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Resume

This work is dedicated to the problem of optimizing the shape of columns
modelling bridge span subjected to the selected specific load case. Based
on Hamilton's principle, motion equations and boundary conditions were
defined. Taking into account the static criterion of loss of stability and the
condition of constant volume of systems, the values of geometric parameters
of the analyzed column were determined at which the maximum critical load
value was obtained. The simulated annealing algorithm was used to find the
maximum critical force being a function of many variables. Within the kinetic
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criterion of loss of stability, the range of changes in the natural frequency
of optimized columns as a function of external load was determined. Based
on the obtained results it was concluded that it is possible to control the
dynamic properties while improving the stability of the system.
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1 Introduction Changing the shape of the structural elements can affect

not only the strength, but it can also reduce the weight

The issue of stability and free vibrations plays

a significant role in the design and exploitation of

mechanical devices and civil engineering structures.

With proper system operation, correctly conducted static

and dynamic analyzes guarantee that the machine or

structure will not be damaged at stresses much lower
than the allowable one. Currently, scientists’ research
is focused on increasing the strength of structures and
the possibility of controlling their dynamic properties.

Among the factors that are analyzed in the context of

improving the properties of slender systems - devices or

their parts are, among others:

* the possibility of using elastic or piezoceramic
elements, supporting the systems with elastic
foundations with different characteristics [1-6] or
using oscillators [7];

* analysis of nonlinearities in the system: geometric
[7-11], material (physical) [8, 12-14], resulting from
friction [8];

® optimization of the shape of the system [15-17].
The last two factors are of a particular importance.

of the structure and thus lower the costs. Including
nonlinearities in the models increases the quality of
mapping the actual behaviour of the system - it enables
a more accurate study of the behaviour of the system
during operation. The role of stability and vibrations
of slender systems has received increased attention in
recent years, across a number of disciplines. Physical
models, similar to those analyzed in this paper, are
commonly found in constructions (bridge spans) [18-23]
or in the mining industry (support structures).

A new approach to the stability studies of non-
prismatic Bernoulli-Euler columns loaded axially was
proposed in [16]. The described method of rigid elements
consists of dividing a column into n segments, then each
of them is additionally divided into k members. Each of
the segments from the first division can be replaced with
a rigid, multi-segment joint element (two rigid segments
connected by a joint and springs: translational and
rotating). The research considered double symmetrical
columns with a cross-section that change continuously
and stepwise (multi-segment system).
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Figure 1 Physical model of the column a) under follower force directed
towards positive pole, b) division into segments

The problem of stability was also dealt with by
Li [24-25]. In his works, he analyzed columns with
a stepped and continuous change of the cross-section
along the axis. The research covered the impact of
various load cases (conservative or tracking), system
geometry and mounting methods, including support
by rotational and translational springs, on the value of
the critical load. The transfer matrix method and the
finite element method were used to solve the boundary
problems presented in the works.

An explicit equation for the buckling load value
of the non-prismatic columns with non-uniform
distribution of longitudinal forces was developed in [26].
Taking into account the Euler dependence on the critical
load, the authors presented a series of graphs specifying
the value of the correction factor taking into account the
type of convergence, the size of the cross-section and the
method of loading the structure. The maximum recorded
error, resulting from the comparison of the proposed
method and analytical calculations, did not exceed 7 %.

This article deals with the issue of stability and
free vibrations of a geometrically nonlinear column
with a nonprismatic element, modelling the bridge
support structure. The analysis covered the change of
the bifurcation load (only the loss of the rectilinear form
of the static equilibrium was examined) and the change
of the natural frequency. The shape of the bar with
a variable cross-section was optimized using a modified
simulated annealing algorithm. The theoretical and
numerical studies were experimentally verified.

2 Physical model of the system

Figure 1 presents a physical model of the considered
column in the construction variant of loading heads 1
and load taking heads 2 with a circular outline (constant
curvature). Under the follower load, with the force
directed towards the positive pole (case of specific load),
the direction of the loading force goes through the fixed
point O - the centre of the loading and load taking head.
The parts of the load taking heads are infinitely rigid.
The columns 3 are rigidly fixed on one side (x, = 0) and
they are connected at the free end (x = /) with the load
taking head 2. Reduced mass of elements, being a part of
the load taking head was taken into account in the field
with the point mass m.

The method of issue description adopted in this
paper consists in the division of a column (Figure 1b)
into smaller segments (with indexes I = 1.n) with
a circular cross-section, mass per unit length (pA)
and flexural rigidity (EJ,), described by length [/ and
diameter d, as well as the transverse displacement
W(x,t). The optimization of the shape is limited to
selection of diameters of particular segments of the
systems at which the maximum critical load value is
obtained. This assumption causes that the maximum
value of critical force, which is a function of many
variables (diameters and lengths of particular column
segments) is searched for:

Pows = fdvdsyrdi ). 8
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The value of the critical force P, of the optimized
columns was related to the constant along the length

L of the flexural rigidity (EeJ) , of comparison columns:

PkVL2

A = BN

(2

In the solution of the subject issue, the constant total
length L, the constant total volume V, constant value of
the longitudinal elasticity E, as well as optimized and
relevant comparison (prismatic) columns, are assumed.

In this section, exemplary designations of the
considered columns have been implemented:
¢ DO(R") - optimized column subjected to the follower

force load, directed towards the positive pole with

a stepwise variable flexural rigidity, with the

parameter of the loading and load taking head R";
¢  DP(R") - the column with a constant at the length

of the flexural rigidity system (EJ)  (comparative)

subjected to load with tracking force directed
towards the positive pole, with the parameter of the

loading head R".

3 Equations of the boundary problem

Determination of motion equations and boundary
conditions of the considered systems was conducted
under the Hamilton’s principle (the principle of least
action):

e
131

Vg)dt =0, 3)

Where T means kinetic energy, V - potential energy,
t - time, & - operator of variations.

The kinetic energy T of the considered columns is
the sum of the kinetic energy of the column and kinectic
energy of the body of mass m (transverse inertia):

T— Z(pA)/[ aW(xz, ]dxl

(4)
m aWn(l,t)
ol |

where A, - is the cross-sectional area of the i-th segment
of the optimized column.

The components of the potential energy were defined
as follows:
¢ flexural elastic energy:

0 Wilxit) ’
0 x?

n 3 !
vi= B[ dz:, 5)
i=1 0

* energy of the force P vertical component:

!
gz:/[ a I/I/t(xly ) de, (6)

0 x;

* energy of the force P horizontal component:

xn =172
v 2=,
where:
xn =1
W W — Wu(Lt)
P=R—7 = ’ .
xn = 1
W"(l,l‘)—rw
Xn
pu = -

Known a priori, the geometrical boundary conditions
of the considered problem, are:
* at the attachment point (x, = 0):

0 Wila,t) _
Wl((),l‘)*iaxl n:OfO, 9)
*  continuity conditions
oW, =
We(lt) = Wg+1(0,t),${' =
(10)

0 Wg+1(9€g+1,z)

FET ,where{ = 1...(n — 1).

x(+1=0

After application of geometrical dependencies
between the elements of the head taking the load,
with the follower force directed towards the pole, the
following was obtained:

O W, (xnt) [~

0 Xy =0

W.(Lt) — R (1

Considering the Hamilton’s principle in Equation
(3), after a priori application of the relevant boundary
conditions in Equations (9)-(11) and after algebraic
transformations, it was obtained:

e differential equations of motion of the considered

system:
(EJl\a VI/Z(jC,,t)+P8 Wz(le,t)
dx dx 12)
2T (s
+(pAi)L(2x“t) =0,i = 1..n,
ot
* natural continuity conditions:
0 Welxgt) [
0 x}
; 13
p 02 Weir(xc+1,t) (13)
10 5 2 )
¢ ax)z(§+l xcr1=0
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0° We(xg,t)
0 xt
03 Wei1(xg+1,1)

3
axx§+l

x¢ =1

(14)

X +1

I
x{+1=0

* natural boundary conditions at the free end of the
systems (x, = 1):

W len) "™ 1 3’ Waulawd) [*
0 xd R 0 x%
) 15
w9l (15)
(EJ.) ot ’

where: ki, = P/(EJ.), xc+1 = (EJe1)/(EJ¢).

4 Solution of the boundary problem - energetic
method

Conducting research on optimization requires
knowledge of the critical load values of the considered
columns, with the adopted criterion of constant volume.
To determine the critical load parameter, it is sufficient
to apply the static stability criterion (energetic method).
Condition for the existence of a minimum total potential
energy was recorded in the following form:

3

oY, Ve=0.
=1

(16)

Potential energy of the system (see Equations
(5)-(7)), after previous separation of variables of the
function W (x,t), in relation to spatial x, and time ¢
coordinates:

Wi(xit) = vi(x:)cos(wt), %))
has the following form:
3 n ) ! ;
2 Ve = S [t (e -
=1 i=1
, ! (18)

42 [t Fan + SR,

The boundary conditions in Equations (9)-(11), (13)-
(15) after applying Equation (17) are as follows:

y1(0) = »1(0) = 0, (19)
ya (1) = Ryn (1), (20)
V(D) = 53 (1) =0, 21)
ve(1) = ye+1(0), (22)
ye(1) = v£+1(0), (23)

yé’(l):xgﬂyéﬁl(o), (24)

yé”(l) = xgﬂyé”ﬂ(O)- (25)
Taking into account the Equations (18), (19) and

(22) - (24) in Equation (16), the following displacement

equations were obtained:

iV (xi) + kP () = 0, i = 1..n. (26)
The general solutions of Equation (26) were

described by the function:

yl-(xi) = Dilsin(kixi) + D,’zCOS(kixi) +

2
+ Disxi + Da, 7

where D, are integration constants (K =1, ..., 4).

Based on the solutions of Equation (27) of
displacement equations and relevant boundary
conditions in Equations (19)-(25), a system of equations
was obtained, which in the matrix form, was recorded
as follows:
GA=0 (28)
where: A =[Dy D D Du ... D Dy Dy Dn4]T
and G, means the square matrix of a degree dependent
on the number of n segments of considered columns.

Thus, the following is obtained:

F 0 0 0 0 0
HH 0| 0 0 0
G| O HH| 0 0 0
’ 0 0 0|H, » H, 1 07 29)
0 0 0| 0 H,-\ H
0 0 0 0 0 F
0101
B = ki 01 0]’
0 —1 0 —1
| ke 0 —1 0
Hgﬂ_ 0 Z{+1k£’+l 0 0f
X§+1k2+1 0 0 0
sin(k¢l) cos(kel) 11
krcos(kel)  —kesin(kel) 10
1 __
He =t in(kel) —kicos(kel) 0 0f (30)
— kicos(kel) kisin(kel) 00
F — ﬁl ﬁZ ](12 ﬁ4]
Yo e f ful
The matrix coefficient F was recorded as:
fiu = — Kb cos(l,) + Fesinlkal),
2
Sz = kisin(knl)ﬁ‘knc#wyfw =0,/u=0, (31

fa = sin(k,l) — Rk, cos(k,l),
for = cos(knl) + Rkusin(kul), fos = | — R, fo = 1.
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The transcendental equation for the critical load
value is as follows:

det G; = 0. (32)

5 Solution of the boundary issue - vibration
method

Based on the solution of the boundary issue with
the kinetic criterion of stability, the range of changes
in natural vibrations frequency w as a function of
the external load P of the considered columns was
determined. For this purpose, Equations of motion (12)
are taken into account, which, after separating the
variables with respect to spatial coordinates x, and time
t (see the Equation (17)), are in the following form:

iV (i) + Ry (x:) — Qiyi(x;) = 0, i = Ln. (33)
The results of Equations (33) are:
i(x:) = Curicosh(oixi) + Ca ixi) +
vi(xi) 1rcosh(atix;) cos(Bix:) 50

+ Cysinh(otix;) + Cusin( Bixi),

where CK; are integration constants (K =1,...,4) and:

>é-

- VECTOR OF GEOMETRIC
PARAMETERS OF COLUMNS

‘L’N:S(‘I'B, Av,T) THE NEIGHBORGOOD FUNCTION
O=(z) FUNCTION OF CHANGE IN THE
"TEMPERATURE" PARAMETER

T—70) INDEX DIFFERENCE COEFFICIENT OF

MODIFIED COLUMN SEGMENTS

Av=£(8) COEFFICIENT OF CHANGE IN THE

VOLUME OF COLUMN SEGMENTS

z = ITERATION COUNTER

MLETROPOLITS

of = — 0.5k + (0.25k! + Q2),
B} = ¥ —0.5k% + (0.25k! + Q3),

X=TEmn N ED

After applying Equation (34) to relevant boundary
conditions, the following system of equations was
obtained:

(35)

GDCO[{CH Cu Cs Cy ... Cip Co Csy C4n}: 0.(36)

The determinant of the matrix of coefficients G,
equalized to zero is a transcendental equation on the
neutral vibrations frequency o (within the range of loss
of the rectilinear form of the static equilibrium) of the
considered systems, that is:

GDCO[{CH Cu Cs Cy ... Cip Co Csy C4n}: 0.(37)

6 Simulated annealing

The method of simulated annealing consists in
a heuristic algorithm belonging to the class of non-

@=0p n=2
Omin=0x  Nmax=y
V=V, L=Ip
Av=vyr

AvA9) > 176) |

Figure 2 A block diagram of the modified method of simulated annealing
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deterministic algorithms. This method is a modification
of the “hill climbing algorithm”. The performance of the
algorithm requires defining four parameters: the initial
representation of the result, the generator of random
changes in the results (neighbourhood function), the
evaluation function (cost) and the annealing schedule.
The additional parameter © called “temperature” is not
directly related to variables subjected to optimization,
but it only controls the performance of the algorithm.
The value of the parameter © affects only the probability
of passing from one point in the search space to another
and is selected in a manner depending on a given
optimization issue.

Figure 2 presents a block diagram of the applied
method of simulated annealing. In the considered
method, a new solution ¥ selected by modifying the
current result W, is always accepted when an increase
is obtained in the value of the function of the result
evaluation defined by Equation (1). Otherwise, the
acceptance occurs with a certain probability equal to:

b= e[ —)

where: Af is the difference of the value of the evaluation
function defined by the Equation (1) and:

(38)

v =|d do ... dusdisdi L (39)

The core of the algorithm is the procedure called
Metropolis, which was used for simulation of the
annealing process under a given “temperature”®. In the
Metropolis procedure, a number of iterations defined by
the parameter M was performed at the same value of
the parameter ©. Then, the “temperature” was reduced
according to the adopted “annealing schedule”, which
was described by the dependency © = f(z) (see Figure 3a).
The number of M ___iterations in subsequent initiation
of the Metropolis procedure was increased by a certain
value A M.

a) o b)
&
Omin — — — —
z
A \H Ay
V,
T
90 9 Qmin 17
: - 0 min

max

7 Modified method of simulated annealing

In the method of simulated annealing, apart
from the change of the value of parameters © and
M, an additional modification of the performance of
the function S(¥;) was assumed, which generates a
neighbourhood result (neighbourhood function). In the
considered case, the performance of the neighbourhood
function was changed along with the change of the
“temperature” parameter (Figure 3).

The applied method of selection of a new shape
consists in the “transfer” of a certain part of volume,
described by the coefficient Av, from a randomly selected
segment (with the index i) to another segment of
the column (with the index j), selected also in a
random manner (Figure 3b). This is done by changing
the diameters of selected segments (d, d) into new
diameters (d, dj’). The lengths of segments [ remain
unchanged. Thanks to application of such a solution,
the fixed column volume criterion, adopted in this paper,
has been met. New diameters of segments are calculated
from the equations:

d: = (1 — Av)d:, dj = Jd; + Avd;, (40)
where: i,j € (0..n) - indices of the segments subjected to
modifications, Av € (0..1) - volume change coefficient.

The maximum allowable difference between indices
of segments |7 — j|, the diameters of which (d,, d) are
changed and the volume change factor Av (Av = A(©)),
defining what part of the volume of a given segment
(with the index i) will be transferred to another segment
(with the index j), are also changed. The segment whose
volume is increased (diameter d;) is any segment of
the column selected in a random manner. The segment
described by the parameter of the diameter d’, the
volume of which is reduced, is also selected in a random
manner, however, in this case some restrictions are
imposed on the selection.

|i - jl=[1+ 1|

Figure 3 a) change of the “temperature” parameter, b) modification of the neighbourhood function
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At the initial stage of optimization, selection of
this segment can be completely random. However, at
the final stage, it is possible to select only one of the
two segments adjacent to the element whose volume is
increased (i =j = 1). The maximum difference of indices
of modified segments, defined as the product of the
number of segments n and the coefficient Y (Y = f@)),
where Y=1...0. Taking into account the second variable
parameter, the volume change coefficient Av, a certain
set value of Av, was assumed at the beginning of the
calculation. Those values were decreased together with
the decrease of the parameter, until the minimum value
Av ., defined at the beginning, was reached at ©_
(Figure 3). The application of such a solution significantly
accelerated the optimization process, especially at the
beginning of the calculation. The parameters Av, Y,
similar to ® and M were modified after each time the
Metropolis procedure was carried out. As a result of the
described modification, the neighbourhood function was
recorded as:

Yy = S(Y/B, Av, Y) . (41)

Another implemented modification of the algorithm
of simulated annealing is a change of the number of
segments n constituting a part of a slender system,
made together with the change in the value of the
mentioned parameters, that is:
n=2""", (42)

Each segment of the column is divided into two
segments with lengths equal to half of the length of
the divided segment. The diameters of both segments
are equal to the diameter of the divided segment.
In the considered cases of column loads, the system
was originally divided into two segments (z = 0). The
number of segments n into which the slender system
was divided, was changed in geometrical progression
with a quotient equal to 2 to n__ value (maximum
number of segments). The division was carried out
after each Metropolis step loop until the length of the
segment [ was greater or equal to the minimum length
l

min®

L

N max

Inin = (43)

Implementation of the above-mentioned
modifications to the algorithm of simulated annealing
results in a significant acceleration of the shape
optimization process. Thanks to the initial division into
a small number of segments, it is possible to quickly
determine the “coarse” shape of the columns. At the
final stage of calculations, when the length of segments
is short, small changes in shape result in smoothing the
shape of the systems.

7.1 Function of changing the “temperature”
parameter

A significant problem in the simulated annealing is
the appropriate selection of the method of lowering the
parameter ©. Too rapid lowering of the “temperature”
has a negative effect on the accuracy of the algorithm,
too slow - increases the calculation time. The parameter
© is used in determining the probability of acceptance
(see Equation (34)) of the worse solution. This probability
depends on the difference in the evaluation function
Af, as well. The application of variable parameters
of neighbourhood generation and the change in the
number of segments n of the system causes that the
mean value A f decreases with each implementation of
Metropolis. In the analyzed cases, the mean value Af
had almost exactly double in each successive Metropolis.
The described change should be taken into account in
the “annealing schedule”. For the statement (-Af /©) in
Equation (34) to behave as expected, the value of the
parameter © should be reduced accordingly in each
iteration z.

8 The results of numerical calculations
and experimental research

This section presents the results of numerical
calculations with the use of a static and kinetic
stability criterion. In the considered case of a specific
load, appropriate results of theoretical research were
presented, with selected geometrical parameter of the
load taking heads, that is R ".

Based on the energy method, the scope of
critical load changes of optimized columns and their
shape was determined, with the assumed criteria of
the fixed volume of the systems. The scope of changes
in the natural vibrations in the external load function
and the form of vibrations were obtained by solving
the boundary conditions, using the vibration method.
Additional experimental research was carried out with
regard to the value of natural vibrations frequency.

8.1 Results of numerical calculations - static
stability criterion

Taking into consideration the transcendental
equation for the value of critical value (see the Equation
(32)), numerical calculations were carried out to
determine the maximum value of the critical force
P, of columns, in the considered cases of natural
load. Numerical calculations were carried dividing the
column into n = 128 segments. The introduction of the
division of columns into a larger amount of segments
did not significantly affect the obtained result and
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it extended the time of numerical calculations. The
obtained increase in the critical load with division into
128 and 256 segments differed by at most 0.18 %. The
value of critical load of optimized system DO(R* j) and
the parameters of load taking heads were related to the
total constant length L of the system and the constant
flexural rigidity (EJ )p of prismatic (comparative) column
DPR," ).

Figure 4 shows the scope of changes in the critical
parameters of the column load as a function of changes
in the parameters of load taking heads. The results of
numerical calculations were presented in the case of the
systems with an optimized shape DO(R * j) (solid lines)
and corresponding columns DP(R® ;) (dashed lines)
with a constant along the length of the flexural rigidity
system.

At the considered values of the radius R of the
loading head, each of the critical load change curves was
characterized by occurrence of the maximum value of
the critical load parameter A . In the case of comparative
columns with fixed flexural rigidity (EJ), the extreme
value is determined at parameters R * = 0.5. The range
of the value of radius R of the loading head, changing
from zero to the length of the column L(R} <0,1))
was taken into account in the calculation. If R® = 0,
then the Euler’s load case is obtained.

The percentage increase in the critical load 9, of the

A'()L' [ ]
45

optimized column with the changed flexural rigidity is
presented in Figure 5, where:

_ A/UUD()(R;kﬁ — ﬂvuuDP(Rf]’) 0
60 o A«ocDP(Rn*j) 100%

(44)

Considering the division of columns into n - 128
segments, the critical load increase by at most 40.64%
was obtained.

Figure 6 shows the shapes of models of optimized
columns (optimum diameter distribution), with selected
geometrical parameters of loading and load taking
heads. The physical models of considered columns (see
Figure 1) were built from segments which have been
described by a fixed diameter d, and fixed length /.

As a result of numerical calculations of the
optimization issue, “stepped” shapes of the systems
were obtained. Due to a significant number of segments,
in relation to the total length L of columns, the actual
shapes were approximated by polynominals of a relevant
degree (with the highest possible correlation coefficient
and the lowest standard deviation, in relation to the
actual shapes) and they were drawn as smooth. Taking
into account the assumed criterion for the constant
volume of systems, the outline of prismatic (comparative)
columns are marked with the dashed lines. For each of
the presented shapes, values of the critical force, the

}\'()L‘DO(I(: OAS):42‘23
40

35
}\‘ocDP(RZO_S):3 1.32

30 - i

}"()L'DO(R; 0-26.68 _~

7

25 P |

Megcnp(is0y-20-19 | B=0.5 DP(R.)) N
20 T T 1 T 1 1 1 T T T

T | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 R[] 1

Figure 4 Change of the critical load parameter A as a function of the parameter
value R of columns DO(R" j), DP(R j)

0, [%]
44 —
40 = o e} o © 0

4 o ° ° 5 °
36 —_ o ¢ © oo o O © o OoooO o o ©009° °
32 =4
28 O DO(R /)

— T T T 1 1 | L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9R,[11

Figure 5 The percentage increase in the critical load &, as a function of the parameter
value Ra* of columns DO(RO* b
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Figure 6 The shape of the optimized column DO(R " j) with the variable parameter value R ' j of the loading

and load taking head: a) Ro" =0,b) RO" =0.1,¢
&R’ =06hR"=071i)R’

corresponding optimized and prismatic column, as well
as the percentage increase of the critical load parameter,
were given. It has been limited to the selected values of
the parameter R of the loading and load taking head.
In a specific case R~ = 0 (Figure 6a), a characteristic
feature for all the presented shapes is the presence of
narrowings in the cross-section along the length of the
columns. The location of the points described by the
minimum value of the diameter depends on the value of
geometric parameters of heads that are involved in the
specific load case discussed.

8.2 Results of numerical calculations - free
vibrations

Taking into account the solution of the boundary
issue, which has been obtained based on the kinetic
stability criterion, numerical calculations were carried

R'=02 dR’ =03 ¢ R’ =04)R’ =05
=08 )R’ =09, k)R =10

out with regard to the value of natural vibrations
frequency w of a column DO(R " j). Taking into account
the variable flexural rigidity of optimized columns, it has
been limited to determination of the nature of changes
in the first two basic natural vibrations frequencies
in a dimensionless form (2,,0Q.:), as a function of
a dimensionless load parameter A , with selected values
R, Ar of heads performing the specific load cases, which
are discussed. The following is assumed:

_pp

A= Dy (45)
~ (pA),0* L

Q=" gD, (46)

where: A - cross-section area of the comparative column
(pA), - specific mass per unit length of the
comparative column.
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The results of numerical calculations of changes
in eigenvalues of the column DO(R~ ;) are presented
in Figures 7 and 8. In case of R = 0 (the curves 1 -
Figure 7), the scope of changes in the natural vibrations
frequency corresponds to the model of the column in
which the Euler load case was implemented.

The scope of changes of the basic natural vibrations
frequency of columns DO(R ;) and DP(R"~ ), with
selected parameters of heads R is shown in Figure 9.
In the calculations, the zero value of the point mass m at
the free end of the column was assumed, where:

m
~ AL “n
The value of the critical load of the discussed
columns, in case of certain geometrical parameters of
loading heads, were achieved with the parameter Q =
0. The values of the critical load parameter, which
were obtained based on the kinetic stability criterion,

mo

are identical as in the case of application of the
static criterion. Depending on the value of geometric
parameters of the loading and load taking head, the
presented courses of the basic frequency of natural
» in the plane & - Q (Figure 9) have
a negative, positive or zero inclination.

Figure 10 shows the forms of vibrations (M1, M2,
M3) corresponding to the first three natural vibrations
frequencies (parameters: Q , Q ., Q) of the considered
column. The forms of vibrations were determined with
the normalization condition, assuming the value of
the integrated constant of the motion equation result -
normalization as to the constant, that is:

vibrations Q

Cln - 1 (48)

Taking into account Equation (48) in the dependence
in Equation (36), after the prior rejecting of one of the
geometric boundary conditions, a heterogenous system
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Table 1 Geometric and physical parameters of the column DO(R " j)

E P L R L, m
[Pa] [kg/m?] [m] [m] [m] [m] [m]
7.5%101° 2790 0.6 0.008 0.059 0.051 0.39

of equations with (n-1) unknowns Cx, (i=1,...,n,x =1,...,4)
was obtained. Based on the result of the system of
equations, the remaining integration constants Cx; were
determined. The forms of vibrations of the columns, with
the natural vibrations frequency parameters Q¢ (¢ = 1,
2,...) were described with relations in Equation (34).
The scope of changes in the forms of natural vibrations
is presented (Figure 10) as a function of external load
regarding the selected geometry of the loading and load
taking head (R = 0.5).

In a general case (Mg), the form of vibrations
corresponding to ¢- of this frequency of natural vibrations
(c=1,2,...) has (c-1) nodes.

Based on numerical calculations, a change in
the forms of vibrations ((M1), (M2)) was observed on
the curves of the first and second natural vibrations
frequency. In the case of the comparative column
DO(R, j), this phenomenon was confirmed by
experimental studies using the modal analysis.

The obtained nature of changes in eigenvalues (see
Figure 7 to 9) and the scope of changes of the forms of
natural vibrations along the curve A =(Q ) (see Figure
10), allows to include the optimized and comparative
columns, subjected to a specific load, to one of two types
of systems: divergent ((dQ /dA)I)\ _<0) or divergent -
pseudo-flattery ((dQ  /dA )1 _>0). Figure 11 presents
the scope of changes in the value of the parameter R of
the head taking the load with the force directed towards
the pole, where the optimized column DO(R ;) and the
comparative column DP(R * j) are included to one of two
above-mentioned types of systems.

8.3 Experimental studies

This section of the paper presents the results of
experimental studies and numerical calculations of the
optimized system with the selected geometry of the head
taking the load with follower force directed towards the
positive pole DO(R® ;). The physcial and geometric
parameters of the analyzed column are given in Table 1.

A rectangular cross-section of the analyzed column
of dimensions a and b, was assumed for the calculations
and experimental studies. Taking into account the
criterion of the constant volume of the system; the
width of the cross-section a was assumed (a; - decision
variables of the optimization process) with its fixed
thickness b. In the applied modified method of simulated
annealing, an additional condition was included in the
following form:

a>b+0001[m] i=1,..,n. (49)

Geometric inequality constraint in Equation
(49) of the optimized column is justified due to the
buckling plane of the system assumed in the numerical
calculations and experimental systems, described with
the minimum moment of inertia with respect to the
neutral axis in the bending plane.

An experimental study was carried out at the
stand, which was designed and constructed in the
Department of Mechanics and Machine Design of the
Czestochowa University of Technology. The stand
(Figure 12) is composed of a support frame (1) to which
the head (2) is attached. The element of the head (2)
consists of a screw system by means of which the
force loading the analyzed column (5) was generated
with the use of a dynamometer (3) and a plate (4).
Supports were attached to plates 8(1) and 8(2), which
were implementing the required boundary conditions
of the column. With four ball bearings (6), used at the
pivots of the plate (4), a rectilinear shift was ensured
in the guides (7). The guides (7) were attached to plate
8(1). The loading head (9), which was implementing
the required boundary conditions at the free end of the
analyzed system, was attached to the plate (4). The
conditions of rigid bracing of the column is ensured by
the element (1), which was attached to plate 8(2) with
the housing (11). The head taking the load (12) was
attached to the analyzed column with the use of block
(13). It is assumed that the components:

e of the loading head (6),
e of the head taking the load to the column (12), (13),
are infinitely rigid. It is justified due to construction
purposes. Figure 12 also presents the diagram of
the measurement system. The measurement system
consists of a modal hammer (15) (Briel&Kjaer type
8200 + 2646), a laser vibrometer (14) (VH - 1000 - D
made by OMETRON), an analyzer (17) (Briiel&Kjaer
type 3560C) and a computer (18) with the software
PULSE (version 7.0). The modal hammer is connected to
the analyzer only when the experimental modal analysis
is performed.

As a part of numerical calculations, with a static
stability criterion, the shape of the optimized column
was determined. Taking into account the rigid elements
in Equations (12), (13) of the load taking head (see
Figure 12) in the mathematical model of the system,
the boundary conditions (11) and (15) at the free end of
the column (x, = /) are modified. Thus, the following is
obtained:
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PR AC
W.(Lt) — (R — lO)T =0,
W) "™ 1 W) [
0x5 (R— 1) 0x5 (50)
o m 0 Waulxut) -0
(EJ.) or

where [, - total length of rigid elements in Equation (12)
and Equation (13) - see Figure 12.

The shape of the optimized column DO(R "~ 0.0125)
(solid lines), obtained based on the solution of the

37 A R
VN

boundary issue, with the use of modified boundary
conditions in Equation (50) is shown in Figure 14. The
dashed line presents an outline of a relevant comparative
column DP(R~ 0.0125). In the case of the optimized
shape of the system obtained, the critical load increase
by 24.3% was achieved. The structural solutions of the
research stand presented in Figure 12 are also shown in
the picture (Figure 13b). In the pictures (Figures 13a and
13c¢) the shape of the examined column and the design
solution of the load taking head are presented, as well.

LU LITL]

Figure 12 The stand for testing the natural vibrations
of columns located in a vertical position

Figure 13 a) shape of the examined column b) stand for examining vibrations
of the slender systems with a mounted column, ¢) load taking head
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Figure 14 Shapes of columns: DO(R " 0.0125), DP(R * 0.0125). Model of the optimized column developed
for the experimental modal analysis (the system DO(R " 0.0125 ))
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Figure 16 The forms of vibrations of the column DO(R 0.0125) obtained based
on the numerical calculations and experimental studies

Taking into account the obtained shape of the
optimized column (Figure 14), experimental research
was carried out with regard to changes in the frequency
of natural vibrations and the form of natural vibrations
of the considered system. For this purpose, experimental
modal analysis was performed using the professional
equipment and software.

Figure 14 presents also a non-deformed form of the
examined system. Ten nodes, in which the measurements,
were made were distinguished within the research
object constructed with the use of PULSE 7.0 software.
The forcing is realized by hitting the successive points
(9) of the examined column with a modal hammer and
simultaneously the velocity of displacement of the node
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(A) of the column is measured with the use of a laser
vibrometer. The signal from the modal hammer and
laser vibrometer is sent to the analyzer and then to the
computer using the ME’scopeVES 4.0 software from
Vibrat Technology; the values of natural vibrations
frequencies and the forms of natural vibrations of
the optimized system were obtained. The results of
numerical calculations (solid lines - the system DO(R
0.0125)) and experimental studies (points), regarding
the changes in the frequencies of natural vibrations, are
presented in Figure 15.

The dashed lines show the course of changes in the
eigenvalues of the comparative column DP(R "~ 0.0125).
The scope of changes of the first three frequencies of
natural vibrations f, as a function of external load
P was given. Comparing the results of numerical
calculations and experimental studies of the column
DO(R,;" 0.0125), a good consistency of the results was
found. The maximum relative error with the basic
natural vibrations frequency, between the experimental
results /¢ and the frequencies obtained in theory /¢, was
7.24%.

The forms of the transverse natural vibrations of the
column (M1, M2, M3), obtained during the experiments
and thanks to numerical calculations, are shown in
Figure 16. The relevant results were shown with the
external load value P =1640 [N] and the geometric and
physical parameters of the system from Table 1.

9 Conclusions

In this work, the issues of stability and natural
vibrations of slender elastic systems modelling the
bridge span subjected to the follower force directed to
the positive pole were analyzed and examined. Based on
the principle of minimum potential energy, displacement
equations and boundary conditions were determined.
Considering the variable flexural stiffness of the
systems, the leap equation was derived for the critical
load value - the objective function of the optimization
problem. The simulated annealing algorithm was
used in the considerations. The values of the critical
load parameter of columns, optimized for the adopted
criterion of constant volume of systems, were obtained.
An increase in the critical load of optimized columns of
40.64 % was obtained. It was found that there are such
values of the head carrying the load parameters, at
which the maximum value of the critical load parameter
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