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Resume
In this study is presented an analytical mathematical model developed 
to determine the forces arising during the active penetration of machine 
working bodies into sticky rocks. The methodology is based on the method 
of element-by-element calculation of resistances, where the contact zone is 
divided into discrete prisms of material. As a result of the analysis, a final 
formula for the total penetration force is derived. This formula shows the 
dependence of the resistance force on the dimensions of the tool (thickness, 
depth, angle of sharpening) and the physical characteristics of the rock 
(internal friction, adhesion, stickiness). The model serves as a reliable 
engineering tool for the design and optimization of working bodies of 
earthmoving and mining equipment.
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buckets, and knives distorts their working geometry, 
effectively “dulling” the cutting edges, which further 
exacerbates the first problem. Thirdly, difficulties arise 
with the complete unloading of buckets and bodies, 
which requires additional time and the use of special 
cleaning systems [8-9].

To solve these problems, engineers and researchers 
are pursuing two main approaches: developing the new 
materials and coatings for working parts that reduce 
adhesion, and optimizing the geometry of the working 
parts themselves. The second approach requires reliable 
calculation methods that allow interaction forces to be 
predicted at the design stage. Mathematical modelling 
becomes an indispensable tool in this context. It allows 
for a systematic study of the influence of each design 
parameter (e.g., cutting angle, blade thickness) on the 
forces that arise and finding their optimal combination 
[10-11].

The processes of interaction between the working 
bodies and material can be divided into active and 
passive. Passive interaction is mainly caused by the 
pressure of the environment on the working body 

1	 Introduction

The development and operation of earthmoving 
and mining machines, such as bulldozers, excavators, 
scrapers, and loaders, is inextricably linked to the 
problem of interaction between their working parts 
and the environment being processed. The efficiency, 
energy consumption, and service life of these machines 
directly depend on the resistance forces that arise 
during cutting, digging, and moving soil and rock [1-3]. 
The so-called sticky rocks pose a particular challenge for 
mechanized mining. These include wet clayey and loamy 
soils, oil-bituminous sands, and other materials with 
high adhesion (stickiness) to the surfaces of working 
bodies [4-5].

Working with sticky soils involves a number of 
technological difficulties [4-7]. First, high adhesive 
forces, combined with internal friction and cohesive 
forces, lead to a significant increase in overall digging 
resistance. This requires increased machine power, 
leads to fuel overconsumption, and reduces the overall 
productivity. Secondly, material sticking to blades, 
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of α is inserted to a depth of h into the sticky rock mass. 
A compacted core is formed in front of it, and then the 
mass is divided into three main sliding prisms [17-19].

Here is considered the general case of normal impact 
of the working body on the material surface, when the 
compacted core complements the working body. The 
equilibrium conditions of the material prisms, bounded 
by sliding planes, are analyzed sequentially [11, 13]:
•	 for a prism of material with cross-section bdec: 
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;
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•	 for a prism of material with a cross section bfd:
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•	 for a prism of material with cross section abc:

;
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where N1, N2, N3, N4, N5 and N6, - normal reaction 
forces acting perpendicular to the corresponding sliding 
surfaces and working body surfaces; G1, G2 and G3 - the 
gravitational forces (weight) of the corresponding soil 
prisms involved in the interaction; S1, S2, S3, S4, S5, S6 - 
the areas of the corresponding sliding surfaces on which 
the forces act; Kv1, Kv2 - coefficients of the influence of 
speed on stickiness and adhesion indicators; φ - angle 
of internal friction; ψ - angle of inclination of rock slip 
(shear) planes relative to the horizontal; ρ - angle of 
external friction; p1 - specific adhesion; p2 - traction.

For each of the three prisms, two equilibrium 
equations are formulated (the sums of the projections 
of all the forces on the horizontal and vertical axes 
are zero). This leads to a system of six linear algebraic 
equations with six unknown reaction forces.

The values of the sliding plane area S1, S2, … , S5, 
S6 and the weight of the material volume G1, G2 and 
G3 at a penetration depth h, working body thickness a, 

width b with a sharpening angle 2 4 2$a a r {
+b l  are 

as follows:

sinS S ab
21 2 f= = ;	 (4)

(for example, soil pressure on a blade), while active 
interaction is associated with the forced penetration 
of the working body into the mass with the supply of 
external energy. It is precisely the active interaction 
at the cutting edge of the tool that is the key and 
most energy-intensive process determining the cutting 
resistance [12-14].

The purpose of this article is to present a detailed 
mathematical model describing the active interaction 
under normal (perpendicular) impact of the working 
body on an array of sticky rock. This model allows 
us to obtain an analytical formula for calculating the 
penetration force, which enables design engineers to 
quantitatively assess the effectiveness of various design 
solutions.

2	 Materials and methods

2.1	 General approach and assumptions

The proposed mathematical model of active 
interaction is based on the method of element-by-
element calculation of resistances. The essence of 
the method is that the continuous medium in the 
zone in front of the working body is mentally divided 
into several separate elements (prisms) bounded by 
the assumed planes of sliding. Next, the equilibrium 
conditions are considered for each of these prisms, 
which allows to construct a system of equations and 
find the desired forces [13-14].

The model considers two interaction options 
depending on the angle of the working body: with 
and without the formation of a compacted core in 
front of it. This article presents a more general 
case-with the presence of a compacted core, which 
effectively becomes an extension of the working body 
and changes the conditions of its interaction with the 
environment.

The following fundamental assumptions were 
made when constructing the model:
1. 	 Prisms of material bounded by planes of slip 

do not compact during interaction, but move as 
single, “solidified” bodies. This assumption is 
generally accepted in classical soil cutting theories 
and significantly simplifies the mathematical 
apparatus [15-16];

2. 	 The planes of sliding along which the material 
prisms shift are straight lines and emerge onto 
the free surface at an angle equal to the angle of 
internal friction of the sticky rock (φ) [15-16].

2.2 	Physical model and force system

The physical model of the process is shown in 
Figure 1 in the source document. A working body with a 
thickness of a and a width of b with a sharpening angle 



A N  A N A L Y T I C A L  M O D E L  F O R  C A L C U L A T I N G  T H E  A C T I V E  I N T E R A C T I O N  F O R C E S  O F  T H E  W O R K I N G . . . 	 B3

V O L U M E  2 8 	 C O M M U N I C A T I O N S    1 / 2 0 2 6

inclination of the sliding planes.
In accordance with the classical principles of 

soil mechanics, when the compacted core acts as a 
continuation of the working body, the angle of inclination 
of the shear plane ψ to the horizon at the contact 
boundary is often taken according to the formula:

4 2} r {
= + ,	 (12)

where φ - angle of internal friction of the material.
Since, in this general case, the compacted core 

complements the working body, its geometry (determined 
by the angle ε) directly affects the conditions for the 
formation of sliding planes.

The core filling angle ε is replaced by a classical 
expression that determines the most probable shear 
angle:

4 2.f } r {
= + .	 (13)

This assumption allows for all the coefficients Ai to 
be expressed exclusively in terms of the fundamental 
physical properties of the material (φ, ρ) and the 
key geometric parameter α, which greatly simplifies 
engineering calculations. Further verification of the 
influence of this assumption is part of the required 
model validation.

3	 Results and discussions

The main result of the work is obtaining an analytical 
solution for the system of equilibrium equations and 
deriving the final formula for calculating the insertion 
force of the working body.

Applying trigonometric transformations, one 
transforms Equations (1) - (3) and obtains an algebraic 
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where h - depth of penetration; a - working body 
thickness; b - working width; α - angle of sharpening of 
the working body; ε - angle of the filled core; γ - material 
density.

2.2.1 Assumption about the shear angle

When considering the equilibrium of material 
prisms, bounded by the sliding planes, a relationship 
is established between the cutting angle of the working 
body α, the core filling angle ε, and the angle of 

Figure 1 Physical model of active interaction under normal impact  
of the working body on the rock mass: 1 - working body; 2 - sliding surface
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From system I, one determines the value of force 
N1. Its first equation is multiplied by sin f {-^ h  and 
its second equation by cos f {- -^ h , and then, after 
adding them together term by term, one finds:
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Substituting Equation (18) from (16), one calculates:
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The force required to drive the working body into 
the sticky rock mass is determined by the formula:
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Substituting the values of forces N1 and N2 into 
Equation (23), one obtains:

.
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After reducing these terms and making the 
appropriate notations, one finds:

,
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system of equations, linear with respect to unknowns N1 

to N6 in the form:

;
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The system of six Equations (14) can be conveniently 
divided into three independent subsystems, each 
containing two equations. The solution is performed 
sequentially, starting with the last one, which is furthest 
from the working body of the prism.

This system can be divided into three subsystems: 
I - Equations (1) and (2), II - Equations (3) and (4), III 
- Equations (5) and (6). Solving the subsystem III one 
finds the value of force N6. To do that, one multiplies its 
first equation by cos } {+^ h  and, adding it term by 
term to the second equation multiplied by sin } {+^ h , 
one gets:
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From the subsystem II, one determines the value of 
force N3.  The first equation of the system is multiplied 
by cos } {+^ h , and the second by sin } {+^ h , and, 
adding them term by term, one will find:

cos
cos

cos

sin sin

N K p tg S S

S G

2
3 2 4 5

3 2

2{
} {

{ {

} { } {

+
= - +

+ + + +

y

^

^ ^

^
h

h h

h6
@ 	 (17)

or

.

cos

cos

cos sin sin

cos sin

N

K p
S S S

G

2

2

3

2
4 5 3

2

2 } {

{ } { {

} {
{ } {

=

+

- + +
+

+
+

+

y

^

^

^

^

^h

h

h

h

h6 @
	 (18)



A N  A N A L Y T I C A L  M O D E L  F O R  C A L C U L A T I N G  T H E  A C T I V E  I N T E R A C T I O N  F O R C E S  O F  T H E  W O R K I N G . . . 	 B5

V O L U M E  2 8 	 C O M M U N I C A T I O N S    1 / 2 0 2 6

;

sin
sin

sin cos

cos sin sin

cos
cos

cos
cos
sin

A

tg tg
2

4 2
3

3 1

2 f
{

} } {
{ { } {

{
f

r {

{
{

{ {

=
+

+ + +
+

+ =
+

+
-

e

b

^

^

^
l

l

h

h

h 	 (27)

where

;
cos

sin cos

cos

sin cos
A

4 2

4 2
1

} { y
t } {

r {
t

t r {

=
+ +

+
=

+ +

+

^

^

b

b

h

h

l

l

	 (26)

Table 1 The values of the coefficients A1, A2, A3, A4, A5, A6

Internal friction 
angle φ, degree

External friction 
angle ρ, degree

The value of the coefficients

A1 A2 A3 A4 A5 A6

5 3 0.06 0.51 0.01 0.54 0.78 -0.64

5 0.10 0.51 0.02 0.54 0.78 -0.60

10 0.22 0.51 0.04 0.54 0.78 -0.45

15 0.38 0.51 0.07 0.54 0.78 -0.26

20 0.60 0.51 0.12 0.54 0.78 0.01

25 0.95 0.51 0.16 0.54 0.78 0.42

30 1.56 0.51 0.30 0.54 0.78 1.15

10 3 0.06 1.21 0.02 0.57 1.23 -0.95

5 0.10 1.21 0.04 0.57 1.23 0.89

10 0.22 1.21 0.09 0.57 1.23 -0.72

15 0.39 1.21 0.17 0.57 1.23 -0.47

20 0.64 1.21 0.27 0.57 1.23 -0.12

25 1.05 1.21 0.44 0.57 1.23 0.46

30 1.85 1.21 0.78 0.57 1.23 1.60

15 3 0.06 2.31 0.04 0.58 2.05 -1.48

5 0.10 2.31 0.07 0.58 2.05 -1.41

10 0.23 2.31 0.16 0.58 2.05 -1.10

15 0.41 2.31 0.29 0.58 2.05 -0.87

20 0.69 2.31 0.48 0.58 2.05 -0.40

25 1.19 2.31 0.83 0.58 2.05 0.45

30 2.33 2.31 1.63 0.58 2.05 2.39

20 3 0.06 4.47 0.06 0.59 3.81 -2.55

5 0.10 4.47 0.10 0.59 3.81 -2.46

10 0.24 4.47 0.25 0.59 3.81 -2.18

15 0.43 4.47 0.45 0.59 3.81 -1.78

20 0.96 4.47 0.79 0.59 3.81 -1.12

25 1.40 4.47 1.45 0.59 3.81 0.18

30 3.29 4.47 3.42 0.59 3.81 4.05

25 3 0.06 11.01 0.08 0.59 9.36 -5.82

5 0.10 11.01 0.15 0.59 9.36 -5.71

10 0.24 11.01 0.36 0.59 9.36 -5.36

15 0.46 11.01 0.68 0.59 9.36 -4.82

20 0.85 11.01 1.24 0.59 9.36 -3.87

25 1.74 11.01 2.55 0.59 9.36 -1.68

30 6.16 11.01 9.02 0.59 9.36 9.21

28 3 0.06 30.80 0.10 0.58 26.43 -15.72

5 0.10 30.80 0.18 0.58 26.43 -15.59

10 0.23 30.80 0.44 0.58 26.43 -15.19

15 0.48 30.80 0.86 0.58 26.43 -14.54

20 0.92 30.80 1.63 0.58 26.43 13.32

25 2.06 30.80 3.49 0.58 26.43 10.11

30 14.74 30.80 26.11 0.58 26.43 24.99
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3.1	 Sensitivity analysis of formula Pkp 

To assess the engineering significance of the 
developed model and quantitatively evaluate the 
influence of various input data on the final resistance 
force, a sensitivity analysis of the final formula Pkp in 
Equation (24) was performed.

The analysis focuses on four key parameters that 
have the greatest direct impact on the penetration 
force: h penetration depth; a working body thickness; p1 
specific adhesion; c  material density.

Sensitivity analysis was performed by sequentially 
varying each of the key parameters within !20% of their 
nominal value, while the other parameters remained 
fixed (ceteris paribus). The change in resistance force 
Pkp during this parameter change allows to determine 
the sensitivity coefficient of the model to this parameter.

The analysis results show that formula Pkp has 
varying degrees of sensitivity to each of the input 
parameters:
•	 High sensitivity to geometric parameters (h and 

a): The force demonstrates a strong, almost linear 
dependence on the penetration depth and thickness 
of the working body. A 10% increase in h or a leads 
to a disproportionately greater increase of Pkp due 
to an increase in the volume of material prisms and 
sliding surface areas. This analytically confirms 
the hypothesis that optimizing the geometry of the 
tool is the most effective way to reduce the energy 
intensity of the process.

•	 Moderate sensitivity to adhesion p1: The specific 
adhesion parameter p1 has a significant but more 
predictable effect, as it directly enters the adhesion 
terms of Equation (24). Effect of p1  is particularly 
pronounced in the case of materials with high clay 
and moisture content.

•	 Low sensitivity to density c : Force Pkp is the least 
sensitive to the density of a material c . This is 
because the members dependent on the weight of 
the prisms account for a smaller proportion of the 
total resistance force compared to the forces caused 
by friction and adhesion, especially at shallow 
penetration depths.
The data obtained allows to quantitatively assess 

that, to minimize the resistance force Pkp, the greatest 
engineering attention should be paid to reducing the 
geometric parameters and applying coatings that reduce 
adhesion p1.

4	 Model validation

4.1	 Model limitations and justification  
for validation

A significant limitation of the current study is 
its reliance solely on the analytical derivation of the 
formula for determining the force of penetration Pkp 
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where A1, A2, A3, A4, A5, A6 -are the dimensionless 
coefficients that depend only on the angular 
characteristics of the system: the angle of sharpening 
of the working body α, the angle of internal friction of 
the rock φ, and the angle of friction of the rock against 
the surface of the working body ρ. The formulas for 
calculating these coefficients are given in Equations 
(26)-(31) in the original work [4, 13]. The coefficients 
A1 to A6 obtained from the calculations, intended for 
practical use, are given in Table 1.

Table 1 shows how each coefficient changes as the 
external friction angle increases.

The coefficients A1 and A3 show a clear increase with 
an increase in both the internal friction angle (φ) and the 
external friction angle (ρ).

The coefficients A2 and A4 remain constant for 
a fixed value of φ and do not depend on the external 
friction angle ρ.

Coefficients A5 and A6 show a more complex 
relationship, where A5 mainly increases, while A6 
changes its sign and also increases with increasing 
friction angles. This data helps to better understand 
the relationships between the physical properties of the 
material (friction angles) and the calculated coefficients.

The remaining coefficients have a more complex 
but analytically defined structure. Thus, the resulting 
formula is the final result of modelling and allows 
calculations of active resistance forces during the normal 
penetration.
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5	 Conclusions 

In this paper is presented and described in detail a 
mathematical model of active interaction between the 
working body and an array of sticky rock during normal 
penetration. Based on the method of element-by-element 
calculation of resistances and a number of physically 
justified assumptions, a final analytical formula for 
calculating the penetration force is derived.

Key findings:
1. 	 The developed model allows quantitative 

determination of resistance force as a function of the 
geometric parameters of the tool (thickness, width, 
sharpening angle) and the physical and mechanical 
properties of the rock (weight, friction, adhesion);

2. 	 The formula clearly divides the total resistance into 
components determined by the weight of the rock, 
its internal strength (cohesion), and adhesive forces 
(adhesion), which allows for analysis of the energy 
expenditure structure;

3. 	 The model analytically confirms the practical 
importance of optimizing the geometry of the working 
body, in particular, it shows the effectiveness of 
reducing the thickness and sharpening angle of the 
cutting edge to reduce the energy intensity of the 
cutting process.
The presented model is a ready-made engineering 

tool that can be used in the design of working parts for 
bulldozers, scrapers, excavators, and other equipment 
to increase their efficiency when working in difficult 
conditions with sticky and hard rocks. It provides a 
theoretical basis for making informed design decisions 
aimed at reducing energy consumption and increasing 
machine productivity.
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in Equation (24). Although the method of element-by-
element calculation of resistances provides a reliable 
theoretical basis, the accuracy and practical applicability 
of the analytical expression obtained depend entirely on 
the simplifying assumptions made in Section 2.1 (e.g., 
incompressibility of prisms, straightness of the slip 
planes).

Therefore, the external validation is extremely 
important for confirming the practical reliability of the 
developed model.

4.2	 Model validation strategy

To ensure the engineering value and reliability of 
the derived formula for Pkp, the analytical results must 
be quantitatively compared to the data obtained by 
independent methods. The following two approaches are 
recommended for the future work:

Experimental validation:
•	 Comparison of the calculated strength Pkp to 

the measured data obtained during laboratory 
tests (e.g., direct shear tests or miniature cutting 
experiments) using typical viscous or sticky soils 
(e.g., wet clay or loam).
This comparison should cover a range of key 

parameters, such as different penetration depths h, 
working body thickness a, and speed, to evaluate 
the accuracy of the model under different operating 
conditions

Numerical validation:
•	 Comparison of the calculated force Pkp to the results 

obtained by numerical methods, in particular the 
finite element method.
The numerical model would allow for the nonlinear 

behavior of the material (plasticity, compaction) and the 
complex geometry of the compacted core to be taken into 
account, providing a reliable benchmark for comparison 
to the simplified linear assumptions of the analytical 
model.

Successful validation demonstrating a close 
correlation between the analytical results and 
independent data will confirm the applicability of 
the model for engineering design and optimization of 
working bodies in sticky rock conditions. Conversely, 
any significant deviation would indicate the need for 
further refinement of the initial assumptions, especially 
regarding the behavior of the material under load.
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