test of the 10-span RC highway 
bridge for passing a heavy truck Fv = 320 kN  
over the standard irregularity for the speed  
c = 70 km/h

In the previous section the dynamic response of 
a  fictitious simple beam of length Lb = 52 m with 
the flexural stiffness EI*sb^ h , corresponding to the 
characteristic span Lbi = 52 m of the ten-span continuous 
bridge, was analysed. In this section some results are 
presented from the dynamic testing of the 10-span 
highway bridge corresponding to the passage of a heavy 
testing vehicle with the total mass mv = 32 t passing 
the bridge with a  standard irregularity at speed  
c = 70 km/h = 19.44 m/s (the identical truck as in the 
numerical modelling), Figure 13. Dynamic tests were 
performed in accordance with standard [1].

4.1	 Dynamic deflection / ,w L t2c
F
obs

b
70

320 5v
= ^^ ^ ^ hh h h  at 

the mid-span No. 5 due to crossing of the 
heavy truck Fv = 32 t - the irregularity located 
in the middle of span No. 5, c = 70 km/h

The time history of the dynamic deflection at the 
mid-span No. 5 / ,w L t2c

F
obs

b
70

320 5v
= ^^ ^ ^ hh h h  from [7] is 

shown in Figures 14, 15.

3.3.2 Aggregate force effects acting on the beam 
deflection / ,w L t2,

c
M F IF Vel b

70
v v0 320 320

=
+ ^^ ^ ^ hh h h

 
Aggregate force effects from Equation (19) for the 

whole truck obtain by the superposition of the moving 
load / ,w L t2,

c
F b

70
1 v320

= ^^ ^ ^ hh h h  and the impulse load on the 
irregularity / ,w L t2,

c
M IF Vel b

70
v0 320

= ^^ ^ ^ hh h h .
a)	 Components / , ,w L t2,

c
F b

70
1 v320

= ^^ ^ ^ hh h h  
/ ,w L t2,

c
M IF Vel b

70
v0 320

= ^^ ^ ^ hh h h , Figure 10.
b)	 Aggregate beam deflection 

/ ,w L t2,
c

M F IsF Vel b
70

v v0 320 320
=

+ ^^ ^ ^ hh h h

/ ,w L t2,
c

M F IsF Vel b
70

v v0 320 320 ==
+ ^^ ^ ^ hh h h

/ ,w L t w t2, ,
c

F b
c

M IsF Vel
70 70

1 v v320 0 320= += =^ ^^ ^ ^
^

^ ^h hh h h
h

h h  
Figure 11.

3.3.3 Dynamic impact factor (DAF)
/ ,L t2c

F IF Vel bdyn
70

v v320 320d=
+ ^^ ^ hh h  for the beam 

deflection

/ ,L t2c
dyn F IF Vel b

70
v v320 320d ==
+ ^^ ^ hh h

/ ,
/ ,

w L t
L tw
2
2

,

max

c
F b

c
F IF Vel b

st
70

70

1 v

v v

320

320 320

=

=
+

^
^^

^
^

^ ^ h
hh

h h h
h , Figure 12.	 (21)

All the graphical solution (Figures 6 to 12) are the 
outputs from [8].

0.00027m, 0.00027m, 0.0008m

Figure 6 Axes: x= t [s], y= Components of deflection 
/ , ,w L t2,

c
F b1

70
v11

= ^^ ^ ^ hh h h / ,w L t2,
c

F b
70

1 v12
= ^^ ^ ^ hh h h ,

/ ,w L t2,
c

F b
70

1 v2
= ^^ ^ ^ hh h h  [m] belonging to axle loads Fv11, 

Fv12, Fv2

0.00133m

Figure 7 Axes: , / ,x t s y w L t2, F
c

b
70

1 v320= = = ^^ ^ ^ hh h h6 @   
[m], Total amplitude of deflection 

/ . mw L 2 0 00133,
c

F b
70

1 v320 == t ^^ ^ ^ hh h h

0.00027 m, 0.00027 m, 0.0009 m

Figure 8 Axes: x= t [s], y= Components belong to the 
impulse load , ,w t w t, ,

c
M IF Vel

c
M IF Vel

70 70
vv0 0 111 2

= =^ ^^ ^ ^
^

^ ^h hh h h
h

h h
w t,

c
M IF Vel

70
v0 2

= ^^ ^ ^ hh h h [m]

Figure 9 Axes: ,x t s y w t,
c

F VelM I
70

3200= = = ^^
^ ^ hh
h h6 @   [m], 

Amplitude . mw 0 001,
c

M IF Vel
70

0 320 == t^ ^ ^h h h
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Figure 10 Axes: x= t [s], y=Components 
/ , ,w L t w t2, ,

c
F b

c
M IsF Vel

70
1

70
v v320 0 320

= =^ ^^ ^ ^
^

^ ^h hh h h
h

h h  
[m], Amplitudes ,. mw 0 00133,

c
F

70
1 v320 == t^ ^ ^h h h

. mw 0 001,
c

FM I Vel
70

3200 == t^ ^ ^h h h

Figure 11 Axes: x= t [s], y =
/ ,w L t2,

c
M F IF Vel b

70
v v0 320 320

=
+ ^^ ^ ^ hh h h [m],

Amplitude . mw 0 0022,
c

M F IF Vel
70

v v0 320 320 ==
+t^ ^ ^h h h

0.0022 m, 0.0013 m

Figure 12 Axes: x= t [s], y=(DAF) / ,L t2c
dyn F IF Vel b

70
v v320 320d=
+ ^^ ^ hh h [.],

/ ,
/ ,
/ ,

.

. .L t
L t
L t

w
w

2
2
2

0 0013
0 0022 1 69

,

maxc
dyn F IF Vel b c

F b

c
F IF Vel b

st

70
70

70

1
v v

v

v v
320 320

320

320 320d = = ==
+ =

=
+^ ^

^^ ^
^

^
^

^ ^
h h

hh h
h

h h h
h

   

              
Figure 13 Dynamic load test of the Zvolen-Pstrusa highway bridge subjected to the heavy  

truck Fv = 320 kN passing over the standard irregularity

Measured dynamic amplifier factor for the 5th span / , .
. .w L t2 1 04
1 75 1 68c

F
obs

b
70

320 5v = == ^^ ^ ^ hh h h

Figure 14 The time history of the dynamic deflection / ,w L t2c
F
obs

b
70

320 5v
= ^^ ^ ^ hh h h  at the mid-span No. 5 of the ten-span tested 

continuous bridge for c = 70 km/h - The standard irregularity located in the middle of span No. 5
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vehicle over the bridge with the standard 
irregularity and the smooth pass gives the value 

/ ,

/ ,
.
. .

L t

L t

2

2
1 03
1 68 1 64

,

c
dyn F b

c
dyn F Vel
obs

b

sim70

70
320

v

v

320d

d
= =

=

=

^
^^

^ ^
^

^ h
hh

h h
h

h .

•	 The performed numerical simulation allows to 
evaluate also a dynamic coefficient of the force effect 
c

dyn F
Force70

viT=^ ^
^

h h
h : 

For the front axle force . kNF 63 7v11 =^ h :. 

. .F
F

63 7
254 4 0c

dyn F
Force

v

c
v Vel70

11
11

70
11

vT = = ==
=

^ ^
^

^

^
^h h

h
h

h
h . 

For the axle force . kNF 192 6v2 =^ h :

..
.

F
F

4 0192 6
769 76c

dyn F
Force

v

c
v Vel70

70

2
v2

2T = = ==
=

^ ^
^

^

^
^h h

h
h

h
h . 

By a  dynamic coefficient of the force effect 
c

dyn F
Force70

viT=^ ^
^

h h
h  one can determine a  theoretical dynamic 

force F Fc
v dyn

c
dyn F
Force

vi
70

i viT= =^ ^
^ ^

^ ^h h
h h

h h . This result confirms 
the experimental measurement of the dynamic response 
on the bridge.
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5	 Conclusions

One of the purposes of the numerical modelling was 
to verify the proposed simplified solution of ae dynamic 
response of the characteristic span bridge structure as 
a response of a simple beam. 
(1) 	 Comparison of numerical modelling of the 

response to the girder and experimental testing on 
a continuous bridge structure for a speed of 70 km / 
h shows a good agreement between the two results.

(2) 	 Evaluate the intense dynamic response due to 
the moving of the heavy truck as an impact of the 
impulse load arising on the irregularity:   

•	 Smooth passes of the test vehicle show low 
DAV values / , .L t2 1 03c

dyn F
sim

b
70

v320d == ^^ ^ hh h . 
Passes of the tested vehicle over the bridge 
with the standard irregularity for the speed  
c = 70 km/h  gives the strong response of the bridge. 
Measured dynamic amplifier factor for the 5th span 

/ .
. .w L t2 1 04
1 75 1 68c

F
obs

b
70

5v320 = == ^^ ^ ^ hh h h

•	 Simulation DAF from the Section 3.3.3 gave the 
value of DAF / , .L t2 1 69c

dyn F IF Vel
sim

b
70

v v320 320d ==
+ ^^ ^

^ hh h
h  

•	 The ratio of DAFs for the pass of the tested 

Frequency composition - dominant frequencies from the absolute transducer

Hz. Hz, . .f f f s2 85 3 39 21 29max max
obs obsobs obs

1 2
1" ~= = = = -^ ^h h

Theoretical first circular frequency of the fictive beam mL 52b=  used in numerical  

simulation is . s
L m

EI
20 56

*

b

sb
1 2

2

1

1~ r= = -^
^

h
h

Figure 15 Frequency composition of the dynamic deflection of the measured continuous  
bridge / ,w L t2c

F
obs

b
70

320 5v
= ^^ ^ ^ hh h h  at the mid-span No. 5, obtained from the absolute transducer
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