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Resume
One of the main problems to be solved by the transport operators is the 
substantiation of the vehicle models servicing the transport lines. A game-
theoretical approach is proposed in this paper to justify the bus model 
choice based on the passengers’ preferences and the structure of the 
passenger flows. To estimate the customers’ preferences, the membership 
functions for fuzzy sets of the optimal vehicle models were defined. The 
simulation experiment aiming to estimate the city fleet structure in terms 
of the vehicles’ capacity was conducted for the Talas city (Kazakhstan) 
based on the proposed approach with use of the corresponding software 
implementation of the developed mathematical models. As a  result of the 
experimental studies, the impact of the passengers’ flow structure and the 
number of carriers on the rational structure of the city bus fleet was studied 
in the paper.
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research is to determine the optimal carrier strategy (in 
terms of the choice of bus models) that guarantees the 
biggest possible market share.

2 	 Literature review

Buses are the most popular elements of public 
transport. Nowadays improvement of the passenger 
market takes place in main directions: promoting 
sustainable mobility solutions and usage of e-transport; 
timetabling and vehicle scheduling; solving vehicle 
routine problems; fleet size and fleet mix optimization.

The problem of choosing the optimal bus models for 
servicing the existing route network of a city, considering 
the specific preferences of passengers and existence 
of competing routes, is particularly relevant. Many 
publications have arisen recently that propose different 
approaches to solve that problem.

The simulation-based approach to justify the 
number of vehicles at the public bus routes in cities 
is proposed in [1]. The authors of research [2] provide 
a  methodology to solve the problem of cost-optimized 
planning for the fleet of electric buses, whereas the study 
[3] presents a  fleet replacement problem that allows 

1	 Introduction

Contemporary markets of the public transport 
services in the cities are highly stochastic environments 
where several servicing transport companies compete for 
the preferences of clients - the passengers who use the 
public transport lines.

The carrier’s goal within the public transport system 
is the most complete coverage of the existing and potential 
market, for which it is necessary to attract passengers 
moving from and to the points that the transport line 
covers. If the fulfillment of the passenger’s need for 
travel is possible in one way only - by using a  single 
bus line available, then the carrier gets the maximum 
possible share of the market sector. However, if the need 
for movement can be realized in more than one way (the 
trip can be implemented by the means of more than one 
public transport line), the passenger has a choice. In that 
case, there will be a  conflict situation between carriers 
who can potentially serve the same trip. Depending on 
the strategy chosen by the carrier, the passenger will give 
preference to the corresponding bus line.

This study aims to determine the optimal quality 
composition of the city bus fleet, considering the interests 
of passengers and carriers. The main objective of this 
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solve the fleet size and mix location-routing problem by 
considering a  heterogeneous fleet and time windows. 
The paper [20] describes a probabilistic formulation that 
provides the global optimum selection and allocation of 
a bus fleet in the case when a third party is involved in 
transportation. The authors of the research [21] present 
a  mathematical model aiming to minimize the total 
costs for the passengers and the transport operator by 
substantiating the number of buses and the dynamic 
holding time.

The completed review of the contemporary literature 
on the research topic shows that despite considering by 
the authors of numerous cases and efficiency criteria, 
there are no approaches that consider the competitive 
nature of the market of public transport services. In this 
paper, authors aimed to fill this gap by developing the 
game-theoretical approach to substantiate the carriers’ 
strategies in terms of the bus fleet management.

3	 Approach to substantiate the bus models  
for servicing passengers at public transport 
lines

The K  origin-destination pairs (O-D pairs) that 
are served by n public transport lines are considered, 
assuming that any combination of m bus models can be 
chosen for passengers’ servicing.

It is assumed that one line is served by one carrier. 
If one carrier serves several lines or one line is served by 
several carriers, the tuple “carrier-line” can be selected 
as a unit and further, be considered in the model as one 
carrier (one public transport line).

Let the vector Q be the total number of trips per O-D 
pair within the line, while the number of elements of the 
vector Q is equal to K:

, , ,Q q q qK1 2 f= " , ,	 (1)

where: qj is the number of completed trips per j-th O-D 
pair [pax].

The matrix X  for assigning the transport lines to 
O-D pairs is defined with elements of the matrix being 

1ij~ =  if the i-th carrier can serve the j-th O-D pair 
(can satisfy the passengers need to travel from one 
city district to another - the bus line includes these 
stops in corresponding city districts) and the matrix 
elements are equal to 0 in otherwise. Then the sum of 
the elements of this matrix along the j-th column will 
show the number of competitive lines potentially serving 
the j-th O-D pair and the sum of the elements along the 
i-th row ijj

K

1
~

=
|  - the number of O-D pairs that can 

potentially be served by i-th public transport line.
If 1ij~ = , then the j-th O-D pair is potentially 

served by the i-th carrier, however, if the used bus 
models or other conditions of the servicing process 
do not satisfy the passengers for the given O-D pair, they 
can refuse in whole or in part from the services of this 

determining the bus replacement plans by considering 
total costs.

Various optimization techniques are used by 
researchers to solve the fleet optimization problem. The 
paper [4] provides a proper decision-making procedure 
regarding the process of replacing a  diesel fleet with 
alternative-technology buses by using a  deterministic 
mixed-integer programming model. The study [5] 
develops a  framework to investigate the bus fleet 
operation risks by using probabilistic simulations. In 
the research [6], the problem of dispatching time control 
in rolling horizons is modeled, following a  periodic 
optimization approach.

Timetabling and vehicle scheduling are the basis 
of security and efficiency for various bus enterprises. 
The paper [7] presents a  model to optimize the bus 
schedule by considering bus stops and route segments 
as the integrated structure. The dynamic scheduling 
procedures that allow adapting timetables to demand 
and traffic conditions are considered by the authors of the 
study [8], as well. The article [9] deals with the flexible 
vehicle and crew scheduling problem to assign available 
resources to cover generated timetables. The study [10] 
also solves the bus and driver scheduling problems with 
mealtime windows for a single public transport bus route 
by using a self-adaptive search method. The authors of 
paper [11] propose an optimization model for designing 
the intervals and capacity of buses by minimizing the 
system’s operating costs and users’ personal costs.

The vehicle routing problem is about finding 
optimal routes for a fixed fleet of vehicles so that they 
can meet the demands of a  set of given customers by 
traveling through those paths. This problem and its 
numerous expansions are one of the most important 
and most applicable transportation and city logistics 
problems [12]. Urban public transport operations in the 
peak periods, characterized by highly uneven demand 
distributions and scarcity of resources, are considered 
in the article [13]: the authors simultaneously reduce 
passenger waiting times and transport operational costs. 
Similar efficiency criteria are used by the author of the 
research [14] for solving the timetables synchronization 
problem at the public transport lines, whereas the 
authors of the paper [15] consider improvement of the 
passenger transportation process at the expense of the 
combined operating mode.

The next group of studies combines problems 
of routing, optimal vehicle-mix, fleet selection and 
transport demand within the city territory. The 
research [16] develops a framework to maximize service 
performance in a set of high-frequency bus routes, given 
their planned headways and a total fleet size constraint. 
The authors of the paper [17] introduce a fleet size and 
a mix dial-a-ride problem with multiple passenger types 
and a  heterogeneous fleet. The study [18] introduces 
the solution to a  strategic problem of fleet renewal to 
meet the future operational needs under uncertain 
conditions. The authors of the research [19] aim to 
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on the time of day. In general, each O-D pair can be 
divided into subgroups of transport service consumers, 
based on the purpose of the trip, while the composition 
of O-D pairs will determine the type of the membership 
function.

If the preference by the criterion of the travel 
speed is described by the membership function vn , 
by the criterion of comfort - by the function Kn  
and by the criterion of price - by the function Tn , 
with ; ;,0 1 0 1v K! !n n6 6@ @  and ;0 1T !n 6 @ , then the 
passenger’s general preference can be expressed through 
a fuzzy subset n , which is a combination of the subsets 
,v Kn n  and Tn , as:

, ,f v K Tn n n n= ^ h .	 (4)

The importance vij of the j-th O-D pair for the i-th 
carrier is determined based on the specific weight of the 
number of trips performed for the given O-D pair in the 
potential passenger traffic on the line (the bigger the 
number of trips for the O-D pair, the more attractive it 
is for the carrier):

v
q

q
ij

ij jj

K

j

1
$~

=
=

| ,	 (5)

where: qij jj

K

1
$~

=
|  is the maximum possible (potential) 

passenger traffic on a bus line (the passenger traffic that 
will be served by the line, if for all the covered O-D pairs 

1ij ijd ~= = ) [pax].
A  conflict situation between nj carriers serving 

the j-th O-D pair is considered as a game of nj persons 
[22]. Each of the carriers has at most m alternatives 
(bus models). Moreover, if the i-th carrier chooses the 
k-th model , , ,k m1 2i f=^ h  and the (i  + 1)-th carrier 
chooses the same or another ki + 1-th model of the vehicle, 
then each of them, as a result, will win a certain share 
of trips for the j-th O-D pair. Or, using the terminology 
of the game theory, one can say that when choosing the 
ki-th option, the i-th player’s payoff will be the share ijd  
of trips for the j-th O-D pair.

Obviously, the ratio of the number of passengers 
who choose the i-th carrier to the number of passengers 
who choose the (i  + 1)-th carrier is equal to the ratio 
of the trips share for the i-th carrier to the trips share 
for the (i + 1)-th carrier. In this case, the part of trips 
ijd  is directly proportional to the importance for the 

i-th carrier of the j-th O-D pair and the preference 
by passengers from the j-th O-D pair of the k-th bus  
model:

v
v

i

ij

j i j jk

ij jk

1 1 i

i

1$
$

d
d

n
n

=
+ + +^ ^h h .	 (6)

On the other hand, if one proceeds from the condition 
that the passengers’ demand for travel is fully satisfied 
by carriers, then

1iji

n

1

j d =
=

| .	 (7)

bus line (if there is an alternative available). The matrix 
T  is defined, the elements of which ijd  determine the 
share that the i-th carrier takes when servicing the 
j-th O-D pair. It’s obvious that 0ijd =  if 0ij~ =  and 

,0 1ij !d 6 @  if 1ij~ = .
If the number of trips per each O-D pair Q and the 

distribution of trips between carriers T  are known, 
then the vector P of passenger traffic values on public 
transport lines is determined as follows:

P QT$T= .	 (2)

In this case, values of elements for the vector P can 
be calculated as

p qi ij jj

K

1
$d=

=
| .	 (3)

Given the values of pi, it is possible to determine 
the required number of buses to operate on the lines 
and hence - the quantitative composition of the city bus 
fleet. Thus, the solution to the problem of determining 
the quantitative composition of the fleet can be obtained 
if the matrix T  and the number of trips per O-D pair 
are known. However, the assignment of trips to public 
transport lines depends on preferences of passengers 
and the importance of the given O-D pair for a carrier 
(meaning that the carrier determines the strategy of 
behavior depending on the attractiveness of a particular 
O-D pair).

Passenger preferences, when choosing a  public 
transport line, depend on three main indicators: delivery 
speed (travel time), comfort and service price. All of 
the above parameters are, to one degree or another, 
determined by the bus model. The delivery speed 
depends on the design features (however, in addition, 
the traffic speed is affected by the congestion of the road 
network and the used methods of traffic management). 
Comfortability directly depends on the passenger 
capacity of a vehicle and the design features of the cabin 
and suspension. The price of the service is determined 
based on the costs of the service, which depend on the 
performance characteristics of a  particular bus model. 
Thus, one can say that the preferences of passengers 
when choosing a particular bus line depend on the bus 
models used by the given carrier. This assumption does 
not consider the timetables of public transport lines: 
that feature could be provided in the assessment of the 
passengers’ preferences if the passengers’ opinion on the 
service frequency would be studied (this characteristic 
was not covered in this study).

It is convenient to describe the preference by 
passengers of a  particular bus model through a  fuzzy 
subset of the given bus model belonging to the set of 
optimal models. In this case, the preference for different 
O-D pairs or for a given O-D pair at different times of 
the day (day of the week) will be different. So, for the 
O-D pairs associated with a sleeping area in the city, the 
significance of the delivery speed is different depending 
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The elements of the set rl  are possible strategies of 
carriers with respect to the qualitative (in terms of the 
model range) and quantitative composition of the bus 
fleet. It is convenient to represent an element of the set 
of all the admissible strategies in the form of a  vector 

r1U l :

m

m

1

1

2

2

f

f

a
{
a
{

a
{

U= ,	 (12)

where: , , , m1 2 fa a a  are the alternative bus models;
, , , m1 2 f{ { {  are the probabilities of using the 

corresponding bus models, 1kk

m

1
{ =

=
| .

In this case, the carrier’s strategy is pure if one 
model of the bus *ka  is used for operation on the route, 
i.e. 1*k{ =  and 0*k k k{ =!^ h  for , , ,k m1 2 f= . The 
carrier’s strategy is mixed otherwise (several different 
bus models are used to work on the line when serving 
the given O-D pair), while the number of buses of the 
k-th model should be proportional to k{ .

The set of all the outcomes of the game is presented 
by vectors, which elements ijd  are values, for each i-th 
carrier for the considered j-th O-D pair. As elements of the 
set of interests Rl  of interested parties (passengers and 
carriers), we will consider the most complete coverage 
of target market segments (O-D pairs), considering the 
number of trips per O-D pair - for transport companies 
and the highest satisfaction of the existing needs for 
travel - for passengers.

Next, the following alternatives are considered, 
which arise when choosing the most rational bus models 
when servicing a given O-D pair:
•	 trips for the O-D pair can potentially be served by 

only one carrier;
•	 trips for the O-D pair can potentially be served by 

two carriers;
•	 trips for the O-D pair can potentially be served by 

more than two carriers.
Obviously, for the first option, the carrier needs 

to apply a pure strategy and choose the bus model for 
servicing the O-D pair trips that most satisfies the 
passengers:

, ,

* .argmaxk

1 0* *k k k k

jk

{ {
n

= =

=
!^ h< 	 (13)

In the second version, the game r will be a  game 
of two persons - 1W  and 2W . Let’s define the payment 
matrix for this variant of the game. If one assumes 
that each of the players has the same opportunities 
when choosing the vehicle models, then the payment 
matrix will be of size m m# , where m is the number of 
alternative bus models. When some strategy is chosen by 
the player W , the share of trips for the considered O-D 
pair is 1dW , when a strategy is chosen by the player 2W , 
his share is 2dW , where 1dW  and 2dW  are calculated 
according to Equation (8). The payment matrix for this 
game is defined as:

Thus, to determine the payoffs of each of the nj 

players, it is necessary to solve the system of Equations 
(6) and (7). It is easy to show that this system has the 
following solution:

v

v
ij

ij jki

n
ij jk

1 i
j

i

$

$
d

n

n
=

=
| .	 (8)

Knowing the payoffs of each of the players, it is 
possible to solve the described game and the solution 
will be the optimal strategies of each of the players 
(optimal bus models). The set of solutions will determine 
the optimal qualitative structure of the city bus fleet.

4	 Game-theoretical approach to choose 
carriers’ strategies at the market of public 
transport services

According to definition of the game [22], a  conflict 
situation between nj  carriers serving the j-th O-D pair 
can be formally represented in the following way:

, , , ,R r r R RD R I RD IC= ! !l l l l" ", , ,	 (9)

where: RD is the set of all the decision-making parties;
RI is the set of all the subjects defending certain 
interests,
rl  is the set of all the admissible decisions (strategies) 
of the game participants who make the decision; r is the 
set of all the situations (outcomes) of the game;
Rl  is the set of all interests of the parties concerned in 
the conflict.

Moreover, the set r is a  subset of the Cartesian 
product for the sets of all the strategies of the participants 
involved in the game r:

r rRD= !l l% ,	 (10)

and the set of all interests Rl  is a binary relation on 
the set r:

,R r r RI#1 !ll .	 (11)

In accordance with the definition of the game in 
Equation (9), the set of all the decision-making subjects 
is the set of carriers (public transport lines). The carrier-
line pair is a member of the RD set. In the case when one 
carrier serves several lines, the set of elements of the set 
RD for this carrier form a coalition.

The RI set (the set of coalitions of interests) 
contains subsets such as carriers and passengers; city 
administrations can also be considered as an element 
of this set with further consideration of the influence of 
this element on the outcome of the game, however, in 
this study, when modeling a  conflict situation r, such 
a participant is not taken into account.
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optimal strategy. The price of the game in this case is 
determined as follows:

,max min* *
opt kk

m

k

m
k kk11

1 2
221

1 2
1d { { d=

U U == WWW W W W|| ,	 (18)

where: 1U  and 2U  are the strategies of the players 1W  
and 2W  correspondingly.

The problem of finding the optimal strategies 1U  
and 2U  can be solved by sequentially enumerating the 
probabilities 1U , 2U , ..., mU  of choosing the bus models 
, , , m1 2 fa a a  with the given step s, ,s 0 1! ^ @ , whereby 

the optimality criterion is the condition in Equation (18). 
In this case, the total number of enumerations Nv may 
be estimated as

N sv
m2. $- .	 (19)

Since in practice more than 3 - 4 bus models are 
rarely used on one city transport line, the number 
of enumerations with the step of 10-1 will be about 
106÷108 per O-D pair, which is implementable by using 
contemporary computers in a reasonable time.

If the j-th O-D pair can be potentially served by 
more than two carriers, then the pairwise games of each 
of the players against the coalition of the remaining 
competitors should be considered to determine the 
optimal strategies. In this case, the i-th carrier is the 
player 1W  and the player 2W  is the coalition of the 
remaining transport companies potentially serving the 
given O-D pair. The element of the payment matrix for 
such a game is determined similarly by dependence in 
Equation (16).

As a  result of solving a  set of conflict situations 
for all the considered O-D pairs, optimal strategies 
ijU  of each of the competing transport companies can 

be obtained for the set of O-D pairs served by the i-th 
carrier:

*
i

K K

m

m

Km

11

21

1

1

1

12

22 2

f f

f

f

f

f

f

{
{

{

{
{

{

{
{

{

U = ,	 (20)

where: *
iU  is the matrix containing the set of optimal 

strategies of the i-th transport company.
It should be noted that if the i-th carrier cannot 

potentially serve the j-th O-D pair, then all the elements 
of the corresponding row of the matrix *

jU  are equal to 0.
Based on particular optimal strategies for the j-th 

O-D pair, the optimal qualitative structure of the bus 
fleet of the i-th carrier is defined as follows:

dik
jj

K

jkj

K

i1

1

~

{
=

=

=

|
|

,	 (21)

where: dik is the part of vehicles of the k-th model at the 
i-th public transport line.
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a a a
d
d

d

d
d

d

d
d

d

= ,	 (14)

where: * 1 2d d d= +W W .
Based on the assumption that the needs of 

passengers in travels are fully satisfied, one can say that

11 2d d+ =W W .	 (15)

Then the element of the payoff matrix can be 
defined in the following way:

2 1*
1$d d= -W .	 (16)

Since according to the definition of the game in 
Equation (9), the element of the set of interests Rl  is 
the most complete coverage of the O-D pair trips, one 
can say that the task for the player 1W  is to win the 
biggest possible share of trips for the j-th O-D pair. From 
Equation (16) these conditions are satisfied when the 
value of *d  is reached (the more *d , the bigger is the 

1dW  value). The task for the player 2W  is similar and 
the condition for a set of interests will be satisfied if the 
payoff of the player 1W  is the smallest possible value.

One can see that, for the second variant in the 

above setting, the game  takes the form of a  matrix 
game with zero-sum. When solving such a  game, the 
principle of obtaining the maximum guaranteed result 
under the worst conditions is used: the player 1W  seeks 
to adopt a  strategy that should ensure the maximum 
loss of the player 2W . Accordingly, the player 2W  seeks 
to adopt a  strategy that ensures the minimum payoff 
of the player 1W  (as mentioned above, such a strategy 
will ensure the maximum payoff of the player 2W ). 
According to [22], if the lower value of the pure game 
price (maximin) matches the upper value of the pure 
game price (minimax), i.e.

max min maxmin **

k
k

k k
k

k
k k

22
1 2

1
1 2

1

d d=
W W

W
W W

WW W ,	 (17)

then the solution of such a game will be the pure optimal 
strategies k 1a W  and k 2a W  of the players 1W  and 2W  (in 
this case, the game C  has a saddle point).

If the game C  does not have a  saddle point (that 
is, condition in Equation (17) is not satisfied), then the 
strategies of the players will be mixed: mixed strategies 
are applied if the game does not have a saddle point, the 
game is repeated many times under similar conditions 
and averaging of the game results allows the solution 
estimation. In this case, the solution of the game is 
found by the main theorem for arbitrary rectangular 
games [22], according to which every matrix game has 
a  solution and a player in such a game always has an 
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17 to 24 pax., from 25 to 40 pax. and more than 40 pax.). 
Thus, the aggregated structure of the city bus fleet can 
be shown as a vector D:

D d d d d1 2 3 4= ,	 (23)

where: di is the share of buses of the i-th group.
It should be mentioned that the proposed model 

does not consider the fleet structure in terms of the 
age of vehicles, the type of fuel, etc. The capacity 
is distinguished as the main feature influencing the 
passengers’ preferences.

Influence of characteristics of the existing public 
transport network on the optimal structure of the city 
bus fleet is now determined. For that purpose, the 
regression models are constructed of dependence of 
the buses’ share on the structure of the passengers’ 
flows and the number of carriers servicing the public 
transport lines. The following explanatory variables are 
considered in the regression models:
•	 share af  of adult passengers of working age;
•	 share Sf  of students;
•	 share rf  of retirees;
•	 the number n of carriers.

The number of trips performed per each O-D pair 
is a  highly stochastic variable since it is influenced 
by many factors that are difficult to enumerate and 
predict. Therefore, as a random factor characterized by 
the external environment, are considered: the number 
of O-D pairs, the place of their origin and destination 
(respectively, the possibility of servicing by a  specific 
bus line) and the number of trips per O-D pair. Then, 
according to the proposed model for determining the 
optimal structure of the bus fleet, the total number of 
O-D pairs K, the vector representing the number of trips 
Q and the matrix of assigning O-D pairs to bus lines X  
will be random.

For the listed explanatory variables, the full-factor 
simulation experiment was conducted: the number 
of competing transport companies was considered in 
the range from 2 to 20, the shares of passengers were 
considered in the range from 0 to 1 assuming that the 
sum of shares for all the passenger groups is equal to 1. 
The number of model’s runs in each of the experiment 
series was 300 that guarantees the probability of 
confidence in 95 % for the obtained results.

To assess the influence of input factors on the 
system output (the structure of the city bus fleet), the 
linear functional dependence was used for the regression 
models:

d b b b b b ni i i a i s i r i0 1 2 3 4$ $ $ $f f f= + + + + ,	 (24)

where b ji  are the regression coefficients, i = 1 ... 4.
As a result of the regression analysis based on the 

conducted simulation experiment, the following linear 
models were obtained:

5	 Case study and discussion

To calculate the optimal structure of the city’s bus 
fleet using the developed models, it is necessary to 
determine the type of membership functions for a fuzzy 
subset of optimal bus models and standardize them for 
the main categories of passengers.

To define the dependencies for estimation of the 
membership functions, the methodology for analyzing 
the results of an expert survey was used. The passenger 
preference survey was conducted in October 2019 in 
the city of Talas (Kazakhstan). Within the survey, the 
preferences of the following social groups were identified: 
adults of working age, students and retirees. The survey 
was conducted at the bus stops of the Talas public 
transport system. First, the respondents answered the 
group of questions related to their social status (age, 
source of income, the average income, etc.). Afterwards, 
the respondents were asked to assess their preference 
related to the transport line choice for three basic 
features: the level of tariff, comfortability and travel 
speed. The detailed survey results are discussed in [23].

Based on the results of the conducted survey, the 
regression models for the membership functions were 
defined as the third-degree polynomial models. The 
results of calculating the coefficients of polynomial 
models to determine the dependence of the preference 
function on the value of the corresponding features are 
presented in [23].

The obtained polynomial models are used to 
determine e values of the function in Equation (4). The 
resulting membership function can be estimated as the 
weighted average for the partial membership functions:

a a av v K K T T$ $ $n n n n= + + ,	 (22)

where: av, aK, aT are the weighting factors for preference 
functions according to travel speed, comfort and tariff, 
respectively.

The weighting coefficients were evaluated as 
the arithmetic mean values for all the respondents 
participated in the survey: av = 0.321, aK = 0.322, 
aT = 0.357. As we can see, the selected features are 
evaluated by passengers in almost the same way.

The mathematical model for estimation of the 
transport companies’ strategies related to the vehicle 
fleet was implemented in Python programming language. 
A detailed description of the basic software framework 
can be found presented in [24]. The developed software 
was used as the simulation tool to assess the bus fleet 
structure for all the transport companies servicing the 
public transport system of the Talas city (in total, 13 
carriers are involved in the process of servicing 53 bus 
lines in the city).

To represent the structure of the city’s bus fleet in the 
aggregated form, 4 groups of vehicles are distinguished 
according to the vehicles’ capacity (up to 16 pax., from 
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passenger capacity and with an increase in the share 
of students, the optimal share of buses with a  large 
passenger capacity grows.

With an increase in the number of routes, the share 
of buses in each of the first three groups decreases and 
the share of buses with a particularly large passenger 
capacity increases. This trend is positive in terms of 
reducing the traffic congestion and decreasing the 
environmental pollution by reducing the total number 
of buses.

6	 Conclusions

The developed approach to determining the optimal 
qualitative and on its basis - the quantitative structure 
of the city bus fleet allows considering the preferences 
of consumers of transport services and the competitive 
nature of the transportation market. The use of the 
proposed method in practice allows transport engineers 
to assess the model range of the city’s bus fleet.

The proposed methodology makes it possible to 
determine the optimal models of buses for transporting 
passengers and a rational quantitative ratio of buses of 
these models for each of the carriers for a city’s existing 
public transport network. An obvious inconvenience 
of using this technique is the cumbersomeness of 
the calculations, which can be eliminated by creating 
a specialized software.

Analysis of influence of determining factors on the 
structure of the bus fleet allows to conclude that the 
change in the composition of consumers of transport 
services has the biggest impact on the fleet structure.

As the future research direction,  it is planned to 
perform the studies with use of the developed approach 
based on other locations to confirm the obtained 
membership functions and the discovered influence of 
the passenger flows structure on the structure of the 
city bus fleet.
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Note that free coefficients b0i are taken as zero 
values for the developed regression models (for such 
values, the adequacy of the models rises significantly). 
The obtained regression models are characterized by 
high adequacy: the determination coefficient is higher 
than 0.9 for each of the presented models. All the 
coefficients in the regression models in Equation (25) are 
statistically significant for the significance level of 0.05.

The next investigated is the influence of parameters 
on the required share of buses for all the possible options 
for the rational structure of the vehicle fleet. To do this, 
the change in the share of buses of each group was 
calculated, with a 10 % increase in the parameters that 
determine the structure of the bus fleet. The increase in 
the share of buses d jT  for the variant of the bus fleet 
structure for the j-th group is calculated by the formula

%d
d x

d x x
100j

j

j
$T

T
=

+

r

r^
^ h

h
,	 (26)

where xr  is the average value of the indicator;
xT  is the indicator’s increment, .x x0 1 $T = r .

The results of estimating the change in the share 
of buses with a  10 % increase in the parameters that 
determine the structure of the city bus fleet are shown 
in Table 1.

According to Table 1, it can be noted that the change 
in the structure of transport service consumers has 
the greatest impact on the structure of the bus fleet. 
Moreover, an increase in the proportion of the working-
age adult passengers leads to the greatest increase 
in the optimal proportion of buses with especially low 
passenger capacity characterized by the highest tariff 
and the highest delivery speed. With an increase in 
the share of passengers of retirement age, the biggest 
increase is in the share of buses with an average 

Table 1 Change in the rational structure of the city bus fleet with a 10 % increase in indicators [%]

Indicator
Group of buses

1 2 3 4

part of adults 4.72 3.18 3.03 3.15

part of students 1.42 2.67 3.56 3.42

part of retirees 3.48 3.82 3.08 3.11

number of bus lines -2.97 -2.38 -1.35 1.34
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