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Resume

The mathematical model of a multi-section articulated bus has been
improved in the article, which allowed to determine the stability indicators
of the two and three-section articulated buses for the Metrobus system. The
critical speed for the three-section articulated bus was 28.06 m/s and for the
two-section articulated bus - 30.89 m/s. Since the motion of multi-section
articulated buses will be carried out on separate lanes with a speed of 25
- 28 m/s, one can assume that the stability of rectilinear traffic of both two
and three-section buses is provided. In non-stationary modes of motion with
two-section articulated buses, the lateral speed of the first bus decreases
by almost 8.5% compared to the three-section and the second trailer-bus
increases by almost 9.5% compared to the three-section. In this case,
the motion stability of multi-section articulated buses can be considered
satisfactory, as the lateral accelerations in the center of mass of all sections
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1 Formulation of the problem

One of the main problems of the modern big
city is the global crisis of normal functioning of the
urban environment due to the structural growth of the
motorization level, oversaturation of the road network
with traffic flows. This leads to a sharp deterioration
in transport services, traffic jams, rising noise and air
pollution, a practical drop in speed, rising energy costs,
increasing the victim’s number of road accidents [1-9].

Recently, many cities around the world have
introduced so-called BRT (Bus Rapid Transit) systems
[2-4]. These systems have become a cheaper alternative
to the subway and other rail transport, including trams.
The BRT transport now operates in more than 200 cities
around the world. The advent of Metrobus system will
help evolve “minibuses” from cities and move to a more
progressive model of urban transport.

The main economic advantage of a high-speed bus
over a regular one is much lower fuel consumption
per passenger [1-9]. This is achieved through rational,
specially designed driving modes. On the BRT line, as
a rule, multi-section articulated bus run especially large
capacity (18 or 22, 24, 25 m), but the main difference
from the usual city routes is that they run on a separate

(dedicated) lane at short intervals, for example, 1 minute.
Along with the undeniable advantages of bi-articulated
buses and trolleybuses, they also have disadvantages -
worse manoeuvrability and stability. Therefore, solving
issues related to improving the manoeuvrability and
stability of multi-section articulated buses is an urgent
task.

2 Analysis of scientific publications

Stability of motion belongs to the properties of
motor vehicles that do not have a strict certainty
in terminology, requirements, indicators and methods
of assessment. In practice, they use experimental
characteristics that determine the stability of vehicles
during movement and in theory, direct and indirect
indicators and their dependences, among which the
main ones are the critical speed of movement and lateral
accelerations acting in the center of mass of individual
sections. At present, the problem of determining the
stability conditions for the semi-trailer trucks has
been sufficiently studied. Thus, in [10-11], a simplified
analysis of the manoeuvrability and stability of vehicle
combinations, such as a tractor in combination with
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one or two semitrailers or a truck and a full trailer,
was carried out. Vehicle combinations are considered
linear dynamic systems with two degrees of freedom for
each unit. The motion equations are derived taking into
account the effect of braking and acceleration and the
characteristic equation for motion with constant speed
is obtained. In [12], the three-dimensional dynamic
models of a truck and a trailer were developed, based
on which a dynamic model of the semi-trailer truck was
constructed. Based on the first-order approximation
theory of ordinary differential equations and the theory
of Hopf bifurcation, the linear and nonlinear stability
of each element and the semi-trailer truck as a whole
under rectilinear motion is studied. Numerical results
show that for the nonlinear and linear models the
critical velocities differ little from each other. In [13],
the equations of vertical and lateral dynamics of a semi-
trailer truck with 6 degrees of freedom are reduced
to a matrix form. The motion of such a vehicle in the
vertical and lateral planes has been investigated. It
is shown that the developed method can be applied to
analyze the stability of the motion, in particular, of
passenger trains. In [14], a multivariate extension of the
D2-IBC (Data Driven - Inversion Based Control) method
is considered and its application to control the stability
of the motion of the semi-trailer trucks is discussed in
detail. In [15], a model of the semi-trailer truck with 31
freedom degrees was constructed using the AutoSum
package and the directions of improving the semi-trailer
truck stability are shown. At the same time, it is shown
that its stability can be significantly improved by using
an inerter, which is considered effective for increasing
the stability and performance of multi-section road
trains. However, as practice shows, determining the
system’s behavior nature in the field of instability and
identifying the causes of their occurrence has not lost
its relevance.

The characteristics of the maneuverability and
stability of the vehicle motion, as is known, are
determined by a combination of the operational, mass-
geometric and design parameters of its modules (vehicle
for the Metrobus system) and their control systems. In
general, the desired combinations of these parameters
from the point of view of stability, even for the same
vehicle in the range of operational loads and run speeds,
are different. As a consequence, it is difficult to obtain
accurate design parameters and quantitative indicators
according to the stability criteria of its motion at the
early stages of the design of vehicles. Success in solving
such problems depends on how well the mathematical
model is chosen and its essential parameters that
describe the dynamic system behavior in different
modes of motion. Therefore, the aim of the work is
a comparative assessment of the two and three-section
articulated buses in both stationary and non-stationary
modes.

Figure 1 shows the general view (a) and the
calculation scheme of the three-section articulated bus

(b). Metrobus consists of a driving link, which has front
steering wheels and can have rear driving wheels, both
swivel and non-swivel. Both the first and the second
trailing single-axle link can have both rotating and non-
rotating wheels. At the point Of, the first towing link
rests on the leading one, at the second point 07, the
towing link rests on the first. Interaction forces between
the links of the road train arise at the coupling points
Oy and 0.

3 Comparative assessment of the motion
stability of the two and three-section
articulated buses

In [16], a system of differential equations was
obtained by the sections method, which describes the
plane-parallel motion of the sections of a three-section
articulated bus, Figure 1 (b). This system of equations is
written in the form:

m(v —uw) = — X, + XA — XBcosy:1 +

+ YBsinyy;

m(it + vw)Ys + YA — YBcosy: + XBsiny;

Jo = aYA — bYs — ¢(YBcosy:1 + XBsiny1) +

+ M + Ms; (1)
Jiw, = — YAAcosyo + XAAsin® — M, = 0;

Jows = d1YB—b1Y; +

+c1(YCcosys + XCsinys) — Ms;

Jsws = doy YC — by Yy + My — M.

The reactions at the connection points of the three-
section articulated bus sections are defined as follows:

XC = msvs — mswsus + Xu;

YC = msits + mswsvs — Yy

XB = mab2 — ma@autz + m3v3co8Y2 —

— M3@3uU3COSY2 — X4COS’)/2 + X5 — Wlsﬂgsin’}’z -

— maW3vssinyz + Yisinysy; (2)
XA = miit1sin0 + mi1w1v1sin@ — Y1sin6 —
—m101c0S0 + mi@iu1cos@ — Xicos6;

YA = —miit1cos® — miwi1v1cosO + YicosO —
—m1918in0 + miwiu1sin® — X;sin6.

In the systems of Equations in (1) and (2), the

following designations are accepted:

a — the distance from the front axle to the center of the
bus mass;

b — the distance from the rear axle to the center of the
bus mass;

¢ — the distance from the center of the bus mass to the
coupling point with the first trailer;

A — the side shift of the front controlled wheels of the
bus, due to the longitudinal inclination of the pivot
axis;
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1

Figure 1 Van Hool ExquiCity Metrobus (a); the estimated scheme of the three-section articulated bus
for Metrobus system

6 — the rotation angle of the front axle wheels of the
bus;

Y1,72 — the first and second joint angles;

b,— the distance from the mass center of the first
trailer to its axis;

c,— the distance from the mass center of the first
trailer to the coupling point with the second
trailer;

d,— the distance from the mass center of the first
trailer to the coupling point with the bus;

b,— the distance from the mass center of the second
trailer to its axis;

d,— the distance from the mass center of the second

2
trailer to the coupling point with the first trailer;

m, m,, m,, m, — the mass of the controlled module of the
bus, first and second trailer, respectively;

J —  the central moment of the bus;

V,u — the longitudinal and cross projections of the

velocity vector of the mass center on the axes

associated with the bus, respectively;

the bus angular velocity along the vertical axis;

the central moment of inertia of the wheel control

module of the bus;

Vi, u1— the longitudinal and cross projections of the
velocity vector of the mass center of the control
wheel module of the bus, respectively;

a)_
J, -

@, — the angular velocity of the control wheel module
of the bus;
J, — the central moment of first trailer inertia;

Vo, iz — the longitudinal and cross projections of the
velocity vector of the mass center of the first
trailer, respectively;

w3 — the angular velocity of the first trailer;

J, — the central moment of second trailer inertia;

Vs, u3— the longitudinal and cross projections of the
velocity vector of the mass center of the second

trailer, respectively;
ws — the angular velocity of the second trailer.

The system of equations in (1) includes lateral forces
acting on the wheels of the axles of the multi-section
articulated bus. Today, there are several analytical
approximations of the dependence of the lateral reaction
applied in the wheel contact patch on the side-slip angle,
but the most widespread is the following formula [17]:

Y: = kiai
L -1
J1+ k84 0*GY)

) (3)

where
8i, Yi— the side-slip angles of the bus axles wheels and
lateral force, respectively;
J— the coefficient of lateral adhesion between the
wheel tire and the supporting surface;
k.- the side-slip resistance coefficient.

The need to take into account the nonlinearity is
explained by the fact that only in a very narrow range
the dependence between the forces acting on the axle
and the axle retraction angles is close to linear, while
for other values of the side-slip angles this dependence
is nonlinear and the lateral force cannot exceed the
adhesion forces Y*. As the lateral force approaches its
maximum value, partial slip in the lateral direction
begins and then full slip. In accordance with this, the
maximum value of the lateral force Y = Y* can be found
based on the fact that

. Y T
111?4}:(005) - X Y ) X Y*’Y qDG’ (4)
where

¢ — the lateral adhesion coefficient between the tire and
the ground,
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G - the vertical wheel load.

If one denotes the resistance coefficient to the side-
slip in the absence of longitudinal forces acting on the
wheel through %, then the value of & will be determined
as:

X 2
e
k= k0~7¢GX), 5)
1+ 0'375ﬁ
where

X — the longitudinal force acting on the wheel, the value
of which is determined by the ratio

x=2M

7

if Y < g,
o ®)
X =G if 529G,

where
M - the traction (braking) moment that is applied to
the wheel.
In the absence of traction (braking) moment on the
wheels of the bus axles, the lateral forces on the wheels
of its axles are determined by relationships, respectively:

kid; ki
= ki ki 7
Ji+ o0 X7 ez, @

where
Z, - the normal reaction of the supporting surface to the
i-th axle of the bus.
The wheel side-slip angles of the multi-section
articulated bus axles are defined as

i

61 =— arctg% — arctg X
xVsin® + (u + aw)cosO —
—(w+0)A+bi(w+71)

vecosO + (u + aw)sin6
82 = arctgl(—u + bw)/Vv],

83 = arctg(—us + biw/vy) = arctg x
vsiny: — (u — cw)cosy: +
+(w + ’)71)d1 + b (w + Y1)
veosy: + (u — cw)siny:
8= [(—us + bows)/vs] = arctg x 8)
x{[vcosyi+ (u — cw)siny1]siny, —
—[vsiny: +(u — cw)cosyr — (@ + y1)] X
xcosYs + (@ + Y1+ y2)ds}/
/{[vcosyi+ (u — cw)sinyi]cosys +
—vsiny1 + (4 — cw)cosy:r — | .
—(a)+}71)d1_01(a)+')71) SlnYz}.

’

The moment of resistance to turning the wheels of
the controlled module of the bus is proportional to the
angles of its turning:

My = hi-0, 9)

where
h, — the coefficient of viscous friction in the steering
parts.
The resistance moments of turning of the bus
sections are defined as

R — r}
R+

Mo = 5 Zupt (10)

where

Z,~ the vertical load in the coupling device;

M — the friction coefficient in the coupling device;

R, r,— the larger and smaller radius of the coupling
device, respectively.

The longitudinal forces on the wheels of the axles of
the bus are determined by the known dependence
Xi=fZ (11)
where
f — the rolling resistance coefficient of bus wheels.

The obtained system of equations allows to study
the behavior of a three-section articulated bus in both
stationary and non-stationary mode motions, as well
as to determine the critical speed v  of the bus, which
has two approaches to its quantitative estimation [16]:
the first is associated with the study of characteristic
equations (the 1st Lyapunov’s method) or Lyapunov’s
functions (the 2nd Lyapunov’s method), the second - with
the output of the motion parameters for the allowable
range. The critical speed v_, as a stability criterion,
connects the design and operational parameters of the
multi-section articulated bus and its speed and allows
you to find its maximum value, exceeding which leads to
the loss of the motion stability.

Analytical expressions for variables
U(y:),w(y:) corresponding to steady mode motions
(U=0,0=0,7;=0,7: =0 =1,2)) can be
obtained from the system of equations in (1) on a circular
trajectory of sufficiently large radius, provided that
U = const:

(m+my+me+m3)ov =Y+ Yo + Ys + Yy
—c(m + my + my)ov =

aYi—bYs— c(Ys+ Yi) + My
[mc + madi + made]lov = di1Ys + da Y +

+ M — Moy
modsv = Ys(ds + bs) + Mo

msdswv = LYy + Mo — Mog;

(12)

It is impossible to solve the system of equations in
(12) in general form and analyze the dependences of the
lateral and angular velocities (U and @) of the bus and
the joint angles y: of the articulated bus on its design
parameters due to the complexity of the disclosure of
the sixth-order determinant and the cumbersomeness of
the expressions themselves. Therefore, to calculate the
determinants of the system in (12), it is necessary to use
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numerical methods, for example, the Maple software.
Then the variables obtained using the Maple software
will make it possible to determine the influence of
various design and operational factors on the stability
indicators of the articulated bus.

According to the linearity of the lateral slip forces
Yii, as a function of the side-slip angle §;, the solutions
of the equations system in (12) will be the values of the
variables appropriating to stationary modes, namely:

Ay A Ay Ay
U="gso =" =3n= 3

(13)

where

A — the main determinant of the system;

Av,Aw, Ayi, Ay, — determinants of the system to find the
appropriate variables.

The roots of characteristic equations can be
determined by numerical methods. Note that the
description of the articulated bus motion, which
is actually a nonlinear object, linear equations are
a replacement for one problem with another, with which
the first may have nothing to do (due to nonlinearity
of assignments and terms of the equations of motion
higher than the first order).

Hence the following task: to establish the necessary
and sufficient conditions for stability on the first
approximation. According to Lyapunov’s theorem on
the stability of a steady mode motion by the first
approximation [14], if all the characteristic equation
roots of the first approximation system of the perturbed
motion equations have negative real parts, then the
undisturbed motion is stable and asymptotically stable,
no matter what the higher orders in the differential
equations of perturbed motion.

The conditions under which all the roots have
negative real parts are determined by the Liénard-
Shipard criterion: for the characteristic equation to have
all the roots with negative real parts, it is necessary and
sufficient that:

1) all the characteristic equation coefficients were
positive;

2) the main diagonal minors of the Hurwitz matrix
compiled for the given characteristic equation
were positive. Those conditions are fulfilled if
all the denominators of Equation (13) - the main
determinants of the system, are positive. What it
looks like:

_ B
V<Veo=—g (14)

where a and B in Equation (14) will be defined as
B =Bl o = lleii. (15)

Taking into account the fact that the stationary
mode motions of the articulated bus are not only

rectilinear modes, but the circular modes, as well, then
for the realizability of such a motion it is necessary
to fulfill the condition R > 0. The turning radius
R = v/ in the theory of wheeled vehicles is usually
called the curvature radius of the trajectory point of the
longitudinal axis of the driving link, the speed of which
is directed along the axis [16]. For the radius R one has:

m(ksdy + Moz)(kads + M) X

X(Min — M) + [c(ky + k2) + 9
+ My — My [mi Moz (kads + Mos) —
—mz Mos(kscr — Moz)]

xV: 4 [k + ks) + Mu — Mo x
(Feady + Mos)| Moz ( Moz + Mos) —
x1— k(1 + i M)+ ks +
X (ksc1 _MUZ)Xd2M03
+ (ksdy + Moz ) kads + Mos)[ (b + ko) gty —
— (M — Mo}

R= (k1 + k2) G — (M — Mo)Y10] X (16)
X (kydy + Moyy)(kads + M) —
—[C(kl + kg) + Mh1 - M()l])(
X[(k4d2 + M)s)k:s Gz)]

where

k, — the sum of the resistance wheels coefficients of the

i-th axis;
Yo = kuyoM = kiia; Mz = kuiih; Ms = ksidy;
My = kaidy; phh = klidz;,uz = kzibz;,us = kydy;
Ui = kud3;Gy = Zkliai'}/z‘.

As follows from Equation (16), the turning radius of
the three-section articulated bus depends on the mass
and geometric parameters of its sections, as well as the
resistance coefficients of the wheels of the axles of the
first k£, and the second trailer-bus section &,.

Equation (16) is presented in the form:

[ (k1i5k2iyk3i)k4i’,}/l'ym5ml)m2?>’ an

a,b,C,C1,d1,d2

Since qD(oo,oo,oo,oo,}/i,m,ml,mZ,a, b,c,cr,di,dz) =0,
then Equation (17) includes, as a special case, a linearized
expression K = [/y, fortheradiusoftrajectorycurvature
ofthe bus rear axle on wheels rigid in the lateral direction.
If go(oo,oo,oo,oo,}/i,m,ml,mZ, a,b,c,ci,di,dz) < or>0,
then R will be greater or less than 0 and the three-section
articulated bus will have insufficient or excessive agility.
If qD(oo,oo,oo,oo,')/i, m,m1,ms,a,b,c,c1,di,d:) = 0 the
three-section articulated bus is neutral with respect
to understeer: its turning radius is the same as in the
multi-articulated bus on rigid lateral wheels.

For y:>0, the denominator of Equation (16)
will be greater than 0, respectively, the condition of
the feasibility of circular motion and the stability of
rectilinear motion is satisfied only if v <v... From
Equation (15) one obtains:
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> on>—Evivt< oLyl = %
where
[e(br+ ko) + M — My {(kids + M) X
X[MOZ(MOZ + M03) - k3(/—13 =+ CIMUS)] =+
+ ka(lscr — Mo )(dsMos + )} +
+ (ksdi + M) kads + Mos)[ (k1 + k2) x
st — (1 + p2) — (M — Mn ) (18)

— m(ksdi + Mo )(kads + Moz ) (M — M) +
+[C(k1 + kz) + M — Mz][ﬂhMoZ X
X (kads + M) — maMys(ksct — Myz)

According to Equation (18), calculations of the
critical speed of motion of the three and two-section
articulated buses are performed. The calculations were
performed on the following initial data:

=
9]

=

=
t

o
|

|
&
9]

|
[REY

The lateral velocity, m/s

=
n

Times, s

-7 === Bus 74—IJ1 First

trailer bus

a)

Second
trailer bus

The lateral velocity, m/s

v = 5m/s,A = —0.023m,a = 3.68m;b = 2.32m;
c=871m;c1 = 3.Tm;dr = 4.17Tm;dz = 4.17m;
R=11m;r = 0.2m;m = 18000 kg; J = 38500 kg - m?;
m1 = 400 kg; J1 = 18.5 kg - m*ms = 9500 kg - m?*;

Jo = 31200 kg - m%ms = 9500 kg - m* Js = 31200 kg - m%
ky = 0; k1 = 160000 N/rad; 2> = 320000 N/rad;

ks = 180000 N/rad; ks = 320000 N/rad; 2 = 30,

@ = 0.8;70=0;0 = 6y + ko-n;ke = 0.05;
n=12.10;v : =0; X1 = X2 = X3 = X4 =0.

In the case of the two-section articulated bus,
should be accepted:
c1=0,b=0,d2=0,m3s =0,/ = 0,ks = 0.

For the multi-section articulated bus selected for
calculation, the critical speed was:
for the three-section articulated bus - 28.06 m/s;
for the two-section articulated bus - 30.89 m/s.
Despite the fact that the motion of the multi-
articulated bus by the Metrobus system is carried out

15

e
L

o
!

|
=
L

Times, s
== Bus ‘

et First
trailer bus

-1

b))

Figure 2 The lateral velocity of the articulated bus during the “jerk the steering wheel” manoeuver: a - three-section
articulated bus; b - two-section articulated bus
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Figure 3 The lateral acceleration of the mass centers of multi-section articulated bus during the “jerk the steering wheel”
manoeuver: a - three-section articulated bus; b - two-section articulated bus
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Figure 5 The lateral acceleration of the mass centers of multi-section articulated bus during the “displacement

»

manoeuver: a - three-section articulated bus; b - two-section articulated bus

on separately allocated lanes at a speed of 25-28 m/s,
it can be considered that the stability of the rectilinear
motion of both two and three-sections articulated buses
in Metrobus system is ensured.

The stability of the multi-section articulated bus in
the non-stationary modes of motion can be judged by the
lateral speed of individual sections of the multi-section
articulated bus and the value of lateral accelerations
when it performs various maneuvers, in particular,
the “jerk of the steering wheel - turning the steering
wheel with an angular speed of at least 19 rad/s” and
“displacement” Figures 2 to 5.

From the given Figures 2 to 5 it follows that the
limiting factor for the lateral speed in the case of a three-
section articulated bus is the third trailer bus (its lateral
speed is almost 20.5% higher than of the first). In the
case of a two-section articulated bus, the lateral speed
of the first bus decreases by almost 8.5% compared to
the three-section and the second trailer bus increases
by almost 9.5% compared to the three-section). However,

the stability of motion can be judged to a greater extent
by the value of the lateral acceleration acting in the
center of mass of the individual sections. According to
literary sources, the motion stability can be considered
satisfactory if the lateral accelerations at the center of
mass of the section do not exceed 0.45g. In addition, the
damping nature of the oscillations also indicates the
stability of the multi-section articulated bus motion. In
this case, the limiting factor, when performing the “jerk
of the steering wheel” maneuver, is the mass center
acceleration of the second trailer section in the case of
a three-section articulated bus and a bus in the case of
the two-section articulated bus.

4 Conclusion
An improved mathematical model of the three-

section articulated bus is presented, which made it
possible to determine the stability indicators of both
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the two-section articulated bus and the three-section
articulated bus. Thus, the critical speed for the three-
section articulated was 28.06 m/s and for the two-section
articulated bus - 30.89 m/s. Despite the fact that the
motion by the multi-section articulated bus in the
Metrobus system is carried out on separately allocated
lanes at a speed of 25-28 m/s, it can be considered that
the stability of the rectilinear motion of both two and
three-section buses is ensured. In the non-stationary
modes of motion with the two-section articulated buses,
the lateral speed of the first bus decreases by almost
8.5% compared to the three-section and the second
trailer-bus increases by almost 9.5% compared to the
three-section. At the same time, the motion stability of
both multi-sections articulated buses can be considered
satisfactory, since the lateral accelerations in the center
of mass of all sections do not exceed 0.45g. In addition,
the damping nature of the oscillations also indicates the
stability of the multi-section articulated bus motion.

5 Discussion of research results

The mathematical model of the plane-parallel
movement of the two- and three-lane Metrobuses

developed in the work made it possible to achieve
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