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Resume
Angular ball bearings are commonly used whenever there is a demand to 
increase stiffness of a  bearing. The aforementioned increase of stiffness 
can be achieved by obtaining proper preload in bearings. In common belief, 
preload has a negative consequence: it increases the load of rolling elements, 
which must lead to lower durability of bearing compared to the situation 
before the preload use.
The objective of the research was to analyse how a  change of load plane, 
while applying the preload, affects durability of angular ball bearings. In 
calculations of durability of bearings, besides elasticity of a  shaft, radial, 
axial and bending elasticities of bearings were taken into consideration, as 
well. 
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are found. Moreover, analysis results show that the 
estimated preload and bearing stiffness nonlinearly 
vary with the increase in temperature. In [4], a multi-
criteria optimization was performed for systems bearing-
spindle. Many objectives were considered in this work, 
including vibration frequencies, static stiffness and total 
friction torque. Bearing preload and bearing position 
were selected as variable factors.

Then, in [5] are presented the effects of the preload 
and preload method on the rotational performance of 
the spindle-bearing system is explored experimentally to 
reveal the role of preload and preload method in spindle 
rotational performances under different speeds.

The angular contact ball bearing preload is very 
important for the high-speed spindles and has a  very 
large effect on the dynamic and thermal characteristics 
of the spindles [6], vibrations [7], the performance of 
the spindle system and bearings in a machine tool [8-9], 
dynamic characteristics of a rotor [10], on the dynamic 
performance of bearing system [11] and of spindles [12]. 
In [11] the maximum compliance of the spindle tool tip 
was found to occur at the bending vibrations of a spindle 
shaft and vary with the preload amount of a  spindle 
bearing.

The preload has a  significant effect on the axial 
stiffness of the machine tool spindle, as shown in [13-
14], where the axial stiffness softening and hardening 

1	 Introduction

In modern scientific literature there can be found 
a  lot of information concerning the effect of preload on 
bearings and bearing systems. The preload is applied 
not only in the case of angular contact ball bearings 
but also in the case of other bearings; e.g. [1] presents 
a  generalization of previous works developed by the 
authors in the field of calculation and selection of slewing 
bearings where a  theoretical model for estimation of 
the static load-carrying capacity of four-contact-point 
slewing bearings was obtained.

Authors of [2] present the results of experimental 
studies on the effects of mechanical preload and bearing 
clearance on the rotor dynamic performance of lobed gas 
foil bearings (GFBs) for oil-free turbochargers (TCs).

Great attention was paid to the effect of the preload 
on stiffness of machine tool spindles in relation to 
thermal effects; e.g. [3] presents a  unified method to 
predict nonlinear thermal characteristics of a  high-
speed spindle bearing subjected to a  preload. Based 
on the quasi-static model and finite difference method 
the change of thermal contact resistance, bearing 
parameters and heat source with temperature per 
second is completely analyzed using a  new algorithm. 
As a  result, the thermal effects on contact angles, 
contact forces, the preload and stiffness of the bearing 
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overlooked. Bearings are considered to be perfectly 
rigid articulated supports when the reality is different: 
in most types of bearings, the rings in the bearing tilt 
relative to each other (Figure 1), which results in contact 
deformation in the bearing.

Figure 2 shows the tilt of the ring in the bearing. 
This tilting causes contact deformation where the rolling 
element is in contact with the raceways, leading to 
additional internal forces in the bearing. Development of 
those additional forces in the bearing causes an increase 
in the pressure Q forces of the rolling elements on the 
raceways and a change in the action of these forces.

Due to the bearing rings being tilted by an angle θ 
(Figure 2), the lines of action of the internal force vectors 
Q ‘and Q” pass the nodal point Won the right and as 
a result create moments of the same signs.

In addition, the lines of action of the forces from 
all the rolling elements are deflected and this deflection 
occurs to varying degrees depending on the position 
of the rolling element on the bearing circumference, 
resulting in a  resultant bending moment in the axial 
plane of the bearing and shaft. This moment emerges 

characteristics of machine tool spindle are studied. “The 
results show that when bearing preload reaches a certain 
relatively large threshold, a  “sag” shape occurs in the 
axial stiffness curve, indicating the “stiffness hardening” 
characteristic of the spindle. On the other hand, for 
a small preload no “sag” shape occurs in spindle stiffness 
curve, indicating the “stiffness softening” characteristic 
of the spindle. This phenomenon is of great significance 
for the acquisition of the excellent spindle stiffness 
properties.” [13]. 

Wear between the rolling elements and raceways 
has a  significant effect on the dynamic characteristics 
of the bearing, which is the main cause of a  bearing 
failure. The proposed computational models have been 
developed to investigate the dynamic characteristics of 
the bearing [15]. However, bearing wear has rarely been 
studied due to the complexity of the contact load and 
wear mechanism.

Currently used solutions to the problem define 
the bearing reaction forces and moments in bearings, 
assuming that the shaft is perfectly stiff.

However, the susceptibility of the bearings is 
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Figure 1 Tilting of the rings in the bearings due to angular deflection of the shaft [16-17]

Q'

Q''

W

Figure 2 Direction of internal forces acting in a bearing due to tilting of rings in the bearing by an angle θ:  
Q’ - internal force of the lower ball, Q” - internal force of the upper ball, W - nodal point
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Figure 3 The emergence of reactionary bending moments in bearings
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cases. In the case of many simple shaft loads, the 
superposition principle can be used, which consists in 
putting together of the deflection coming from individual 
forces. Another method used for the complex shaft 
loads and applied in manuscript, is Mohr’s method, 
based on differential equations describing the geometric 
parameters of deformations and relationships between 
loads.

The reaction moments generated in the bearings 
are the bearings reaction to shaft angular deflection. 
The values of the reaction bending moments depend on 
the shaft deflection line and therefore they depend on 
its stiffness.

When calculating the bearing service life, in addition 
to shaft elasticity, bearing radial, axial and bending 
elasticity must be taken into account. The radial and 
axial elasticity is determined by the dependence of 
the radial and axial force acting on the bearing and 
the radial and axial displacement of the rings in the 
bearings.

On the other hand, bending elasticity is expressed 
by the dependence of the bending moment, developed 
in the bearing, on the angular deflection of the rings in 
the bearing. 

Not only the radial and axial reaction, but the 
reaction moment of each bearing is considered in the 
static equations of the system, as well. It is worth noting 
that there is a feedback: the radial displacements in the 
bearings correspond to the deflections of the shaft on the 

simultaneously with the increase of Q forces in relation 
to the state with no deflection. These bending moments 
are the bearing’s reaction to angular deflection of the 
shaft and occur in both bearings (Figure 3).

The occurrence of these bending reaction moments 
in the bearings results in the fact that the bearings are 
actually loaded completely differently from the simple 
model based on external forces and support’s reactions. 
Moreover, the resulting reaction bending moments 
additionally load the shaft and change its deflection line 
and this affects the bending moment distribution and 
changes in the reaction of the supports. 

In fact, the following loads are exerted on the shaft: 
(Figure 4 and Figure 5): 
•	 external loads in the form of external forces and 

moments,
•	 loads of supports in the form of reaction forces and 

reaction moments of supports.
All the aforementioned loads have been included in 

the static equations.
As proven, the values of reaction bending moments 

are dependent on the shaft deflection line, which means 
that they are dependent on its stiffness. 

If the shaft is loaded in different planes, the shaft 
deflection line is a three-dimensional line, the shape of 
which is relatively complicated. Determining the shaft 
deflection parameters with the use of commonly used 
formulas is not practical in the case under consideration.

In practice, two methods are used for such complex 
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Figure 4 Calculation of transverse reactions of bearings
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Figure 5 Calculation of axial reactions of bearings 
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The calculation of deformations in the contact 
between any sphere and rings can be done using the 
vector calculus. It will be more correct to explain this 
procedure in a  three-dimensional drawing showing all 
the displacements. The method shown is used in this 
procedure and is illustrated in Figure 7. The starting 
point is an approximation of the rings in the bearing 
(inner relative to outer) on which this ball is located. 
The measure of this approximation is the local distance 
between the circles OKp and OKq. This can be delineated 
by considering the change in position of point P to 
position P’. This transition consists in the displacement 
of the inner ring in the x, y, z directions and its deflection 
about around the y and z axes:
• 	 shift in the x direction: fx

• 	 shift in the y direction: fy

• 	 shift in the z direction: fz

• 	 tilt with respect to y axis: rp ∙ Θy ∙ sin ψ
• 	 tilt with respect to z axis: rp ∙ Θz ∙ cos ψ.

The point P’ has a  different axial plane from the 
point P because it experiences some circumferential 
shift. This new plane is indicated in Figure 7 by the 
vertices of ae triangle BP’Q’. Therefore, the distance 
between the circles OKp and OKq, is the distance 
between the points P’ and Q’ to be measured. For 
a more accessible illustration of the components of the 
displacement of point P to P’, an additional Figure 8 
is provided, showing the plane BP’Q’, where point P is 
converted to point PP. The displacements fy and fz are 
projected onto the plane BP’Q’. The difference between 
the distances P’Q’ and PP Q’ defines the value of the ring 
approximation.

After determining the rapprochement of the rings δ 
and the Hertzian parameters of the contact δ* and Σρ, it 
is now possible to determine the force Q at the contact 
point under consideration.

Knowing the Q forces acting between the balls 
and rings allowed to determine the reaction forces 
and the reaction moments for the spatial force 
system. The notation of the reactions is shown  
in Figure 9.

supports and the angular deflections of the bearing rings 
are determined by the deflection line of the shaft and 
this deflection line is affected by the reaction moments 
of the bearings, which affect the angular deflections of 
the rings. 

The bearing reactions result from the internal 
forces acting between the bearing elements, which in 
turn depend on the mutual displacements of the bearing 
elements. 

The pressure force between the rolling part (ball) 
and the raceway of the ring of the ball bearing is the 
cause of the contact deformation. This deformation is 
spatial, i.e. three-dimensional. The area of the deformed 
surface can be considered elliptical and the profile - 
parabolic. There is a close correlation between the force 
Q and the dimensions of the contact ellipse and the 
depth of deformation in both contacting elements.

Figure 6 shows a half section of the bearing. Figure 
6a shows the unloaded condition. In this condition, the 
ball adheres to both rings without distortion. The center 
of curvature of the inner ring raceway is at point P and 
the outer ring is at point Q. The spacing between them 
is A.

Figure 6b shows the condition after the axial loading 
of the bearing (obviously greatly exaggerated) and due 
to the application of preload. The inner ring has been 
shifted relative to the outer ring and the center of its 
raceway curvature has moved to the point P ‘. The circle 
symbolizing the ball now penetrates a  certain depth 
into the profiles of both rings, which causes contact 
deformation. The contact strains can be determined 
from the formula:

B A P Q PQd= - = -l .	 (1)

This principle determines the normal contact 
deformation for an arbitrarily positioned ball due to 
a displacements of the inner ring relative to the outer 
ring. Before presenting this spatial analysis, it is 
necessary to define the geometrical design features of 
the bearing.  

r bz
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Figure 6 Ring displacement due to loading and preload
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cos cos cosQ Q Qy r $ $ $} a }= = ,	 (4)

sin cos sinQ Q Qz r $ $ $} a }= = ,	 (5)

sin sinM Q w
r r r D

xz
q bw bz k

0$
$

$ $a a }=
+ -

-
^ ^h h ,	 (6)

sin cosM Q w
r r r D

x
q bw bz k

y 0$
$

$ $a a }=
+ -

-
^ ^h h .	 (7)

Equations (2) ÷ (7) define the loads occurring on one, 
arbitrary, rolling element.

The upper figure in the perspective view shows 
the arc of the centers of curvature of the outer ring 
raceway. The Q forces are applied to the points on this 
arc, which act between the rolling elements and the 
bearing raceway. They are deviated from the y-z plane 
by the angle α. As a  result of the projection of the Q 
forces on the assumed axes of symmetry, one obtains the 
following formulas:

sinQ Qx $ a= ,	 (2)

cosQ Qr $ a= ,	 (3)

Figure 7 Local approximation of rings

Figure 8 Illustration in the BP ‘Q’ plane of the principle of calculating  
the local rapprochement of the rings
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The total bearing reactions and reaction moments 
are the result of the interaction of each rolling element 
in the bearing and are determined by adding the forces 
and moments resulting from rolling elements under the 
normal deformation:

sinR Qx $ a= ^ h| ,	 (9)

cosR Qr $ a= ^ h| ,	 (10)

The moment from the force Q is to be determined 
with respect to the point W, which is measured at 
the point of support of the shaft on the bearing. This 
calculation is shown in Figure 10. The force Q is applied 
at the center of the outer ring raceway curve, denoted as 
q. The moment of force Q coming out of any sphere (here 
a sphere lying in the plane of the diagram is chosen) is:

M Q r$= .	 (8)
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Figure 9 Determining the reaction of bearing
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Figure 10 Determining the reaction moment of a bearing [18-19]
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displacements and tilts of the inner rings in relation to 
the outer rings in both bearings, that all the equilibrium 
equations are simultaneously satisfied.

The absolute equivalent load on the ring, moving in 
relation to the load, is equivalent to the time-averaged 
load of the ball circling the bearing Qsr. This value is 
calculated in the computer program according to the 
known dependence taking into account the equivalent 
effort of the material subjected to variable loads:

Q Z Q1
sr ii

Z 3

1
=

=
| .	 (20)

The equivalent load of a point contact radial bearing 
is calculated from the formula:

.

. .P Z Q Z Q0 5625
0 2288 0 4068sr sr$ $ $ $= = .	 (21)

The angular contact ball bearing belongs to the deep 
groove bearings with point contact. The fatigue strength 
of the raceways and balls of an angular contact bearing 
depends in the same way on their averaged load as in 
a deep groove ball bearing, provided that the total load 
is taken into account, not only its radial component. In 
the developed procedure, the total loads are calculated. 
Therefore, the formula was adopted for the angular 
contact ball bearing.

Based on the Weibull theory, an expression was 
obtained:

L P
C p

= b l .	 (22)

The number L is the number of million revolutions 
the bearing can make before the raceway or rolling 
elements are damaged. The exponent of the power p 
is a  number with different values depending on the 
bearing type. For the ball bearings, p = 3.

2	 The calculation method used

In order to solve the problem, it was necessary to 
combine such issues as: deflection line of machine shaft 
for the complex external load, dislocations of inner rings 
in relation to the outer ones as a result of loads and of 
preload, elastic contact deformations in the points of 
contact of rolling parts with the track in both bearings 
of the system, calculations of contact forces in bearings, 
based on contact deformations, balance between inner 
(contact) forces and outer loading of the whole bearing, 
calculations of durability of bearings based on these 
contact forces.

The adoption of a  correct computational model is 
a  crucial step towards finding a  theoretical solution to 
the problem. On the correctness of the model depends 
the scope of the considered phenomena, the degree 

cos cosR Qy $ $a }= ^ h| ,	 (11)

cos sinR Qz $ $a }= ^ h| ,	 (12)

,sin sin

M

Q w
r r r D

xz

q bw bz k
0$

$
$ $a a }

=
+ -

-
^ ^h h; E| 	 (13)

.sin cos

M

Q w
r r r D

x

q bw bz k

y

0$
$

$ $a a }

=
+ -

-
^ ^h h; E| 	 (14)

The formulas presented here allowed the reactions 
of the two shaft bearings to be determined separately, 
based on their separate internal deformations. 

The above shows determination of the shaft support 
reactions based on the shaft loads and determination of 
the bearing reactions as a response to the deformations 
taking place in them. The shaft supports are, of course, the 
bearings. Both reactions must therefore be respectively 
equal to each other. It is one of the components of the 
bearing balance. The first is the equilibrium of the 
reaction in the directions perpendicular to the shaft 
axis, i.e. y and z. If the lateral reaction, calculated as the 
support reaction, was greater than the bearing reaction 
resulting from internal deformations in it, for example:

R RAy Ay0 2 ,	  (15)

or R RA Az z0 2 ,	 (16)

or R R yBy B0 2 , 	 (17)

or R Rz zB B0 2 ,	 (18)

then the calculation procedure increases the internal 
displacement in the corresponding bearing (A  or B) in 
the appropriate direction (x or y), so as to satisfy all 
the above equations. In the event of the opposite sign 
of inequality, the corresponding displacement in the 
corresponding bearing is reduced.

In the direction of the shaft axis, the balance of 
the axial external forces and the axial reactions of the 
bearings is checked. The resultant of these forces:

W R F Rx Ax ix Bx= + -| , 	 (19)

should be zero. If it is less than zero, the calculation 
procedure shifts the shaft along with the inner rings 
of the bearings to the left in order to increase the left 
bearing deformation and consequently increase the RAx 
force and at the same time reduce the RBx. If, on the 
other hand, this resultant Wx > 0, then the calculation 
procedure shifts the shaft along with the inner rings of 
the bearings to the right in order to reduce the RAx force 
and at the same time increase the RBx.

The iterative process presented above, used in the 
computer program, makes it possible to calculate such 
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bearing was a  subject to calculations for loadings 
different in values and differently placed. Variants 
of locations are shown in Figure 12. In one variant of 
location (variant I) it is assumed the load is assumed to 
be on either side of a single gear located at a distance xL 
distance from the end of the shaft. In another variant 
(variant II) loads are applied on two gears placed at xL1 
and xL2 distances from the end of the shaft. Location of 
points of application is defined by angles β1 and β2.

The locations of the load planes were taken in 
relation to the shaft length Lw, which corresponds to 
dimension x7:

For variant I  of the location (Figure 12 - left):  
xL = 0.3 Lw, xL = 0.4 Lw, xL = 0.5 Lw, xL = 0.6 Lw or  
xL = 0.7 Lw.

For variant II of the location (Figure 12 - right):  
xL1 = 0.4 Lw, xL2 = 0.6 Lw, for the angles: β1 = β2 = 90º and 
β1 = 90º, β2 = 180º or β1 = 90º, β2 = 270º.

Diameter of the rolling: Dt = 200 mm.
It has been assumed, that loads in both the points 

presented in Figure 12 are identical. (Fc1 = Fc2, Fp1 = Fp2, 
Fx1 = Fx2). The diameters of the gears are the same.

of approximation to reality and the amount of work 
needed to apply the solution. For the present study, used 
a method developed by the author, which was applied in 
papers [20-24] and others.

3	 Analytical considerations 

These types of bearings work in arrangements and 
must be considered in arrangements. Forces that occur 
in bearings depend, among others, on the load bearing, 
shaft deflection. The bearing load or the shaft deflection 
line depends again on the way the external shaft is 
loaded. Possibilities are endless, therefore a  specific 
construction had to be assumed by the author.  

The assumed construction was a model shaft (Figure 
11) with two 7212B angular ball bearings of a dynamic 
capacity of C=57200 N, according to [25].

The model shaft has the following dimensions:  
x2 = 22 mm, x3 = 100 mm, x4 = 200 mm, x5 = 300 mm,  
x6 = 371 mm, x7 = 400 mm, d1 = 60 mm, d2 = 67 mm,  
d3 = 75 mm, d4 = 75 mm, d5 = 67 mm, d6 = 60 mm. The 

d 1
x2

x

A B

x3

x4

x5

x6

x7

d 2 d 3 d 4 d 5 d 6

Figure 11 Sketch of a model shaft
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Figure 12 Load variants adopted
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Characteristics of durability of bearings, when 
considering the preload for the obtained values, are 
presented in the Figures 13÷19: 

The circumferential load Fc1 on the alleged gear Fc1 
depends on dynamic capacity of the bearing and will be 
assumed as 0.1 C, when Fp1=0.36 Fc1. 

Figure 13 Durability of bearings A and B for the load plane xL = 0.3 LW for variant I of the load
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Figure 14 Durability of bearings A and B for the load plane xL = 0.4 LW for variant I of the load



B180 	 K A C Z O R

C O M M U N I C A T I O N S    3 / 2 0 2 2 	 V O L U M E  2 4

Figure 15 Durability of bearings A and B for the load plane xL =0.5 LW for variant I of the load
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Figure 16 Durability of bearings A and B for the load plane xL = 0.6 LW for variant I of the load
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Figure 17 Durability of bearings A and B for the load plane xL = 0.7 LW for variant I of the load
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Figure 18 Durability of bearings A and B for variant II of the loading and for the angles  
of the load applications β1 = 90º, β2 = 90º
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Figure 19 Durability of bearings A and B for variant II of the loading and for the angles  
of the load applications β1 = 90º, β2 = 180º
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Figure 20 Durability of bearings A and B for variant II of the loading and for the angles  
of the load applications β1 = 90º, β2 = 270º
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for the positive value of preload. Other curves are 
decreasing. 

Advantageous durability characteristics for bearings 
are visible in all the graphs. A  small number of lines 
fall moderately with the increase of preload. However, 
most of the lines have a  rising course, at times, even 
a significantly rising one. 

5	 Conclusion

Observations presented above prove, that only 
when the plane of loading is placed at a half the distance 
between the bearings and with a  low axial load (below 
0.1 Fc), a  preload enables achieving the increase in 
durability of both bearings. In all the other cases, the life 
characteristics of A and B bearings are opposite: when 
one characteristics increases, the other characteristics 
simultaneously decreases.

However, it would be too superficial to assume 
that the use of preload in bearings is usually a harmful 
factor. It is known that as a result of preload an increase 
of longitudinal stiffness of a bearing system is obtained, 
which is beneficial. The observed phenomena mean 
only that characteristics of durability, when observed 
separately, will not provide an answer to the question 
about the optimum value of preload for a specific shaft 
load. 

An application of variable preload is necessary 
because it has a  big impact on bearings’ performance, 
which is shown in [26]. 

In article [27] a  new automatic variable preload 
system has been proposed. This system fits the preload, 
however it only depends on the spindle rotational 
speed. It is crucial to remember that the internal 
contact feature and thermally induced dynamic preload 
are essential for a  ball bearing which is one of the 
key problems associated with thermal instability and 
lock-up problems at high rotational speed.

In [28] is presented a  thermo-mechanical coupling 
model for the angular contact ball bearing with preload 
and temperature compensation, for the purpose of 
dynamic preload monitoring.

An interesting solution of the preload has been 
shown in [29] where the piezoelectric actuators have 
been used. Furthermore, this article may form the 
basis for future research into intelligent preload control 
technology, as well as investigating the thermal-
mechanical-dynamic characteristics of the high-speed 
bearing system.

4 	 Deduction

The following observations have been made based 
on Figures 13÷20:

When loads are applied to the shaft located closer 
to the left bearing, then, independently of the value of 
the cross-bending and axial loads, together with the 
increase of preload Zc, durability of bearing A increases 
slowly up to a  certain value Zc and then falls rapidly. 
The maximum value is reached for different Zc values, 
depending on the values of loadings. In contrast, the 
life of the right bearing (B) under these conditions 
decreases markedly over the entire range of increasing 
preload. Furthermore, the life curves of bearing B have 
different levels depending on the axial force, which is 
understandable since it is directed at the right bearing.

When the forces are applied exactly in the middle 
between the bearings, the life curve A bearing is similar 
to the previous case, which means they obtain maximum 
values. However, in this case these maximum values 
are visibly “dislocated” in correlation to one another, 
depending on the axial load values. In contrast to the 
previous load placement, in this case certain curves of 
durability of the bearing B (the right one) also obtain 
maximum values. Those are the curves that correspond 
to the lowest values of axial force (below 0.1 Fc). For 
the higher values of axial force, the characteristics 
of durability of the bearing B have a  falling  
course. 

If the loads are applied closer to the bearing on the 
right side, both the bearing life of bearing A and B vary 
with the axial force. For a large value of the axial force 
(above 0.2 Fc), the life curves of bearing A  increase to 
a certain maximum value, but for a smaller axial force 
these curves decrease monotonically as the preload 
value increases from 0. On the other hand, the life 
curves of bearing B behave in the opposite way: the 
appearance of maximum values can be observed when 
the axial force is less than 0.2 Fc. When the axial force 
is higher, the life characteristics of bearing B decrease, 
but not so sharply.

With the loads applied to the two different wheels, 
located as in Figure 12, the character of the curves 
resembles the course characteristic of the position of 
the load plane exactly in the center of the shaft. All the 
curves durability of the bearing A demonstrate maxima 
located in a  similar range of preload as in the case of 
central location of one plane of the load. Whereas out 
of the durability curves of the bearing B, only the one 
corresponding to the axial force 0 reaches maximum 
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